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Critical Casimir Forces and Colloidal Phase Transitions in a Near-Critical Solvent

A Simple Model Reveals a Rich Phase Diagram
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From experimental studies, it is well known that colloidal particles suspended in a near-critical binary
solvent exhibit interesting aggregation phenomena, often associated with colloidal phase transitions and
assumed to be driven by long-ranged solvent-mediated (SM) interactions (critical Casimir forces), set by
the (diverging) correlation length of the solvent. We present the first simulation and theoretical study of an
explicit model of a ternary mixture that mimics this situation. Both the effective SM pair interactions and
the full ternary phase diagram are determined for Brownian disks suspended in an explicit two-dimensional
supercritical binary liquid mixture. Gas-liquid and fluid-solid transitions are observed in a region that
extends well away from criticality of the solvent reservoir. We discuss to what extent an effective pair-
potential description can account for the phase behavior we observe. Our study provides a fresh perspective
on how proximity to the critical point of the solvent reservoir might influence colloidal self-assembly.
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Colloidal particles dispersed in a binary solvent mixture
have an inherent preference for one of the two solvent
species. This is reflected by preferential adsorption of the
favored species on the colloid surface, leading to the
development of adsorbed films. Such films can mediate
an effective interaction between two colloidal particles
which is remarkably sensitive to the thermodynamic state
of the solvent. Close to the (demixing) critical point of the
solvent, the adsorbed film thickness is determined by the
correlation length £ of the solvent [1], and, as first predicted
by Fisher and de Gennes [2], the resulting solvent-mediated
(SM) interactions are long ranged, with universal scaling
properties. An analogy between the confinement of quan-
tum fluctuations of the electromagnetic field [3] and that of
thermal composition fluctuations in a near-critical binary
solvent led to these (universal) SM forces being referred to
as critical Casimir forces [4].

Theoretical studies on near-critical fluids confined
between a pair of infinitely large planar walls (representing
two static large colloids) [4-8], along with direct exper-
imental measurements of the Casimir force [9,10] between
a colloid and a wall, have advanced our understanding of
the nature of two-body SM interactions. Although exper-
imental investigations of a suspension of colloids go back
to the pioneering work of Beysens and Esteve [11] (for a
very recent experimental study, see [12]), the theory and
computer simulation of such systems remain at a primitive
stage. Here we use computer simulations of a simple model
to understand the strength and range of the SM interactions
and the resulting phase behavior of a dense colloidal
suspension as a function of the thermodynamic state of
the solvent. Computer simulation of colloids in an explicit
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molecular solvent with a bulk correlation length that
diverges upon approaching the critical point is notoriously
difficult, as very different length and time scales are
involved. Nevertheless, by sacrificing one spatial dimen-
sion and using a lattice model, we have calculated the phase
diagrams for an explicit ternary solvent-solvent-colloid
mixture, without resorting to the assumption of pairwise
effective potentials employed in other studies, most notably
Refs. [13-15].

Following Rabani et al. [16], we model the ternary
solvent-solvent-colloid mixture as an incompressible ABC
mixture on a 2D square lattice, as shown schematically in
Fig. 1. Colloids C are discretized hard disks with a radius
of R lattice sites, occupying a fraction # of the lattice sites.
Every site that is left unoccupied by the colloidal disks is
occupied by a solvent molecule of either species A or B,
such that the fraction of sites occupied by A and B equals
1 —n—x and x, respectively. We consider only nearest
neighbor AB repulsions and BC attractions: an energy
penalty %6 > (0 is assigned to every nearest neighbor
AB pair to drive AB demixing at sufficiently low temper-
atures T and an energy gain — % ae with a > 0 for every BC
pair to mimic the colloid C’s preference for species B.
Throughout, we set the lattice spacing to unity. We
investigated carefully several lattice effects present in
our model, and we discuss it briefly in Sec. V of the
Supplemental Material [17]. We note that lattice effects
have no implications for the key results of our work.

In the limit # = 0, our model reduces to a binary AB
mixture that is isomorphic to the 2D lattice (Ising)
model. The critical temperature of this binary mixture
is T.=0.567¢/kg, and its thermodynamic state is
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FIG. 1 (color online). A schematic representation of the
solvent-solvent-colloid lattice model. White cells are occupied
by solvent species A, blue cells by solvent species B, and brown
and black cells represent the interior and the boundary of a single
colloidal particle C, respectively.

characterized fully by the reduced temperature 7=
(T —T,)/T,. together with either the reduced chemical
potential difference Au, = (ug — p4)/€ between species B
and A or the composition x. For Ay, < 0, the AB mixture
favors an A-rich composition at all temperatures. Moreover,
for 7 < 0, demixing into an A-rich state (x < 0.5) and a B-
rich state (x > 0.5) takes place at Ay, = 0, with a critical
point {z. = 0, x, = 0.5}; see Figs. 2(a) and 2(b). In the two
limits Ay, — £o0, our ABC mixture reduces to the 2D AC
or BC hard-disk system with packing fraction # in an
(irrelevant) pure A solvent (x =0) or pure B solvent
(x =1 —#). Barring small discretization and lattice arti-
facts, and ignoring subtleties regarding the (non)existence
of a stable hexatic phase, these AC and BC systems exhibit
fluid-solid coexistence for # € [0.700,0.716] as repre-
sented by vertical dashed lines in Figs. 3(a)-3(c) [24].

Throughout this work, we study colloids immersed
in a supercritical (one-phase) AB mixture, relatively poor
in the colloid-preferred species B (3 >0, 7> 0, and
Apg < 0). This choice precludes solvent-mediated colloidal
aggregation arising from complete wetting and capillary
condensation [25]. The solvent is treated grand canonically;
i.e., the system is in thermal and diffusive contact with an
AB solvent reservoir with composition x, that fixes z and
Ap,. The ABC mixture has composition x # x,. Note that 7
merely sets the temperature; it is not a measure of distance
from criticality of the ternary mixture.

We focus on the case where B-rich layers adsorbed on
the colloid surfaces compete with a supercritical A-rich
bulk solvent (z > 0 and Ay, < 0, a = 0.6). We perform
simulations of the model in the fixed (1, 7, Au,) ensemble
(see Sec. I of the Supplemental Material [17]) and in the
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FIG. 2 (color online). (a) Phase diagram of the colloid-free AB
solvent mixture plotted as Ay, vs 7. (b) Phase diagram (binodal)
of the same mixture plotted as z vs x,, the composition of the
solvent. The two coexisting phases for 7 < 0 are designated A and
B. In (a) and (b), the lines correspond to the paths along which the
phase diagram of the full ternary ABC mixture is determined; the
dots represent the states where phase coexistence is observed, and
the orange dot indicates the critical point of the AB solvent
mixture (z = 0, Au, = 0).

grand ensemble, using the staged insertion method [26]
together with the transition matrix Monte Carlo (TMMC)
technique [27], to accurately determine phase coexistence.
The grand canonical (GC)-TMMC results reported here
are for system size L = 256. For a few state points, we
compared the results for two different system sizes L =
256 and L =512 and found the coexisting packing
fractions to be the same up to the third decimal place. In
Figs. 3(a) and 3(b), we present the phase diagram of the
ternary mixture in the Au; vs 5 representation for
7 = 0.025, 0.05, 0.075. The correlation length of the AB
solvent reservoir at the isochoric composition (Au, = 0,
x, =0.5) is £ = 0.567/7, and for these temperatures it is
comparable to the size of the colloid R = 6. Although
the underlying AB solvent reservoir is supercritical, our
simulations reveal that a nonzero concentration of large
Brownian disks induces stable colloidal gas (G), liquid (L),
and crystal (X) phases as well as two-phase G-L and G-X
coexistence. The G-L coexistence, shown more clearly in
Fig. 3(b), terminates at a critical point that shifts to lower
Ap, and higher n with increasing z. By tracing the locus of
the three critical points of the ABC mixture from z = 0.075
through 0.05 to 0.025, it appears that the critical points of
the colloidal G-L transition are continuously connected to
that of the binary solvent mixture (7 =7 = Au, = 0);
investigations at smaller 7 are constrained by our computa-
tional resources.

For Au, < —0.1, we also observe G-X coexistence with a
broad colloid density gap that narrows sharply upon
lowering Ap,, consistent with the limiting hard-disk
fluid-solid coexistence at Ay, — —oco (vertical dashed
lines). Significantly, this decreasing density gap at G-X
coexistence suggests an additional underlying metastable
G-L lower critical point. Although we have not been able to
identify this in our MC simulations, such an additional
critical point does occur in our mean-field treatment
presented in the Supplemental Material [17]. Moreover,
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FIG. 3 (color online).

(a) Phase diagrams of the full ABC ternary mixture plotted as solvent chemical potential Ay, vs hard-disk

(colloid) packing fraction 5 for R = 6. (b) The top portion of (a) is replotted for clarity. (c) Phase diagram of the ABC model plotted as
reservoir solvent composition x,. vs 1. Black, red, and blue symbols refer to 7 = 0.025, 0.05, and 0.075, respectively. The diamonds and
dots denote the phase boundaries obtained from grand canonical staged insertion Monte Carlo (MC) simulations and (1,7, Au,)-
ensemble MC simulations, respectively. The vertical dashed lines denote fluid-solid coexistence for pure hard disks. (d)—(f) Simulation
snapshots of a system of 256 x 512 lattice sites at 7 = 0.05 and @ = 0.6, showing (d) a supercritical colloidal phase at Ay, = —0.005 of
128 colloids, (e) gas-liquid (G-L) coexistence at Ay, = —0.04 of 348 colloids, and (f) gas-crystal (G-X) coexistence at Ay, = —0.3 of

580 colloids.

if we accept hard-disk coexistence in the opposite limit
Ap, — oo, then we also expect a G-L-X triple point at
Ap, = —0.06 for 7 = 0.025 [see Fig. 3(b)] and at even
lower Ay, for higher 7.

In Figs. 3(d)-3(f) and in the Supplemental Material’s
movie-03/04/05 [17], we show results for systems of
256 x 512 lattice sites simulated at reduced temperature
7 =10.05 (¢ = 0.6, R = 6) that illustrate configurations of
(d) a supercritical (homogeneous single-phase) fluid state,
(e) G-L coexistence, and (f) G-X coexistence. In all three
cases, the local solvent composition is strongly correlated
with the local colloid density, such that the coexisting L
phase in (e) and X phase in (f) have a binary BC
composition with tiny traces of A. Conversely, in the
coexisting G phases shown in Figs. 3(e) and 3(f), the
solvent composition is very close to the composition of
the reservoir x = x,. In Fig. 3(c), we convert the phase
diagram of Fig. 3(a) into the x, —# representation. It is
evident from the snapshots and Figs. 3(c) and 2(b) that, for

all observed G-L and G-X coexistence, (i) the composition
of the solvent reservoir x, < 0.25 is far from its critical
composition x,. = 0.5, and (ii) the correlation length of the
solvent is smaller than the colloid radius, £ < R. Strikingly,
in the homogeneous supercritical state of Fig. 3(d), the
correlation length (the typical size of the A-rich and BC-
rich “patches”) is clearly much larger than the colloid
radius and thus far exceeds that of the solvent reservoir.
This reflects the nearby (G-L) critical point of the ternary
mixture which, as noted previously, appears to be contin-
uously connected to the critical point of the binary AB
solvent mixture (§ =7 = Auy, =0). In fluid mixtures
where the species interact via short-range potentials, all
structural correlations decay with the same correlation
length [28]. Therefore, along the G-L critical locus,
solvent-solvent, colloid-colloid, and solvent-colloid corre-
lations should decay with the same, diverging correlation
length. We have confirmed this numerically by calculating
the BB, BC, and CC pair correlation functions; see Fig. S3
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FIG. 4 (color online).  (a) Thickness 4 of the B-rich film adsorbed
on a single colloid. (b) The minimum well depth of the effective
two-body SM potential. (c) The reduced second virial coefficient
Bj. (d) To facilitate comparison, the phase boundaries of the
ternary ABC mixture of Fig. 3 are replotted in the 7 — Ay,
representation. The square symbols (d) correspond to packing
fractions of coexisting phases computed from simulations of
colloids interacting via the measured two-body interaction. Black,
red, and blue symbols refer to reduced temperatures 7 = 0.025,
0.05, and 0.075, respectively (R = 6, a = 0.6).

of the Supplemental Material [17]. We have also confirmed
the divergence of the long wavelength limit of the structure
factor Spp upon approaching the critical point of the ternary
mixture at a fixed value of temperature 7 = 0.025; see
Fig. S4 of the Supplemental Material [17].

As mentioned earlier, there have been several attempts to
ascertain the phase behavior of colloids in a near-critical
solvent based solely on effective two-body interactions, e.g.,
Refs. [12,13]. In order to assess the validity of this approach
for the present model system, we calculated several one-
and two-colloid properties for the range of thermodynamic
state points studied above. For the three temperatures
investigated, we show in Fig. 4 the dependence on A
of (a) the thickness 4 of the adsorbed B-rich film on a single
disk, (b) the minimum U,, of the effective pair potential
U(x,y), and (c) the reduced second virial coefficient

By = (1/2) [, [RA1 —exp[~U(x.y)/kgT|}dxdy/22R?,

normalized to that of 2D hard disks. The effective two-body
potential U(x,y) is obtained as follows. We simulate a
system of just two colloids suspended in solvent at fixed
{Apy, v}. We fix the position of one colloid fixed at (0,0) and
compute the probability P(x,y) of finding the other colloid
at position (x, y), using the TMMC technique (see Sec. V of
the Supplemental Material [17] for details). To facilitate
comparison, we replot the phase diagrams of Fig. 3 in the
n — Au, representation in Fig. 4(d). The film thickness 4 and
the well depth U ,;, are measures of the range and strength of
U(x,y), respectively. The quantity B} is a well-established
(dimensionless) measure of combined strength and range.
This must be sufficiently negative in order for gas-to-liquid
condensation to occur in systems described by pairwise
additive interactions [29,30].

Figure 4(a) shows a monotonic increase of the film
thickness from 4 < R to 4> R, reflecting the growth of
the correlation length, as the isochoric composition is
approached (Au, — 0). In the same range, U,, varies
nonmonotonically, being strongest at slightly negative
Apg, reaffirming earlier theoretical predictions [31,32].
At Ap, =0, the effective pair potential is long ranged;
however, it is only weakly attractive (|U,,|/kzT < 1). Upon
decreasing Ap,, U(x,y) does become more attractive,
although the adsorbed film thickness A and thereby the
range of U(x,y) decrease. B; also becomes more negative.

We performed simulations of the effective system,
with the colloid-colloid pair interaction determined by
the measured effective potential. For states where the
actual ternary mixture is supercritical, e.g., {r=0.075,
Ap,=-0.0075}, {r = 0.05, Ay, = —0.005} [cf. Figs. 3(a)
and 4(d)], simulations performed with the effective two-
body potential predict G-L coexistence. The square sym-
bols in Fig. 4(d) denote the packing fractions of coexisting
phases at these two representative state points. This along
with the B} and U, /kT curves indicates that the
approaches employing only effective pair potentials as
obtained from, e.g., planar slit studies and the Derjaguin
approximation overestimate the extent of G-L coexistence
and underestimate the shift in critical point of the ternary
mixture with respect to that of the solvent reservoir.

In summary, we find the phase behavior of a model of
colloids in a near-critical solvent to be rich; (i) we observe
G-L and G-X coexistence with accompanying solvent
demixing, (ii) both occur far from the critical point of
the solvent reservoir and the locus of G-L critical points
appears to connect smoothly to this, and (iii) many-body
interactions are crucial to account quantitatively for the
observed colloidal phase behavior. In light of our results,
it would be interesting to revisit the problem of protein
assembly in two-dimensional plasma membranes of living
cells [33,34] and the recent experiments of Nguyen et al.
[12]. The topology of the phase diagram of colloidal
particles in a near-critical binary solvent stems from an
intricate balance between competing colloid-solvent and
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solvent-solvent couplings that can be captured properly
only in a treatment of the full ternary mixture. Moreover,
we speculate that the topology is likely to hold for an
analogous 3D system (hard-sphere colloids); there is
nothing particular to two dimensions, an assertion sup-
ported by our mean-field treatment—see Supplemental
Material [17].
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