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We have developed methods for acquiring temporally and spatially resolved spectrograms of the velocity
of sliding charge-density waves (CDWs), allowing unprecedented access to CDW dynamics. Complex
transients arising from the interplay between elastic and plastic processes occur when the driving field
direction is reversed. A transient spectral component due to shear elasticity can be unambiguously
identified, and allows the most direct determination to date of the CDW’s shear elastic modulus. Near
current contacts, initially elastic displacements are followed by an elastic-to-plastic transition. A simple
model provides a semiquantitative account of many aspects of these transients.
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In quasi-one-dimensional conductors such as NbSe3
collective charge transport by incommensurate charge- or
spin-density waves manifests in a diverse array of elec-
tronic properties [1]. Coupling of a charge-density wave’s
(CDW’s) phase ϕðr; tÞ to impurities leads to a threshold
electric field ET for the onset of CDW “sliding.” For a
perfectly elastic CDW, the sliding state at a given E > ET is
predicted to be asymptotically unique and ϕðr; tÞ to exhibit
locally and globally periodic evolution in time [2]. This
leads to voltage oscillations at a “washboard” frequency
fc ¼ dϕ=dt ¼ vc=λc ∝ jc, where vc, λc, and jc are the
CDW velocity, wavelength, and current density, respec-
tively, with fc ranging from kHz just above ET to GHz at
E ∼ 200ET [3,4].
However, plasticity plays two crucial roles in the

dynamics of real CDW conductors. First, conversion
between single-particle and collective currents must occur
near current contacts. For E > ET, longitudinal strains
[5–8] drive phase slip [9–12]—the addition and removal
of CDW wave fronts. Phase slip can extend from ∼10 μm
to ∼1 mm inward from current contacts, leading to longi-
tudinal variations in vc on this scale [13,14].
Second, sample inhomogeneities can result in shear

deformations and in shear slip. For sample thicknesses
less than ∼10 μm, ET and the strength of collective pinning
increases with decreasing thickness [15]. Thickness varia-
tions transverse to the CDW sliding direction (e.g., arising
from small-angle grain boundaries) thus cause shear stress
[16–18], and shear slip can cause transverse variations in vc
and jc [19].
Together, these processes destroy the steady sliding

state’s homogeneity and periodicity, and lead to spatio-
temporally complex transient dynamics. Transient CDW
dynamics has primarily been probed using i-v measure-
ments [1,13,20,21]. The CDW current between voltage
contacts is estimated as icðtÞ ¼ iðtÞ − vðtÞ=Rn, where Rn is
the single particle resistance measured below ET. This
estimate spatially averages over the sample width and

voltage contact separation. It also assumes that Rn is
constant, independent of current i and time t, valid just
below the Peierls transition temperature TP but inadequate
below T ≈ TP=2, especially for materials like TaS3 and
K0.3MoO3 whose Fermi surfaces are fully gapped by CDW
formation.
In principle, the most direct way to probe CDW

dynamics is via measurements of voltage oscillations near
the washboard frequency fc, as these reveal the distribution
and fluctuations of the local CDW velocity. Using high-
performance cryogenic amplifiers and arrays of voltage
contacts, we have followed the position-dependent time
evolution of the CDW velocity spectrum in response to
pulsed applied currents. This approach allows unprec-
edented access to transient CDW dynamics.
High purity NbSe3 crystals were laid atop gold contact

arrays micropatterned on alumina substrates as shown
Fig. 1. The two current contacts were each at least
100 μm wide. The 2 μm wide voltage contacts were

FIG. 1. Experimental configuration. Current pulses are applied
to a NbSe3 crystal, and voltages across any two voltage contact
pairs are simultaneously measured using two cryogenic differ-
ential amplifiers. For all crystals, the crystallographic b and c
axes were along the length L and width, respectively.
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nonperturbing [14]. Contacts within a pair were separated
by s ¼ 50 μm. Voltages across any two contact pairs could
be simultaneously measured using two amplifiers.
Previous CDW transient response studies [1,13,20] used

room-temperature amplifiers. Large contact resistances
(∼1 kΩ) and wiring capacitances (∼100 pF) limit band-
widths to ∼1 MHz; high impedance sample signals are
susceptible to interference; and thermal amplifier noise is
significant. To address these problems, we designed and
implemented amplifiers having a symmetrical, fully differ-
ential cryogenic input stage. The amplifiers have an
overall gain of 300 V=V, a 3 dB bandwidth of 60 MHz, a
CMRR of 90 dB at 1 MHz, and a noise floor of
0.9 nVHz−1=2 at 77 K (the cryogenic stage’s temperature
during measurements).
To resolve transients in both frequency and time, we

compute the spectrogram of each voltage signal,

Sðt; fÞ ¼
����
Z

∞

−∞
wðτ − tÞVðτÞe−2πifτdτ

����
2

; ð1Þ

where wðtÞ is a window function. To reduce noise, spectro-
grams were averaged over many repetitions of the driving
pulse sequence; single-shot spectrograms indicated little or
no shot-to-shot variation in the signals of interest.
Additional sample and measurement details are given in
the Supplemental Material [22].
The spectrogram in Fig. 2 shows the response of

sample 1 (L ¼ 3 mm) at T ¼ 90 K to a periodic current
pulse train, measured with a voltage contact pair at
d1 ¼ 1100 μm, far from either current contact. The pulse

magnitudes are 3.2IT , and the pulse polarity is reversed
after every second pulse. The spectrogram exhibits several
notable features. First is the pulse-sign-memory effect—a
transient overshoot of the CDW velocity [20] (directly
measured here via the washboard frequency fc) when the
preceding pulse has an opposite sign. The characteristic
time for this transient (∼100 μs) is much larger than the
sample and wiring’s RC time constant (∼10 ns).
Second, the dynamics are asymmetric with respect to the

CDW sliding direction. A larger transient overshoot is
observed at d1 ¼ 1100 μm when the (negatively charged)
CDW is driven toward the closest current contact (by
I < −IT) after being driven toward the farthest current
contact (by I > þIT), than for the opposite drive sequence.
This reflects an intrinsic asymmetry in CDW phase slip
[12,14,22].
Third, immediately after each current reversal, the wash-

board frequency spectrum initially broadens and splits into
multiple subpeaks (most clearly visible when I switches
from negative to positive). Over a time of ∼500 μs, this
broadening collapses into a single sharp peak. Successive
pulses of the same sign do not produce this transient
broadening.
CDW dynamics close to current contacts is modified by

phase slip required for current conversion. Figure 3 shows
the response of sample 2 (L ¼ 1 mm) at T ¼ 85 K to

FIG. 2 (color online). Spectrogram of voltage across a contact
pair near the middle of sample 1, measured in response to the
periodic bias current shown in the lower panel. Note the transient
spectral broadening at the start of each pulse and the asymmetry
with respect to bias current direction. The inset shows the
power spectral density (PSD) of the washboard frequency peak
50 μs after the beginning of the third pulse. The steady-state
FWHM was approximately 20 kHz, corresponding to a quality
factor of 800.

FIG. 3 (color online). Spectrogram of power spectral density
(PSD) of voltage across contacts at (top, pair 1) d1 ¼ 75 μm and
(middle, pair 2) d2 ¼ 175 μm from the lower current contact in
Fig. 1, in response to the bias current pulses shown in the bottom
panel. For the first positive current pulse, the spectral peak for
pair 2 is initially sharp, but 250 μs later it undergoes a sudden
broadening and a steep drop in mean frequency. The steady-state
spectral FWHMwas approximately 250 and 300 kHz for positive
and negative current pulses, respectively.
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current pulses of magnitude 1.45IT , measured between
voltage contact pairs centered at d1 ¼ 75 μm (pair 1) and
d2 ¼ 175 μm (pair 2) from the lower current contact in
Fig. 1. This sample exhibits transient overshoots at both
contacts pairs, but not the initial peak splitting seen in
sample 1. The CDW segment between pair 1, closest to the
current contact (and, less prominently, between pair 2)
shows an additional feature not seen in sample 1’s response
far from the current contact: the velocity at the start of the
transient is highly coherent, but 250 μs after the start of the
positive pulse (indicated by the arrow), the mean wash-
board frequency drops to 300 kHz and the spectral width
broadens dramatically. This suggests that the initial dynam-
ics are elastic, but at 250 μs an elastic limit is exceeded, and
phase slip begins. As in Fig. 2 for sample 1, the transients
are strongly asymmetric with respect to current direction,
and the loss of coherence on direction reversal is most
pronounced when the CDW is sliding towards the nearby
current contact.
What are the origins of the transient broadening of the

CDW washboard frequency distribution in Fig. 2, and of
the transition from elastic to steady-state plastic behavior in
Fig. 3? CDW spectrogram peak broadening may arise in at
least two ways: from longitudinal velocity gradients
(∂v=∂z ≠ 0) caused by phase slip and current conversion
near current contacts; and from transverse velocity gra-
dients (∂v=∂x ≠ 0 or ∂v=∂y ≠ 0) associated with CDW
shear dynamics (where x, y, and z are along the sample
width, thickness, and length, respectively.)
For the transient data in Fig. 2, acquired far from the

current contacts, longitudinal velocity gradients should be
negligible. In the third pulse of Fig. 2, the most distant
subpeaks are initially separated byΔf ≈ 300 kHz, and they
merge after a time Δt ≈ 250 μs. If longitudinal vc gradients
caused this peak splitting, the minimum strain developed
within the contact pair separation s in a time Δt would be
ϵz ≈ 1

2
ðΔfÞðΔtÞλ=s ≈ 1 × 10−3. This is larger than even

the largest longitudinal strains observed in NbSe3 which
occur immediately adjacent to current contacts [5,7,8];
the longitudinal strain decreases rapidly away from the
contacts [12,13].
Consequently, we ascribe the initial broadening and

subsequent narrowing of the peaks in Fig. 2 to shear strain
transients and associated velocity shear. If adjacent trans-
verse CDW regions have different pinning strengths, when
a current pulse is applied they will initially slide at different
velocities. Shear strain then develops and, if the elastic
shear limit is not reached, eventually leads to a common
sliding velocity. When the applied current returns to zero,
pinning prevents relaxation of this shear strain [25]. When a
current pulse of opposite sign is then applied, the initial
shear stress propels the more weakly pinned regions
forward, leading to a large initial velocity distribution,
which then collapses as shear strain of the opposite sign
accumulates.

The spectrograms in Fig. 2 allow us to estimate both the
magnitude of the steady-state shear strain and the CDW’s
shear elastic modulus. Since sample 1’s width is ∼170
times larger than its thickness, the dominant shear compo-
nent must be in the width (x) direction. The maximum shear
strain calculated using the initial frequency splitting Δf ≈
300 kHz and the peak merging time Δt ≈ 250 μs is
γxz ∼ 1

2
ðΔfÞðΔtÞλ=w ¼ 8 × 10−4. This value is comparable

to CDW shear strains in NbSe3 measured by x-ray
microbeam diffraction [17].
To estimate the CDW’s shear modulus, we consider a

simplified two-dimensional version of the Fukyuma-Lee-
Rice model [26],

γ
∂ϕ
∂t ¼ Kx

∂2ϕ

∂x2 þ Kz
∂2ϕ

∂z2 þ
�
enc
Q

�
ðE − EpÞ; ð2Þ

where EpðjcÞ is a phenomenological pinning field deter-
mined from the sample’s I-V characteristic [13]. We
assume that EP is independent of bias for I ≫ IT [13],
but allow EP to vary in the width (x) direction (e.g., due to
transverse sample thickness variations). We analyze the
dynamics in a frame moving with the steady-state CDW
velocity, where ∂ϕ=∂t describes only the transient evolu-
tion of ϕ and where

R w=2
−w=2½E − EpðxÞ�dx ¼ 0. Since

∂2ϕ=∂z2 ≈ 0 far from current contacts [5,7,8,13], the phase
evolution then satisfies a heat equation,

∂ϕ
∂t ¼ Kx

γ

∂2ϕ

∂x2 þ
�
enc
Qγ

�
½E − EpðxÞ�; ð3Þ

where the shear stress ∂ϕ=∂z vanishes at the sample edges
(x ¼ 0; w) [15,17]. Equation (3) can be solved using an
eigenfunction expansion,

ϕðx; tÞ ¼
X∞
n¼1

TnðtÞ cosðnπx=wÞ;

TnðtÞ ¼ ane−t=τn þ βnτnð1 − e−t=τnÞ; ð4Þ

where an¼ð2=wÞR w
0 ϕðt¼0Þcosðnπx=wÞdx, βn ¼ 2enc=

ðwQγÞ R w
0 ½E − EpðxÞ� cosðnπx=wÞdx, and τn ¼ ðw=πnÞ2×

ðγ=KxÞ are the time constants for the phase evolution.
The time scale τs for the elastic shear transient is

determined primarily by the slowest time constant,

τs ≈ τ1 ¼
w2γ

π2Kx
: ð5Þ

Consistent with Eq. (5), the measured τs for sample 1
showed no discernible variation with current pulse magni-
tude for washboard frequencies from 1 to 25 MHz.
Since γ ¼ ρcðenc=QÞ2, where ρc is the limiting high-field
CDW resistivity, the shear modulus can then be determined
as Gxz ¼ Q2Kx ¼ ðencwÞ2ρc=τs. Substituting measured
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values for sample 1 at 90 K (ρc ¼ 5.8 × 10−6 Ωm,
w ¼ 72 μm, τs ¼ 200 μs), the CDW shear modulus is
estimated as Gxz ∼ 1.4 × 107 N=m2. This is comparable
to values estimated by scaling the longitudinal elastic
constant Kz [5,8] by the CDW correlation length
anisotropy, and from the change in the total shear modulus
of NbSe3 upon CDW depinning [27]. The present data give
the most direct determination to date of the CDW shear
modulus in the sliding state.
The transverse variation in Ep across the sample width

can be estimated from the frequency broadening at the
start of the transient Δf. Using the approximation
E − EpðxÞ ¼ ΔEp cosðπx=wÞ, the present model gives
ΔEp ¼ 1

2
ðΔfÞπencρc=Q. Using the measured Δf for

sample 1 gives ΔEp ∼ 0.12 V=m, a factor of 160 less than
the threshold field ET ¼ 19 V=m. This small transverse
variation in pinning field is consistent with sample 1’s
optically smooth surfaces and with its narrow steady-state
spectral width.
The present model also explains the concentration of

spectral density near the frequency extremes of the
transiently broadened peak in Fig. 2. For E − EpðxÞ ¼
ΔEp cosðπx=wÞ, the washboard frequency has an arcsine

distribution ½π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f̂ð1 − f̂Þ

q
�−1, where f̂ ¼ ðfc − fc;minÞ=

ðΔfÞ. This spectral concentration persists even when
higher order terms in the Fourier expansion are included,
because ∂f=∂xmust vanish at the sample edges (and at any
interior extrema).
In contrast with the transient peak broadening seen near

the middle of sample 1 in Fig. 2, the steady-state peak
broadening and apparent elastic-to-plastic transition seen
near a current contact of sample 2 in Fig. 3 cannot be due to
shear dynamics. Sample 2’s width w is eight times smaller
than that of sample 1, so by Eq. (5) the time constant τs of
its shear transient should be 64 times smaller, ∼3 μs, much
smaller than the observed 250 μs elastic transient in Fig. 3.
Second, when the current is reversed, built-up shear strains
act to maximize the peak broadening at the start of the
transient, but the transient in Fig. 3 is most coherent there.
Finally, the steady-state broadening observed at contact
pair 2, only 50 μm from pair 1, is much smaller, and no
broadening is observed at pairs farther from the current
contact.
Consequently, the elastic-to-plastic transition in Fig. 3

must be associated with longitudinal strains and phase slip.
An applied pulse compresses the CDW near the positive
contact and stretches it near the negative contact; phase slip
occurs near contacts, where the stress is largest. When the
applied current direction is reversed, built-up stress drives
the CDW toward the opposite polarization, leading to an
elastic transient overshoot of the CDW velocity beyond its
steady state value. As the stress near the current contacts
grows, eventually phase slip begins, the CDW velocity and
fc decay with position z as the contacts are approached,

and the longitudinal velocity gradient causes broadening of
the washboard frequency peak, as seen in Fig. 3.
The maximum longitudinal strain at pair 1 in Fig. 3 can

be estimated from the initial peak frequency f0 ≈ 1.6 MHz,
the time Δt ≈ 250 μs before the onset of slip, and the
distance L ¼ 1000 μm between current contacts as
ϵ ≈ ½2πf0ðΔtÞ�=Ql ¼ 6 × 10−4. This is in good agreement
with the ϵ ≈ 5 × 10−4 found by x-ray diffraction measure-
ments [7,12] under similar conditions.
The transient jump in mean frequency seen on drive

reversal in both Figs. 2 and 3 is due to longitudinal, current-
conversion-related strains, whereas the transient peak
broadening seen in Fig. 2 is due to shear strains. To more
fully account for the behavior in Fig. 2, we have extended
the 1D model of Ref. [13] describing longitudinal strain
and slip to include elastic shear. The phase dynamics are
described by

∂θ
∂t ¼

�
Q
enc

�
1

ρc þ ρp

�
ρsjtot − EpðxÞ

þ Q
enc

�
Kx

∂2θ

∂x2 þ Kz
∂2θ

∂z2
��

−
Z

z

−∞
rps½θðx; z0; tÞ�dz0;

ð6Þ

where θðx; z; tÞ is a renumbered phase, A is the cross-
sectional area, and jtot is the total sample current density.
The phase slip rate per unit length is assumed to have
the form jrpsj ¼ r0 exp ð−tps=j∂θ=∂zjÞ, with r0 ≈ 1.0 ×
1011 m−1 s−1 and tps ∼ 1.0 × 107 m−1, determined in
Ref. [13] from experimental fits. Figure 4 shows the results
obtained by integrating Eq. (6), assuming ΔEp ¼
0.12 V=m and other parameters as deduced above. The
simulation quantitatively reproduces the observed initial
peak splitting and subsequent convergence, along with the
overall transient excess velocity.

FIG. 4. Calculated local washboard frequencies at 30 uniformly
spaced positions across the width of a sample, in response to
the bias current profile of Fig. 2, calculated using Eq. (6)
and parameters deduced from measurements on sample 1, as
described in the text.
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The present experiments indicate the exceptional prom-
ise of temporally and spatially resolved studies using high-
performance cryogenic amplifiers for studying the elastic
and plastic dynamics of driven density waves. These
methods will be particularly enabling for the study of
CDW velocity dynamics in fully gapped CDW materials at
T < TP=2, where coupling with single particle properties
has largely obscured the collective contribution in conven-
tional transport measurements.
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