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Cavity-based noise detection schemes are combined with ultrafast pulse shaping as a means to diagnose
the spectral correlations of both the amplitude and phase noise of an ultrafast frequency comb. The comb is
divided into ten spectral regions, and the distribution of noise as well as the correlations between all pairs of
spectral regions are measured against the quantum limit. These correlations are then represented in the form
of classical noise matrices, which furnish a complete description of the underlying comb dynamics. Their
eigendecomposition reveals a set of theoretically predicted, decoupled noise modes that govern the
dynamics of the comb. These matrices also contain the information necessary to deduce macroscopic noise

properties of the comb.
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Ultrafast frequency combs (FC) have found tremendous
utility as precision instruments in domains ranging from
frequency metrology [1,2], optical clocks [3,4], broadband
spectroscopy [5,6], and absolute distance measurement
[7,8]. This sensitivity originates from the fact that a comb
carries upwards of ~10° copropagating, coherently locked
frequency modes [9]. An understanding of the aggregate
noise originating from these teeth is essential for assessing
the ultimate sensitivity of a given measurement scheme. In
practice, FC noise dynamics are typically described with a
succinct number of collective properties [10—-12], such as
the pulse energy, carrier envelope offset (CEO), or the
temporal jitter of the pulse train. Along these lines, it has
been theorized that a variation in one of these parameters
perturbs the FC in a manner that consists of adding a
particular noise mode to the coherent field structure [13].
Hence, the entirety of the FC noise dynamics is theoreti-
cally governed by a set of unique noise modes in which
each mode possesses a particular pulse shape [10,13]. The
existence of such modes would imply a non-negligible role
of spectral noise correlations among the individual FC
teeth. Although the distribution of noise across a FC has
been investigated [14,15], the role of correlations among
various frequencies has gone largely unexplored. Toward
that end, correlations among disparate spectral bands may
be gleaned by observing whether the noise of their spectral
sum is equal to the sum of the individual noises. Such a
scheme may be implemented by combining ultrafast pulse
shaping [16], which furnishes an adjustable spectral filter,
with quantum noise-limited balanced homodyne detection
[17]. This Letter details the extraction of classical ampli-
tude and phase noise matrices for a solid-state femtosecond
FC and, in doing so, provides the first experimental
characterization of uncoupled, broadband noise modes.
Moreover, the identification of spectral correlations offers
an enhanced description of the comb’s noise dynamics
from which any collective noise property can be extracted.
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The electric field e(z) of the comb is taken as complex
and written as a superposition of the constituent teeth:
e(t)=>_,E, in which E, = A, exp|i(¢, —w,t)]. The
tooth amplitude and phase are represented as A, and ¢,,
respectively, while the optical frequency w,, is decomposed
as w, = Ny, + Wcgo, In Which @, is the repetition rate
of the comb and wcgg is the CEO frequency. As FCs are
generated within an optical cavity, the coherent structure of
this field may be interrupted by various intracavity noise
sources, including thermal and mechanical drifts, sponta-
neous emission, and the intensity noise of the pump source.
In particular, these perturbations disrupt the field amplitude
and phase of a single tooth in a manner described as 0E,, =
(6A,, + i6¢,A,) exp (—iw,t) where 6E, = E, — (E,) [18].
These fluctuations may be decomposed in terms of their
amplitude and phase components to yield

Re(SE,) = 6A, cos(w,t) + A,6¢, sin(w,t). (1)
Thus, variations of the spectral amplitude are manifest in
the same quadrature as that carrying the mean electric field
while phase fluctuations are observed in the conjugate
quadrature. Homodyne detection offers a quantum noise-
limited, phase-sensitive detection scheme capable of meas-
uring these quadrature-dependent fluctuations. In order to
characterize the frequency distribution of noise, the col-
lective parameters of pulse energy and phase described
above are conferred a spectral dependence.

A Ti:sapphire oscillator is utilized in which neither the
CEO nor the repetition rate is locked. This ~6 nm FWHM
source is divided, and one part constitutes a reference field,
which is necessary for homodyne detection, while the other
comprises the signal beam to be analyzed. This signal field
is delivered to a programmable 512-element 2D liquid-
crystal pulse shaper, which is capable of independent
amplitude and phase modulation [19]. The pulse shaper
partitions the spectrum into ten nonoverlapping bands of
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equal width (~1.5 nm per band as seen in Fig. 1). This
segmentation allows the spectral amplitude and phase noise
levels to be interrogated for each spectral band as well as all
possible pairs of bands.

The reference beam and the signal constitute two arms of
a Mach-Zehnder interferometer as seen in Fig. 1. Since
these two fields share a common phase, they must be
decoupled in some manner in order to observe the phase
noise of the laser source. This decoupling is achieved by
introducing the reference beam into a high-finesse
(F =420) Fabry-Perot filtering cavity. The cavity has a
free spectral range equal to that of the pulse train repetition
rate (i.e., 76 MHz), and its length is locked with a Pound-
Drever-Hall scheme. Sideband fluctuations of the reference
field transmitted by the cavity are strongly attenuated for
frequencies higher than the cutoff frequency of ~90 kHz
[20], whereas the initial fluctuations persist in the signal
arm of the interferometer [21]. These two fields are
recombined on a 50:50 beam splitter and then detected
with a pair of balanced silicon photodiodes. A mirror
mounted on a piezo stack in one arm of the interferometer
permits locking the mean relative phase between the two
interferometer arms to a value of z/2 (i.e., the phase
quadrature). As homodyne detection is a projective tech-
nique, the difference of the photocurrents for the two diodes
provides the quadrature noise of the field projected onto the
spectrally shaped signal. In particular, this difference is
directly proportional to the relative phase ¢ = @gjg — Pret
between the two interferometer arms. Since the fluctuations
of ¢, are significantly attenuated, this measure provides
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FIG. 1 (color online). Experimental layout for characterizing
the classical noise in optical frequency combs. A Ti:sapphire
oscillator produces a 76 MHz train of ~140 fs pulses centered at
795 nm. This source is split, and one portion is directed to a 512-
element, programmable 2D liquid-crystal pulse shaper, which
serves to select a certain spectral region for noise analysis. When
the shutter is closed, the balanced homodyne detection measures
intensity noise in the spectral slice transmitted by the pulse
shaper. Conversely, when the shutter is open, a part of the source
is filtered in a Fabry-Perot filtering cavity (finesse of F = 420),
which attenuates high frequency fluctuations. This filtered beam
is analyzed with homodyne detection, in which the shaped beam
serves as the local oscillator. Phase variations are analyzed by
locking the relative phase between the two interferometer arms
with a piezo-controlled mirror.

the phase noise of the field, ie., d¢yy = S, [22].
Additionally, the photocurrent difference obtained in the
absence of the weaker reference field provides the shot
noise level, which normalizes the observed phase fluctua-
tions. This experimental arrangement is conceptually sim-
ilar to that found in Ref. [23].

Amplitude fluctuations of the field are subsequently
assessed by blocking the reference beam of the interfer-
ometer with a shutter and examining the sum of the two
photocurrents, which is directly proportional to the signal
field’s intensity noise. The corresponding shot noise level is
retrieved by measuring the difference of the photocurrents
for the two diodes. By normalizing the intensity fluctua-
tions to the appropriate shot noise levels, the observed
intensity variations are converted to field amplitude
noise [24]. Photocurrent fluctuations arising from both
amplitude and phase noise of the source are analyzed with a
spectrum analyzer in the sideband rf frequency range of
20 kHz-5 MHz.

The observed noise fluctuations closely follow Gaussian
statistics, which enables their dynamics to be described
with a moment-based covariance matrix. In order to do so, a
quadrature operator O; is associated with each of the ten
spectral zones created by the pulse shaper, i.e.,
i=1,...,10. In _line with Eq. (1), this operator assumes
the form O; = dA; for measurements of the amplitude noise
(i.e., when the filtering cavity is blocked) whereas its value
for measurements of the phase quadrature is given by
O; = A;0¢;, where A; and ¢; are the amplitude and phase
of each spectral partition, respectively. The spectrum
analyzer measures the rf power of the photocurrent fluc-
tuations, which therefore provides a measure of the noise
variance (O?). Covariance matrices for the amplitude and
phase quadratures are independently assembled from 55
distinct measurements for each quadrature, and the noise
covariance between two spectral regions is assessed as [25]

(0:0)) = [{(Oi +0;)*)y = % (O _% (O

P,
“2/PP;

where (0?),, is a measured quadrature variance, P; is the
optical power associated with a given spectral slice of the
comb (evaluated with the mean photodiode signal),
and P, = P; + P;.

The assembled covariance matrices for both the ampli-
tude and phase quadratures are shown in Fig. 2 for two
different interrogation time scales. All of the matrices
display the covariance elements relative to the shot noise
limit, which possesses a value of 1.0. For high frequency
sideband fluctuations (~3 MHz), the noise in each spectral
band is identical and equal to the shot noise limit [panels
(a) and (c) of Fig. 2]. This is expected since the source itself
is shot noise limited for sideband frequencies larger than

(2)
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FIG. 2 (color online). Classical covariance matrices for the
amplitude and phase quadratures of a Ti:sapphire frequency
comb. The matrices are shown relative to shot noise, which has a
value of 1.0. Panels (a) and (b) display the phase noise at 3 MHz
and 500 kHz, respectively, while panels (c) and (d) depict the
amplitude quadrature at analogous rf analysis frequencies. Both
field quadratures exhibit shot noise-limited dynamics at 3 MHz.
Conversely, quadrature-dependent, correlated noise is evident for
longer analysis time scales.

several megahertz. Moreover, neither the amplitude nor
phase matrix exhibit correlations among disparate optical
wavelengths for high analysis frequencies, which is in
accord with the fact that vacuum fluctuations are entirely
uncorrelated for different frequency modes. For longer
analysis time scales, however, the matrices are no longer
diagonal, and correlations among various frequencies
become readily apparent [panels (b) and (d) of Fig. 2].
Amplitude quadrature noise and correlations are predomi-
nantly localized in the spectral wings. Conversely, the noise
and correlations for the phase quadrature are largely
confined to the spectral center. The set of amplitude and
phase noise matrices is qualitatively similar across the
range of considered rf frequencies, although the magnitude
of the covariance values increase with an increasing
analysis time scale.

One of the primary aims of this work is to discover an
underlying modal representation for the FC fluctuations,
and such a description becomes accessible upon eigende-
composition of the quadrature covariance matrices. The
eigenvalues for both quadratures are dependent upon the
analysis frequency and are shown in Fig. 3. Above a
frequency of ~2 MHz, the noise in both quadratures is
equal to that of vacuum fluctuations, which originate from
the quantum nature of light. Conversely, the individual
eigenvalues rise above the shot noise limit for longer
analysis time scales but do so in a nondegenerate fashion,
as seen in Figs. 3(a) and 3(c). The noise is also observed to
generally be higher in the phase quadrature. Importantly, a
principal noise mode is evident in both quadratures and
accounts for approximately ~60% and ~45% of the
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FIG. 3 (color online). Eigendecomposition of the classical
amplitude and phase quadrature covariance matrices. The noise
eigenvalues for the phase and amplitude quadratures are shown in
panels (a) and (c), respectively. A dominant eigenmode is evident
for both quadratures. The leading two eigenmodes at a rf
frequency of ~1 MHz are shown in panels (b) and (d) for the
phase and amplitude quadrature, respectively. A spline interpo-
lation has been added for visualization purposes.

fluctuations in the amplitude and phase quadrature, respec-
tively. The existence of a principal eigenmode also explains
the fact that the covariance matrices of both quadratures
exhibit purely positive correlations [24].

The eigenmodes corresponding to these eigenvalues
reveal the spectral composition of the observed noise
correlations. These structures are approximately frequency
independent for detection frequencies <2 MHz. The lead-
ing two modes for each quadrature are shown in Figs. 3(b)
and 3(d) for a detection frequency of ~1 MHz. In the case
of the phase quadrature, the leading noise mode is very
similar to the spectral envelope of the mean field, whereas
the secondary eigenmode is comparable to the spectral
derivative of this mean field envelope. Consequently, to a
first approximation, the field is described with a fixed
amplitude that is subject to fluctuations of a common
phase, which is consistent with a traditional picture of field
noise. Additionally, these two eigenstructures closely
approximate the theoretical phase quadrature noise modes
originally predicted by Haus and Lai [13]. The amplitude
quadrature eigenmodes, on the other hand, are markedly
different and not amenable to straightforward interpreta-
tion. Nonetheless, it is worth mentioning that the leading
amplitude mode seen in Fig. 3(d) resembles the theoretical
mode that characterizes pulse energy fluctuations [13].

It is also possible to derive the comb’s collective noise
parameters given knowledge of the noise distribution on the
underlying optical teeth. In particular, each collective
parameter possesses a specific spectral mode, and its
characteristics may be elucidated following an appropriate
basis transformation of the comb teeth. As a means for
demonstrating this capability, the collective properties of
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CEO phase noise and group delay jitter [26] are extracted
from the covariance matrices shown in Fig. 2.

The electric field of the comb is rewritten in the form
e(r) = exp [—iwyt]>_, A, exp [, — Q,1], where w, is the
optical carrier frequency and Q, = w,, — @,. By identifying
a slowly varying complex field envelope as E(r) =
> A exp g, —Q,1], the field assumes the simplified
form e(t) = E(t) exp [—iwpt]. Fluctuations in the pulse
arrival time &t are then considered, which induce a
corresponding variation of the field Se(¢, 67). For temporal
variations oz smaller than the duration of the optical period,
i.e., 6t < 1/w, the field may be expanded to first order in
time, which enables the perturbation to be written as
be(t,6t) = e(t + 1) — e(t) = 6rde(t) /0t [27-29]. Given
the decomposition of the field into an envelope and the
optical carrier, this perturbation is shown to be
de(t,6t) = ot[—iwyE(t) + OE(t)/0t] exp [—iwyt]. The first
term encapsulates field noise that arises from variations of
only the optical carrier and corresponds to CEO noise.
Conversely, the second term expresses field noise resultant
from fluctuations of the envelope arrival time, i.e., repeti-
tion rate jitter.

The temporal field variation Je(t,57) is then Fourier
transformed in order to reveal the modal representation
for these two noise sources, ie., OE(w,d7)=
(1/2x) [, dtde(t, 57) expliowt]. Upon doing so, the spec-
tral representation of the field fluctuations is written as

SE(w) = —ist[wyE(Q) + QE(Q)]

= _iér[WCEO + Wrep]’ (3)

where the leading spectral mode wcgg captures CEO noise
and the subsequent mode wy., describes temporal jitter.
Importantly, these two spectral modes are orthogonal and
are both represented in the phase quadrature.

The modal forms w,, where @ € {CEO, rep}, are dis-
cretized in a manner corresponding to the ten investigated
spectral zones, which provides the vectorial representations
Wq. The phase noise variances of these modes (02) are
retrieved by projecting w, onto the phase quadrature
eigenmodes 1,7/ph,k. This inner product is weighted by the
corresponding eigenvalue ogh’k. The variances are then

written as (Og) = >"00 , (Wpn i Wa)”-

The extracted spectral densities are shown in Fig. 4 [22].
The CEO phase noise levels exceed the noise levels
attributed to temporal jitter by approximately 10 dB;
therefore, CEO noise is the dominant noise property of
the presently studied FC. Furthermore, the similarity of
Wcro and Wi, to the leading two eigenmodes of the phase
covariance matrix implies that the structure of this matrix is
largely dictated by these two noise sources. Importantly,
any collective comb property that is expressible as a
superposition of the underlying optical frequencies may
potentially be deduced from the intrinsic noise matrices.
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FIG. 4 (color online). Noise variances for CEO phase fluctua-
tions and temporal jitter that are extracted from the classical noise
matrices. The noise relative to the shot noise limit and carrier
power are shown on the left and right vertical axes, respectively.
The CEO noise is the dominant noise property of the presently
utilized frequency comb.

It should be noted that intraquadrature correlations of the
form (5A8¢) may alter the composition of the phase and
amplitude eigenmodes. Since the measured phase noise
significantly exceeds the amplitude fluctuations [Figs. 3(a)
and 3(c)], the effect of quadrature coupling on the phase
eigenmodes is expected to be minimal. However, such
correlations have the potential to contribute significantly to
the amplitude quadrature, which may explain why the form
of the amplitude eigenmodes is not as clearly connected
to theoretical expectations as the phase eigenmodes.
Accordingly, knowledge of these intraquadrature correla-
tions is essential for assembling a truly decoupled modal
representation. These intraquadrature correlations may be
directly measured with a wavelength-resolving homodyne
apparatus in which the fields combined by the beam
splitter are spectrally dispersed and imaged onto a photo-
diode array.

In conclusion, correlations in the noise fluctuations are
shown to exist among the underlying teeth of an optical FC
by combining ultrafast pulse shaping with balanced homo-
dyne detection. Knowledge of these correlations is utilized
to construct classical noise covariance matrices, which are
introduced as a tool to characterize the amplitude and phase
noise present in ultrafast FCs. These matrices generalize the
theoretical methodology originally outlined by Haus and
Lai while providing the first demonstration of uncoupled
noise modes in FC sources. Importantly, these techniques
are not limited to solid-state comb sources and may be
implemented for a variety of systems, including both fiber-
and microresonator-based FCs for which the noise dynam-
ics are not as thoroughly understood. The ability to
diagonalize broadband, correlated classical noise provides
an improved understanding of the noise present in FC and
its ultimate effect on measurement sensitivity.
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