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The phonon Hall effect has been observed in the paramagnetic insulator Tb;GdsO,. A magnetic field
applied perpendicularly to a heat current induces a temperature gradient that is perpendicular to both the
field and the current. We show that this effect is due to resonant skew scattering of phonons from the crystal
field states of superstoichiometric Tb>* ions. This scattering originates from the coupling between the
quadrupole moment of Tb** ions and the lattice strain. The estimated magnitude of the effect is consistent
with experimental observations at 7 ~ 5 K and can be significantly enhanced by increasing temperature.

DOI: 10.1103/PhysRevLett.113.265901

When a linear magnetic field is applied perpendicularly
to a heat current in a sample of terbium gallium garnet
(TGG) TbyGas0,,, a transverse temperature gradient is
induced in the third perpendicular direction [1,2]. This is
the “phonon Hall effect” (PHE). The effect was observed
in this insulator at low temperature (7' ~ 5 K), a situation
in which there are no mobile charges such as electrons
or holes [3]. The Neél temperature of TGG is 0.24 K [4], so
it is a paramagnet at 7 ~ 5 K. Hence, magnons do not
contribute to the heat current and one does not expect a
contribution from the magnon Hall effect [5—8]. Phonons
are not charged and hence cannot be affected by the Lorentz
force which gives rise to the usual classical Hall effect.
Therefore, the mechanism for the PHE must be related to
the spin-orbit interaction. However, the spin-orbit inter-
action for phonons is not at all obvious, unlike in the
anomalous Hall effect and spin Hall effect for electrons
[9-11]. Thus, an understanding of the origin of the
observed PHE is a fundamental problem.

So far, there have been a few theoretical attempts to
explain the PHE [12-15]. References [12] and [13]
assumed a Raman-type interaction between the spin of
stoichiometric Tb3* ions and the phonon. This interaction
results in “elliptically polarized” phonons. According to
Refs. [12,13], the “elliptic polarization,” in combination
with scattering from impurities, leads to the PHE. In this
scenario, the type of impurity is unimportant, and hence,
phonon-impurity scattering is considered in the leading
Born approximation. This is an intrinsic-extrinsic scenario;
i.e., the elliptic polarization is an intrinsic effect and the
scattering from impurities is an extrinsic effect. The major
problem with this scenario was realized in Ref. [14]—in
spite of the elliptic polarization, the Born approximation
does not result in the PHE. Reference [14] attempted to go
beyond the leading Born approximation in impurity scat-
tering. However, the problem has not been resolved yet.
An intrinsic mechanism for the PHE, based on the Berry
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curvature of phonon bands, was suggested in Ref. [15].
This is similar to the Berry curvature mechanism in the
Hall effect for light [16]. The Berry curvature mechanism
is certainly valid for materials with specially structured
phonon bands; however, it is hard to see how the mecha-
nism can be realized in TGG, which has the simple cubic
structure.

There is an important experimental observation which
was missed in all the previous theoretical analyses of the
PHE—TGG crystals can be grown by the flux method
(TGGy) and by the Czochralski method (TGGg). While
TGGy, has perfect stoichiometry, TGG contains about 1%
of superstoichiometric Tb3* ions. At 5 K, the diagonal
thermal conductivity of TGGy; is about 5 times smaller than
that of TGGy [17]. This indicates that the thermal con-
ductivity in TGGg; is determined by phonon scattering from
the crystal field states of superstoichiometric Tb3* ions
[17]. The PHE has only been observed in TGGg; [1,2].
Thus, one concludes that the PHE is of extrinsic origin—
due to the phonon scattering from superstoichiometric
Tb3* ions. We stress that the PHE in TGG relies specifi-
cally upon scattering from superstoichiometric Tb*>* ions,
not just scattering from any impurities. This observation
was not considered in all previous suggestions [12,13,15]
for the mechanism behind the PHE.

In this Letter, motivated by the above observation, we
show that the PHE originates from the resonant skew
scattering of phonons from the crystal field states of
superstoichiometric Tb3* ions. Below, we will often refer
to superstoichiometric Tb?* ions as impurities.

Phonons.—The phonon Lagrangian density reads

P .
Ly= E{fﬂi - C%<ai¢j)2 - (C% - C%)(aiéﬂi)(ajéﬂj)}v
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Here, @ is lattice displacement. The isotropic model (1) is
known to be appropriate for a system with a large unit cell,
such as that of a garnet [18-20]. The index y =1, 2, 3
enumerates phonon polarization, e is the unit polariza-
tion vector, a, is the annihilation operator of the phonon,
and w,, = c;q(crq) is the energy of the longitudinal
(transverse) phonon. For the purpose of making estimates,
we will use the following value of speed ¢ = 3.7 x
10° cm/s and the mass density p =7.2 g/cm® [17].
Below, only the longitudinal mode is considered. It is
plausible that this mode dominates the PHE due to its large
velocity ¢; ~2cr [19]. Even if transverse modes gave
comparable contributions, this does not influence our
estimate of the effect.

Tb ion.—The "Fgstate of a free Tb®>* ion splits into 13
levels in the dodecahedral crystal field of the garnet. The
energies of low lying levels in intrinsic ions are approx-
imately 0, 3, 49, 62, 72, and 76 K [21,22]. The energy
levels of impurity ions (superstoichiometric) depend on
their particular positions, but overall, they are comparable
to those of ions in regular sites. The thermal conductivity in
TGGg is mainly determined by the resonant scattering of
phonons from superstoichiometric ions. Note that resonant
scattering necessarily implies a nonzero scattering phase
and hence gives rise to skew scattering, which does not
appear in the Born approximation [23].

Fitting the measured diagonal thermal conductivity
[17] within four levels of the impurity ion, we come to the
ion level scheme shown in the left-hand side of Fig. 1:
o =3 K o, =20 K,w,;, =70 K(see the Supplemental
Material [24]). It is known that the ground state energy
doublet is very sensitive to magnetic field B. At T = 4.2 K
and B <1 T, the ion magnetic moment grows linearly
with B. At fields larger than 1-2 T, the magnetic moment
practically saturates at |M| ~ 4up [25]. These data indicate
that the a, b states are composed of time conjugate states
£ M), la) o |+ M) + |~ M), |b) |+ M) - |- M),
and, subjected to a magnetic field, the a, b states evolve
to | = M) as shown in the right-hand side of Fig. 1:

Way = Quy = \/ @2, + (2gB)* with an effective g factor
[26]. Below, we assume that, for the magnetic field larger
than 1-2 T, only the state |a') = |+ M) is thermally

populated, while, without magnetic field, both |a) and |b)

> —— > ——
o> —— o>
Ib> [b’>=|-M>
|a> la’>=I+M>

FIG. 1. The crystal field levels for B = 0 on the left and for
B > 1-2 T on the right.

are populated. For simplicity, we assume that |c) and |d) are
not sensitive to the magnetic field.

Spin-phonon interaction.—The quadrupole Coulomb
interaction of a Tb ion with its surrounding lattice ions
is of the following form [27,28]:

H, = }’Ti]ai(ﬂj,
T,=— T4 00 =200+ 16 (2)
CER VTGV D R v

Here, ¢; is the lattice displacement at the ion site
i,j = x,y,z. The quadrupole moment Q;; = QT}; is writ-
ten in terms of the total angular momentum J. This implies
that the strong spin-orbit interaction inside the ion core is
embedded in Eq. (2). The size of an ion core is about one
Bohr radius ap. Hence, the quadrupole moment Q is
roughly estimated as Q ~ ea%, where e is the elementary
charge. The gradient of the electric field £ from the
surrounding ions is estimated as VE ~ e/d*, where d ~
2 A is the distance to the nearest oxygen ion. Then, the
magnitude of the coupling y is

e’a}
7~ QVE~—F~07eV. (3)

3

Resonant scattering.—Phonon scattering from super-
stoichiometric Tb3* ions is determined by the diagram
in Fig. 2. Under nonzero magnetic field, a straightforward
calculation gives the following scattering rate for a phonon
with energy w:

-1 _ -1 —1
To = 7L + § : Ta/i.w’
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e N, wpw (Qa’i/a)ai) Iﬂai/a)ai
/2 - 9
aLw NTb 807 (a)2 - Qi’i)z + Qi,ir?w

Fai = }/szi/”pcj’ Fim = (a)/a)ui)3rui' (4)
Here, 77! = ¢/L is due to the finite size of the sample
L ~1 mm. The total density of Tb ions is Ny, ~
1.3 x 10*2 cm™3, the density of superstoichiometric Tb
ions is N, =~ 1.5 x 10%° cm™3, and the Debye frequency
or temperature is wp = 487 K [17]. Equation (4) is similar
to that derived a long time ago in Refs. [29,30]. It is worth

P k P k
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<o
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/
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a/ a/ a/ a/

FIG. 2. Amplitude of phonon scattering from a Tb ion with
virtual excitation of the crystal field level given a magnetic field
larger than 1-2 T. The solid line shows the ionic state, and the
dashed line shows the phonon. Without the magnetic field, the
initial state a’ is substituted by the states a or b, with ¢ and d as
intermediate states.
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noting that the w* dependence in the numerator of the
resonant part of 7,! originates from the derivative in the
interaction (2). This derivative is enforced by Adler’s
theorem [31].

Skew component.—We take the magnetic field directed
along the z axis. The phonon propagates in the xy plane
with an initial momentum k = (1,0, 0) and final momen-
tum g = k(cos ¢, sin ¢, 0), where ¢ is the scattering angle.
When the magnetic field is small, the states a’ and " are
populated and then the diagrams in Fig. 2 give the
following phonon angular distributions for scattering
(see Ref. [32] and the Supplemental Material [24]):

-1

’ (¥ ol .

Wis, ® “2;(0 <c052¢ — Qi" cos ¢ sin ¢) , (5)
/ Tl:’lc @ a)rcw -

Wys, ~ e cos2gp + %, cosgsing |.  (6)

Note that the second term proportional to sin ¢ is the skew
component and the sign of the a’c process is opposite to
that of the »'c process. This is due to the time conjugation
of the states |@’) = | + M) and |b') = | — M). Without the
magnetic field, these process cancel each other out,
whereas with a magnetic field, the skew component
becomes finite for two reasons—the energy difference
between Q. and €., and the depopulation of the state
b'. The a'b’ and b'a’ processes also contribute to scattering
such as Egs. (5) and (6), respectively. If the states a’ and b’
are equally populated, the skew components in these
processes cancel each other out, since 7.y, = Tpy o
and Q.| =|Qyy|. When the state b’ is depopulated
by increasing the magnetic field, the cancellation becomes
imperfect and the a’b’ process also contributes to the skew
scattering.

Correlation of impurity positions.—The cos ¢ sin ¢ term
in Egs. (5) and (6) changes sign at ¢y - —¢. This is the
skew asymmetry which is necessary for the PHE. However,
this term also changes sign at ¢y — 7 — ¢. Because of this,
the off-diagonal thermal conductivity is 0 (k,, = 0), in spite
of the skew, since skew scattering in the forward hemi-
sphere cos¢ > 0 is exactly compensated for by skew
scattering in the backward hemisphere cos¢ < 0. There
is no such problem for electron skew scattering [33], but
there is a similar problem for the skew scattering of light.
There are two mechanisms which destroy the ¢ — 7 — ¢
compensation: (i) the spatial correlation of impurity posi-
tions discussed below and (ii) interference between con-
tributions with different values of AJ_; this mechanism is
discussed in the Supplemental Material [24].

A superstoichiometric Tb** ion has ionic radius 0.92 A
and it replaces a Ga’* ion with smaller radius 0.62 A.
Hence, the crystal lattice around the Tb ion is elastically
deformed towards larger lattice spacing. During the process
of crystal growth, this creates more room for another

superstoichiometric Tb ion in the vicinity of the first one.
Hence, the impurity density p,(r) must be correlated as

ps(0)ps(r) = N(r) + N3[1 + Ce™/"], (7)

where the correlation length is about the average distance
between impurities [ =~ Ns_l/ 3 ~2x 1077 cm. Given the
significant difference in ionic radii, it is natural to assume
about a 50% change in the probability of having another
superstoichiometric Tb ion in the vicinity of the first
one. Hence, it is reasonable to expect that the correlation
constant is C ~ £1. Because of the correlation (7), the
interference between phonon scattering amplitudes from
adjacent impurities is nonzero and the scattering probability
[Eq. (5)] is modified by an interference term as W_,, —
Wi, (1 +CP,;), where Py =1/[1+ (2klsing/2)]*.
Thus, the correlation destroys the ¢ — 7 — ¢» compensation
factor. It is convenient to expand P in a series of Legendre
polynomials Py = ay(w) + a,(w)P;(cos ¢p) + - - -, where

3 1
al(w) B (a’/a)l)z [1 * I+ (0)/0)1)2}
—ﬁlnu T (@fan)?] (8)

and w; = hc/21 ~ 13 K. Hence, accounting for mechanism
(1) (see also the Supplemental Material [24]), the scattering
rate given by Egs. (5) and (6) is transformed to

-1
T(H
Wk—>q ~ E{l - Icwa)rcwnB ' [nk X nq]}’

-1 -1

C Ta [X0) Ty'cw — T;’ ]h’ K0)
Kw = gal (w)Tw < -Q%/C —nr QIZ,IC + nr Qi/br s
ny = exp[—Quy /T) = 1 — iy, 9)

where ng, ny, n, are unit vectors along the direction of the
magnetic field and the phonon momenta, respectively, and
ny and 717 are the thermal populations.

Phonon Hall effect.—The Boltzmann equation for

the phonon distribution function f; = f,(co) + g]((s) + gﬁj"

reads [34]

vr\ [ of
C2k . <T> <_ fk ) I ;(Wq_)qu - Wk—>qfk)' (10)

aa)k

Here, f;co) is the equilibrium Bose-Einstein distribution.
Since the scattering rate (9) contains both the symmetric

s s
part W((1—)>k = W;(H)q ,(;L‘—zk =
A

k—q’

and the asymmetric part W

we need to account for the two nonequilibrium

components g,(cs) and g,(cA):

0 & (k-VT), gV o« (k-[ny x VT]). (11)
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Assuming that the asymmetry parameter in Eq. (9) is small
Kpol'., < 1, the solution of the Boltzmann equation is
straightforward and results in the following nonequilibrium
part of the distribution function

/T 2
(), (4)_ e ¢
9" T 9k —_(emk/T_l)zﬁTw

x {(k-VT) —%ICwa)Fw(k- np XVT])}. (12)

Hence, we calculate the diagonal and the off-diagonal
thermal conductivities as

73 x*e*dx
= , 13
= gz [ i (13)
3 K x*e*dx
= [, Reer, XA 14
Kxy 27[26/Tw 3 @ a;(ex_ 1)2 ( )

where x = w/T. The diagonal thermal conductivity in
Eq. (13) is of the standard form [35], which is used to
fit the data in Ref. [17]. The transverse thermal conductivity
Kyy given by Eq. (14) is shown in Fig. 3 as a function of T
with B =1,2,3 T. We can see that k,, is enhanced by T
and B (see also the inset in Fig. 3). Note that this result is
justified for T < Q. ~ 20 K since the state c is assumed to
be unpopulated. The inset in Fig. 3 is the B dependence
of k,,, which increases and finally starts to decrease
around B~2.5T.

Our estimate of the phonon Hall angle S immediately
follows from Eqgs. (13) and (14) and, for magnetic fields
larger than 1-2 T, is

5

T=5K

x [ 0°W/cm/K]

x [10°Wicm/K]
N
(9]

Xy

FIG. 3 (color online). Magnetic field dependence of the trans-
verse component of thermal conductivity «,, (1073 W/cm/K).
The inset is the magnetic field dependence of «k,,
(10> W/ecm/K) at T =5 K. Here, g=1 and w,, =0, and
the state d is ignored.

_ LKy
=B (15)
Assuming that at temperature 7 =5 K the frequency is
w=T=75K, Eq. (15) results in the following estimate:
S(T =5 K)~5x10"*rad/T. An accurate evaluation of
the integrals in Eq. (13) confirms that the primary contribution
to k., comes from w ~# T =5 K. On the other hand, the
dominant contribution to k,, comes from @ ~ 30 K—the
phonon Hall effect is due to relatively “hot” phonons.
Accounting for the hot phonon effect enhances our theoretical
estimate: S(T = 5 K) ~ 1073 rad/T. Our estimate is reason-
ably consistent with measurements S(7 = 5.45 K) = 1 x
10~ rad/T [1] and S(T =5.13K) ~0.35 x 10~* rad /T [2].
The presented theoretical estimates of k., correspond to
C ~ 1. Itis important that the C dependence of the Hall angle
may explain the significant difference between the two mea-
surements; i.e., two different crystals were used in the two
measurements [1,2] (see also the Supplemental Material [24]).

Conclusion.—We have shown that the puzzling phonon
Hall effect observed in Tb;GdsO;, is due to the resonant
skew scattering of phonons from the crystal field levels of
superstoichiometric Tb3* ions. The obtained magnitude of
the effect is in agreement with experiments performed at
T =5 K. We predict that the magnitude of the effect grows
very significantly with temperature in the interval
3 K < T < 15 K. Compared to the performed measure-
ments, we expect the effect to be about an order of
magnitude larger at T = 10-15 K. A mechanism similar
to that considered here for the phonon Hall effect is also
valid for the Hall effect of light [36]: skew scattering of
light from atomic or molecular transitions. For light, the
quadrupole crystal field interaction [Eq. (2)] should be
replaced by the electric dipole interaction.
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