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What distinguishes trivial superfluids from topological superfluids in interacting many-body systems
where the number of particles is conserved? Building on a class of integrable pairing Hamiltonians, we
present a number-conserving, interacting variation of the Kitaev model, the Richardson-Gaudin-Kitaev
chain, that remains exactly solvable for periodic and antiperiodic boundary conditions. Our model allows
us to identify fermion parity switches that distinctively characterize topological superconductivity (fermion
superfluidity) in generic interacting many-body systems. Although the Majorana zero modes in this model
have only a power-law confinement, we may still define many-body Majorana operators by tuning the flux
to a fermion parity switch. We derive a closed-form expression for an interacting topological invariant and
show that the transition away from the topological phase is of third order.
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In recent years, the physics of Majorana zero-energy
modes has become a key subfield of condensed matter
physics [1–4]. On the theory side, a central result is the bulk-
boundary correspondence [5] that associates Majorana zero
modes to the boundary of (or defects in) a topologically
nontrivial superconductor, with the Kitaev chain as a
prototypical example [6]. The mathematical formalism
underlying this correspondence relies on the symmetries
and topological invariants of the Bogoliubov–de Gennes
equation [7], a mean-field description of the superconduct-
ing state in which the conservation of the number of
fermions (a continuous symmetry) is broken down to a
discrete symmetry, the conservation of fermion-number
parity. Majorana zero modes are directly linked to the
spontaneous breaking of this residual discrete symmetry [8].
As the experimental side of Majorana physics continues

to develop [9–14], it becomes crucial to unveil howmuch of
the mean-field picture survives beyond its natural limits.
This has motivated recent studies [15–21], with the focus on
the anomalous 2Φ0 ¼ h=e flux periodicity of the Josephson
effect—the hallmark of a topological superconductor [6].
A main thrust of this Letter is the characterization of

interacting many-body, number-conserving, topological
superconductors, or superfluids, leading to a subsequent
analysis on the meaning of Majorana zero modes beyond
mean field. The theoretical study of any interacting
quantum system is hampered by the exponential growth
of the Hilbert space with the number of particles. An
additional complication of superconducting systems is the
lack of simple principles to guide the design of particle-
number conserving models, in which the phase of the order
parameter is not a good quantum number. To overcome
both obstacles, we have constructed an exactly solvable,

number-conserving variation of the Kitaev chain. Because
our model belongs to a class of integrable pairing models
[22–24] based on the s-wave reduced BCS Hamiltonian
first solved by Richardson [25], and on a generalization
of the Gaudin magnet [26], we will refer to it as the
Richardson-Gaudin-Kitaev (RGK) chain.
The RGK model is integrable for periodic and antiperi-

odic boundary conditions. It allows us to obtain precise
answers for the characterization problem posed here,
including the very existence of a topologically nontrivial
phase, in an interacting number-conserving system, the
order of the phase transition into the trivial phase, the
definition of a topological invariant beyond mean-field, and
the emergence of many-body Majorana zero modes.
Richardson-Gaudin-Kitaev chain.— Our model is

defined by the Hamiltonian

HRGK ¼
X
k∈Sϕ

k

εkĉ
†
kĉk − 8G

X
k;k0∈Sϕ

kþ

ηkηk0 ĉ
†
kĉ

†
−kĉ−k0 ĉk0 ð1Þ

in terms of fermion creation operators ĉ†k, with momentum
k-dependent single-particle spectrum εk ¼ −2t1 cos k −
2t2 cos 2k and interaction strength G > 0. The interaction
is modulated by the potential

ηk ¼ sinðk=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t1 þ 4t2cos2ðk=2Þ

q
; ð2Þ

which displays the odd-parity behavior ηk ¼ −η−k charac-
teristic of p-wave superconductivity. The pair potential is
related to the single-particle spectrum by 4η2k ¼ εk þ 2tþ,
tþ ¼ t1 þ t2. This relation is the key to achieve exact
solvability, nonetheless, its functional form has been
chosen so that it realizes a new model that is physically
sound in both momentum and real spaces.
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In real space,wedefinecj ¼ L−1=2P
k∈Sϕ

k
eijkĉk for a chain

of length L, measured in units of the lattice constant. We
take ϕ-dependent boundary conditions ciþL ¼ eiϕ=2ci. In a
ring geometry, periodic boundary conditions (ϕ ¼ 0)
correspond to enclosed fluxΦ ¼ 0 and antiperiodic boundary
conditions (ϕ ¼ 2π) correspond to Φ ¼ Φ0. The resulting
sets of allowed momenta Sϕ

k are S0
k ¼ S0

kþ⊕S0
k−⊕f0;−πg

and S2π
k ¼ S2π

kþ⊕S2π
k−, with S0

k� ¼ L−1f�2π;�4π;…;
�ðπL − 2πÞg and S2π

k� ¼ L−1f�π;�3π;…;�ðπL − πÞg.
The RGK Hamiltonian in real space reads

HRGK ¼ −
XL
i¼1

X2
r¼1

ðtrc†i ciþr þ H:c:Þ − 2GI†ϕIϕ; ð3Þ

Iϕ ≡ 2i
X
k∈Sϕ

kþ

ηkĉkĉ−k ¼
XL
i>j

ηði − jÞcicj: ð4Þ

There are at least two cases where the pairing function
ηðmÞ can be determined in closed form by Fourier trans-
formation of Eq. (2). For t1 ¼ 0 and t2 ≠ 0, ηðmÞ ¼ffiffiffiffi
t2

p
δm1; i.e., we have nearest-neighbor pairing only. For

t1 ≠ 0 and t2 ¼ 0 we obtain

ηðmÞ ¼ ð−1Þm8 ffiffiffiffi
t1

p
π

m
1 − 4m2

; for L → ∞; ð5Þ

so a long-range pairing interaction with a slow 1=m decay
with distance m ¼ i − j. In general, ηðmÞ is a monotonic,
decaying function of m.
This long-range pairing interaction is the difference with

the original Kitaev model [6] that allows for the exact
solution beyond the mean-field approximation. As we shall
see in a moment, the long-range coupling still allows for a
topologically nontrivial phase. It may also be physically
relevant for chains of magnetic nanoparticles on a super-
conducting substrate [27,28], which have recently been
shown to support topologically protected Majorana zero
modes in the presence of a long-range coupling [29].
Mean-field approximation.—Before we work out the

exact solution of the RGK chain, we would like to establish
first whether it displays a nontrivial topological phase in the
mean-field approximation.
We set t2 ¼ 0 for simplicity and take the pairing

interaction Eq. (5). The mean-field approximation to the
RGK chain is obtained from the substitution 2GI†I →
Δ�I þ ΔI†, with gap function Δ ¼ 2GhILi ¼ eiθjΔj. We
define Majorana fermion operators ai ¼ e−iθ=2ci þ eiθ=2c†i ,
ibi ¼ e−iθ=2ci − eiθ=2c†i . The mean-field Hamiltonian is

Hmf ¼
it1
2

XL−1
i¼1

ðbiaiþ1 − aibiþ1Þ −
i
2

XL
i>j

Δi−jðbiaj þ aibjÞ;

ð6Þ
where Δi−j ¼ jΔjηði − jÞ, and displays a topological phase
characterized by power-law Majorana edge modes and
an associated 4π-periodic Josephson effect. For clarity of

presentation, let us compute approximate edge modes to
leading order in δ2 ¼ Δ2=ðΔ1 þ t1Þ. The Majorana mode
localized at the left end of the chain is ~a1 ¼ a1þP

L−1
i¼2 δi

P
L
j¼2ð−δ2ÞL−jaj, so that i½Hmf ; ~a1� ¼ ΔL−1bLþ

Oðδ2Þ. We see that Δ1 þ t1 controls the localization of the
Majorana modes, while ΔL−1 controls the vanishing of the
commutator with the Hamiltonian.
Because of the long-range pairing interaction Eq. (5), the

wave function of the Majorana modes decays algebraically
rather than exponentially in the bulk, and their energy
approaches zero as a power law in 1=L, similarly to what
has been found in other mean-field models based on the
Kitaev chain with long-range coupling [29–31].
Exact solution.—To show that the RGK chain is exactly

solvable, we rewrite it in the algebraic form

HRGK ¼ 8Hϕ þ δϕ;0ðε0ĉ†0ĉ0 þ ε−π ĉ
†
−π ĉ−πÞ

− 4tþSz þ Cϕ; ð7Þ
Hϕ ¼

X
k∈Sϕ

kþ

η2kS
z
k − G

X
k;k0∈Sϕ

kþ

ηkηk0S
þ
k S

−
k0 ; ð8Þ

with Cϕ ¼ 2t2δϕ;0, S
z
k ¼ 1

2
ðĉ†kĉk þ ĉ†−kĉ−k − 1Þ, and Sþk ¼

ĉ†kĉ
†
−k for each pair ðk;−kÞ of pairing-active momenta.

These operators satisfy the algebra of SU(2). Hence, Sz ¼P
k∈Sϕ

kþ
Szk defines a conserved quantity, ½Hϕ; Sz� ¼ 0.

The Hamiltonian Hϕ belongs to the hyperbolic family of
exactly solvable pairing Hamiltonians [24,32], whose best
known representative is the chiral p-wave superfluid
[33–37]. The rational family includes s-wave pairing and
has been used in the study of the BCS-BEC crossover
phenomenon [38]. Eigenstates for 2M þ Nν fermions are

jΦM;νi ¼
YM
α¼1

 X
k∈Sϕ

kþ

ηk
η2k − Eα

ĉ†kĉ
†
−k

!
jνi: ð9Þ

The state jνiwith Nν unpaired fermions satisfies S−k jνi ¼ 0
for all k. Moreover, Szkjνi ¼ −skjνi, with sk ¼ 0 if the level
k is singly occupied or sk ¼ 1=2 if it is empty. The
corresponding energy levels are EM;ν ¼ hνjHϕjνiþP

M
α¼1 Eα, with spectral parameters Eα determined by the

Richardson-Gaudin equations

X
k∈Sϕ

kþ

sk
η2k − Eα

−
X
βð≠αÞ

1

Eβ − Eα
¼ Qϕ

Eα
; ð10Þ

where Qϕ ¼ 1=2G −
P

k∈Sϕ
kþ
sk þM − 1.

In the case of periodic boundary conditions (ϕ ¼ 0) the
two momenta k ¼ 0, −π are not affected by the interactions
and need to be included separately. The eigenvectors then
are jΨNi ¼ jn0n−πi ⊗ jΦM;νi, where n0, n−π ∈ f0; 1g and
the total number of fermions is N ¼ 2M þ Nν þ n0 þ n−π .
The Richardson-Gaudin equations [Eq. (10)] become

singular when two or more Eα’s approach the same
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single-particle energy η2k and also around Eα ¼ 0. At
specific values of the interaction strength G

Gϕ
n ¼ 2

L
gϕn ¼ 2

L − 2ð2M þ NνÞ þ 2ðnþ 1 − δϕ;0Þ
; ð11Þ

there are n solutions Eα, 1 ≤ n ≤ M, that vanish identically
[34,36]. In particular, at n ¼ M, where Eq. (9) becomes a
pair condensate, Gϕ

M is precisely the Moore-Read coupling.
And, at n ¼ 1 where Qϕ ¼ 0, Gϕ

1 ¼ Gc is the Read-Green
coupling, associated with the nonanalytic behavior of
observables in the thermodynamic limit [34,36].
The numerical solution of Eq. (10) is particularly simple

for values ofG > Gϕ
1 , when allEα’s are real andnegative, and

for G ¼ Gϕ
n when n of the Eα’s vanish whileM − n are real

and negative. For other values of G we perform special
variable transformations that remove the singularities in
Eq. (10), and that is crucial to solve large system sizes.
We carried out computations with systems of up toL ≈ 2000
sites at quarter filling.Without the integrability condition, this
would have required diagonalization of a Hamiltonianmatrix
with the unwieldy dimension 5 × 10242. The exact solvability
reduces the complexity of the problem to the solution of the
M ≃ 250 nonlinear coupled equations [Eq. (10)].
We were also able to perform extrapolations to the

thermodynamic limit N, L → ∞ at finite density ρ ¼
N=L and rescaled interaction strength g ¼ GL=2. In that
limit, Eq. (10) relate to the mean-field gap and number
equations for Hϕ [34]

2π

g
¼
Z

π

0

η2k
Ek

dk; ρ ¼ 1

π

Z
π

0

v2kdk; ð12Þ

Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
η2k
2
− μ

�
2

þ η2kΔ2

s
; v2k ¼

1

2
−
η2k − 2μ

4Ek
; ð13Þ

with quasienergies Ek and occupation probabilities v2k.
Phase diagram and topological transition.—To establish

the quantum phase diagram of the RGK chain, one needs
the ground state energy E0ðρ; gÞ of HRGK. Depending
on the boundary condition and fermion-number parity,
one has to consider either Nν ¼ 0 or 1. For periodic
boundary conditions, since the levels k ¼ 0, −π decouple
from the rest, Nν ¼ 0 for both even and odd N. If N is odd,
the unpaired particle occupies the k ¼ 0 level without
blocking an active level. For antiperiodic boundary con-
ditions the ground state has Nν ¼ 0 for N even, while for N
odd it has Nν ¼ 1 with blocked level k0. The resulting
ground state energy is given by

Eϕ
0 ðNÞ ¼ 8

XM
α¼1

Eα − 4tþM þ Jϕ;0 þ δNν;1ð4η2k0 − 2tþÞ;

ð14Þ
where Jϕ;0 ¼ δϕ;0ðε0δn0;1 þ ε−πδn−π ;1Þ. In the thermody-
namic limit the energy density reduces to

e0 ≡ lim
L→∞

Eϕ
0=L ¼ −2tþρ −

4

g
Δ2 þ 4

π

Z
π

0

η2kv
2
kdk: ð15Þ

The resulting phase diagram is shown in Fig. 1. The RGK
chain is gapped for all g > 0, except for the Read-Green
coupling gc ¼ Gϕ

n¼1L=2 where it becomes critical in the
thermodynamic limit (without any dependence on the choice
of boundary conditions). This critical line defines the phase
boundary separating weak (topological) from strong (trivial)
pairing phases, and thus is a line of nonanalyticities. At gc a
cusp develops in the second derivative of e0, that leads to a
singular discontinuous behavior of the third-order derivative.
Hence, the transition from a weakly paired to a strongly
paired superconductor is of third order, just like for the
two-dimensional chiral p-wave superconductor [34,36].
Open circles in Fig. 1 correspond to the second-order

derivative of the exact e0 for the antiperiodic RGK chain
with L ¼ 2048, N ¼ 512, and t1 ¼ 1, t2 ¼ 0, obtained by
solving Eq. (10) for some selected pairing strength values,
and illustrate how close to the thermodynamic limit these
system sizes are. We will demonstrate shortly that the
weak-pairing phase of the RGK chain is indeed topologi-
cally nontrivial.
Fermion parity switches.—We next introduce a quanti-

tative criterion to establish the emergence of topological
superconductivity in particle-number conserving, many-
body systems. The criterion exploits the behavior of the
ground state energy of a system of N, and N � 1 particles,
for both periodic and antiperiodic boundary conditions. The
emergence of topological order in a superconducting wire,
closed in a ring and described in mean field, is associated
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FIG. 1. Third-order phase transition between the topological
(weak-pairing) and trivial (strong-pairing) superconducting
phases. The continuous line denotes the second order derivative
of the ground-state energy density e0, evaluated in the thermo-
dynamic limit. Circles are the exact solution for L ¼ 2048,
N ¼ 512, and antiperiodic boundary conditions. Top inset:
Discontinuity in the third-order derivative. Bottom inset:
Quantum phase diagram in the (ρ, g)-plane. Dashed and full
lines represent, respectively, the Moore-Read (g−1M ¼ 1 − ρ) and
Read-Green (g−1c ¼ 1 − 2ρ) boundaries.
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with switches in the ground-state fermion parity PðϕÞ upon
increasing the enclosed flux Φ ¼ ðϕ=2πÞ × Φ0 [6,39–44].
Any spin-active superconductor, topologically trivial or not,
may experience a crossing of the ground state energies for
even and odd number of electrons [45–48]. Regardless of
spin, what matters is the number of crossings NX between
Φ ¼ 0 ¼ ϕ and Φ ¼ Φ0, ϕ ¼ 2π. The superconductor is
topologically nontrivial if NX is odd, otherwise it is trivial.
In the many-body, number conserving, case we need to

identify the relevant parity switches signaling the emer-
gence of a topological superconducting phase. Our exact
solution gives us access to PðϕÞ only at ϕ ¼ 0 and ϕ ¼ 2π,
but this is sufficient to determine whether NX is even or
odd. Notice that odd NX means that the flux Φ should be
advanced by 2Φ0—rather than Φ0—in order to return to the
initial ground state, which is the essence of the 4π-periodic
Josephson effect [6,49].
To identify the fermion parity switches we calculate the

ground state energy Eϕ
0 ðNÞ for a given number N of

fermions in the chain of length L, with periodic (ϕ ¼ 0)
or antiperiodic (ϕ ¼ 2π) boundary conditions, and compare
Eodd
0 ðϕÞ ¼ 1

2
Eϕ
0 ðN þ 1Þ þ 1

2
Eϕ
0 ðN − 1Þ and Eeven

0 ðϕÞ ¼
Eϕ
0 ðNÞ, where we assumed N even. The difference (inverse

compressibility) χðϕÞ ¼ Eodd
0 ðϕÞ − Eeven

0 ðϕÞ determines
PNðϕÞ ¼ signχðϕÞ, so it has the opposite sign at ϕ ¼ 0
and ϕ ¼ 2π in the topologically nontrivial phase. We also
find that PN∈evenðϕÞ ¼ −PN∈oddðϕÞ in the topologically
nontrivial phase. The results, shown in Fig. 2, unambig-
uously demonstrate the topologically nontrivial nature of
the superconductor for g < gc—both in a finite system and

in the thermodynamic limit, and without relying on any
mean-field approximation.
The ground state of the odd (2M � 1) system strongly

depends on the boundary conditions. For periodic boundary
conditions the unpaired particle always occupies the k0 ¼ 0
level, while for the antiperiodic case it starts blocking the
Fermi momentum kF ¼ k0 at g ¼ 0, continuously decreas-
ing its modulus with increasing g, up to k0 ¼ π=L at g0 ∼
1.1936 (ρ ¼ 1=4), corresponding to μ ¼ Δ2 in the thermo-
dynamic limit. In that limit χðϕÞ has a particularly simple
form: χð0Þ ¼ −8μ, and χð2πÞ ¼ 8jμj for g > g0.
Topological invariant and zero modes.—In addition to

the parity switches, one would like to have an independent
way of signaling a topological phase transition. The
occupation number N k¼0 of the k ¼ 0 single-particle
state is a topological invariant [34,50], being the one-
dimensional analogue of the winding number in two space
dimensions [51,52]. By combining the integrals of motion
[24,34] with the Hellmann-Feynman theorem we find

N k ¼
1

2
− sk − 4skγ2

XM
α¼1

η2k
ðη2k − EαÞ2

∂Eα

∂γ ; ð16Þ

γ ¼ GcWðGÞ
3WðGÞ − 2Gc

; WðGÞ ¼ GcG
2G −Gc

: ð17Þ

The mapping W satisfies W(WðGÞ) ¼ G, with fixed point
WðGcÞ ¼ Gc, typical of self-dual transformations. In the
thermodynamic limit, limL→∞N k¼0 ¼ Θ½Gc −G� with
Θ½x� the unit step function, thus signaling the topological
transition at G ¼ Gc, as can be confirmed numerically.
It is known for the mean-field case that it is possible to

construct exact zero-energy modes by tuning the flux to a
fermion parity switch [53]. We may generalize this concept
to our many-body system, and thus give meaning to the
notion of many-body Majorana modes. By varying the
boundary conditions in the topologically nontrivial phase
the “ground state” energies Eodd

0 ðϕÞ and Eeven
0 ðϕÞ cross at

some critical ϕ�. (They must cross, because their order is
inverted at ϕ ¼ 0 and ϕ ¼ 2π.) At this value of ϕ ¼ ϕ� one
can identify Majorana zero modes as follows. Define the
normalized ground states jΨeven

0 i ¼ jΨN
0 i, jΨodd

0 i ¼
ðjΨNþ1

0 i þ jΨN−1
0 iÞ= ffiffiffi

2
p

, with the transition operator
T̂ ¼ jΨeven

0 ihΨodd
0 j. Clearly, T̂2 ¼ 0, and fT̂; T̂†g ¼ P̂0,

with P̂0 ¼ jΨeven
0 ihΨeven

0 j þ jΨodd
0 ihΨodd

0 j the projector onto
the ground-state subspace. Then, the corresponding
Majorana operators are: Γ1 ¼ T̂ þ T̂†, iΓ2 ¼ T̂ − T̂†,
fΓ1;Γ2g ¼ 0, modes that have an operational meaning
for open quantum systems. In the isolated chain with open
boundaries, we would expect the equivalent of these modes
to be localized at the edges due to the bulk energy gap. It
would be interesting to check this numerically.
In conclusion, we have constructed a variation of the

Kitaev Hamiltonian that is both number conserving and
interacting, but still exactly solvable. This allowed
us to identify the fermion parity switches needed for

1.4 1.6 1.8 2.0 2.2 2.4 2.6
-0.3
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0.2
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Antiperiodic
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-1120.2

-1120.0

Topological
-1581.5

-1582.0

Trivial

Topological Trivial

FIG. 2 (color online). Ground state energies for the RGK chain
(in units of t1 ≡ 1, for t2 ¼ 0) for even (N ¼ 2M) and odd
(N ¼ 2M � 1) number of fermions, and with periodic (ϕ ¼ 0) or
antiperiodic (ϕ ¼ 2π) boundary conditions. The main plot shows
the odd-even difference as a function of the interaction strength g
for a finite system (data points, for N ¼ 512, L ¼ 2048) and in
the thermodynamic limit (continuous lines). The topologically
nontrivial state is entered for g < gc ¼ 2. The insets show the
even and odd energies themselves, for the finite system (lower
two insets) and in the thermodynamic limit (upper two insets),
illustrating the fermion parity switches PNðϕÞ.
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characterizing topological superconductivity in generic
interacting many-body systems, integrable or not, and to
analyze themeaning ofmany-bodyMajoranamodes. In turn,
this implies that the fractional, i.e., the lack of a Φ ¼ Φ0-
periodic, Josephson effect can indeed serve as an exper-
imental probe in these systems. We have shown that our
Richardson-Gaudin-Kitaev model shares the features of the
mean-field Kitaev model that have made it a paradigm of
topological superconductivity. There is one difference, the
long-range nature of the pairing interaction, but in view of
recent experimental developments [28,29], this may be a
welcome feature of the model rather than a drawback.
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