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It is usually assumed that a quantum computation is performed by applying gates in a specific order. One
can relax this assumption by allowing a control quantum system to switch the order in which the gates are
applied. This provides a more general kind of quantum computing that allows transformations on blackbox
quantum gates that are impossible in a circuit with fixed order. Here we show that this model of quantum
computing is physically realizable, by proposing an interferometric setup that can implement such a
quantum control of the order between the gates. We show that this new resource provides a reduction in
computational complexity: we propose a problem that can be solved by using O(n) blackbox queries,
whereas the best known quantum algorithm with fixed order between the gates requires O(n?) queries.
Furthermore, we conjecture that solving this problem in a classical computer takes exponential time, which
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may be of independent interest.
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A useful tool to calculate the complexity of a quantum
algorithm is the blackbox model of quantum computation.
In this model, the input to the computation is encoded in a
unitary gate—treated as a blackbox—and the complexity of
the algorithm is the number of times this gate has to be
queried to solve the problem.

Typically, blackbox computation is studied within the
quantum circuit formalism [1]. A quantum circuit consists
of a collection of wires, representing quantum systems, that
connect boxes, representing unitary transformations. In this
framework, wires are assumed to connect the various gates in
a fixed structure; thus, the order in which the gates are applied
is determined in advance and independently of the input
states. It was first proposed in Ref. [2] that such a constraint
can be relaxed: one can consider situations where the wires,
and thus the order between gates, can be controlled by some
extra variable. This is natural if one thinks of the circuit’s wires
as quantum systems that can be in superposition.

Such “superpositions of orders” allow performing infor-
mation-theoretical tasks that are impossible in the quantum
circuit model: it was shown in Ref. [3] that it is possible to
decide whether a pair of blackbox unitaries commute or
anticommute with a single use of each unitary, whereas in a
circuit with a fixed order at least one of the unitaries must
be used twice. (The same task was considered in a quantum
optics context in Ref. [4], where a less efficient protocol
was found.)

It was not known, however, whether this advantage can
be translated into more efficient algorithms for quantum
computing, i.e., if a quantum computer that can control the
order between gates can solve a computational problem
with asymptotically less resources than a quantum com-
puter with fixed circuit structure.
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Here we present such a problem: given a set of n unitary
matrices and the promise that they satisfy one out of n!
specific properties, find which property is satisfied. The
essential resource to solve this problem is the quantum
control over the order of n blackboxes, first introduced in
Ref. [5]. We show that, by using this resource, the problem
can be solved with O(n) queries to the blackboxes, while
the best known algorithm with fixed order requires O(n?)
queries. Furthermore, while both quantum methods of
solving the problem run in polynomial time, the best
known classical algorithm to solve it runs in exponential
time, which may be of independent interest.

We further discuss a possible interferometric implemen-
tation of the protocol. For the superposition of the order
of just two gates, a realization with current quantum optics
techniques is possible. For a higher number of gates,
practical implementations become more challenging.

Algorithm.—The quantum control of the order between
n unitary gates can be formalized by introducing the
n-SWITCH gate. As in Ref. [5], we consider a d-dimensional
target system, initialized in some state |w), and an
n!-dimensional control system. Let {U;}1~! be a set of
unitaries and

0, = Uy (n-1)---Us,(1yUs,(0) (1)
for some permutation o,, where x =0,...,n! —1 is a
chosen labeling of permutations [6]. Then the n-SWITCH
S, 1s a controlled quantum gate: its effect is to apply the
product of unitaries IT, to the state |y) conditioned on the
value of the control register |x). In symbols,

Sule)lw) = X)) (2)
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Using this gate we can introduce an algorithm that
exploits the quantum control of orders to achieve a
reduction in query complexity for the solution of a specific
problem. The algorithm is based on the standard Hadamard
test. The idea is to initiate the control system in a state
corresponding to a uniform superposition of all permuta-
tions, apply S,, and then measure the control system in the
Fourier basis. With a suitable choice of the unitaries, we can
make the result of this measurement deterministic, and,
since there are n! different results, this means that we can
differentiate between n! different properties of n unitaries.

To be more precise, let @ = ¢/(?7/") We say that the set
of unitaries {U;}¢~" has property P, if it is true that

Vx, I, = ™I, (3)

for the given y. For example, property P is the property
that IT, = I1;, for all x, i.e., that all the matrices commute
with each other.

Note that it is not possible to satisfy property P; if the
dimension of the unitaries d is less than n!. To see that,
consider x = y = 1, and take the determinant on both sides
of Eq. (3):

det H1 = Cl)d det Ho. (4)

Since det IT, = detIl,, it follows that ®? =
d must be at least n!.

The computational problem is defined as follows: given
a set {U;}8! of unitary matrices of dimension d > n!,
decide which of the properties P, is satisfied by this set,
given the promise that one of these n! properties is satisfied.

The protocol for solving this problem is the following:
we initialize the target system in any state |w) and the
control system in the state |C) which corresponds to an
equal superposition of all permutations:

1, and therefore

nl—1

C)ly) = \/“Z ) [w)- (5)

Then, we apply the n-SWITCH:

nl—1

> T y). (6)

1
SalC)y) = N
©x=0

Now we apply the Fourier transform over Z,,, to our control
qudit
n!-1

Z 5)

and measure the control qudit in the computational basis,
with outcome probabilities

FuSal O)lw) = o~ Tl y) (7)

n!—1
Zw-ﬂn |w (8)
Using the promise I1, = o*1],, we get that
1 n!—1 2
Ps = E Z a)x<y_S)HO|l//> = 5sy; (9)
: x=0

that is, if property P, is true, the result of the measurement
is going to be y with probability one, so we can find out
which property the unitaries have in a single run of the
protocol.

We should notice that the problem is not trivial; i.e., there
exist, for every n, infinitely many sets of unitary matrices
that satisfy each of the n! properties P, (see Sec. 1 of
Supplemental Material [7]). The problem, and the corre-
sponding protocol, can be also modified to tolerate possible
experimental error. This modification is shown in Sec. 2 of
Supplemental Material [7].

Query complexity.—We are interested in determining the
number of times that the unitaries U; must be used to run
the algorithm. Clearly, this depends only on the imple-
mentation of the n-SWITCH gate, since the unitaries are not
used anywhere else. As proposed in [2], the SWITCH can, in
principle, be implemented by adding quantum control to
the connections between the unitaries. In such an imple-
mentation, it is sufficient to use a single copy of each
unitary, while the control system determines the order in
which the target system passes through the unitaries.

Since the implementation with quantum control of the
connections between gates is explicitly outside the quan-
tum circuit formalism, we cannot simply calculate the
number of uses of the unitaries by counting the number of
times they appear in a circuit. Nevertheless, we can
formulate the notion of “gate uses” in a precise, opera-
tional, way. Imagine we append, to each gate, an additional
“flag” quantum system that counts the number of times that
gate is used. This can be done in a reversible way: the jth
flag is initialized in the state |0); and, whenever the unitary
U; is used, it is updated through the unitary transformation
[f); = |f +1);. Tt is easy to see that, after applying the
n-SWITCH, the state of the flags factorizes, with each flag in
the state |1);. According to this definition, the total number
of queries necessary to run the algorithm is n.

In comparison, the optimal simulation of the n-SWITCH
gate with a fixed circuit has query complexity Q(n?) [8]. To
see this, first note that one can assume without loss of
generality that all blackbox unitaries are applied each in a
different time step, since, if two blackboxes are applied in
parallel, we can always introduce a time delay between
them, without changing the action of the circuit. More
technically, a circuit defines a partial order for its gates,
which can always be completed into a total order. Then, let
{A;}=1 be the m blackbox unitaries appearing in the
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circuit, with A; € {U;}¢~', queried in the order
Ap=X---=A,,_1. From Appendix B of Ref. [2], it follows
that it is possible to apply the I1, to |y) only if the unitaries
Us,(0)s --+» Ug,(n—1) are present in the circuit in the order
defined by o,. The lower bound on the query complexity
is then the minimal m for which all n! permutations
of {Uy,...,U,_} are present as subsequences of the
sequence {Ag, ...,A,_}.

It turns out that this is an open problem in combinatorics
[9,10]. However, it is known that the optimal m respects the
bounds

n2 _ C€n7/4+€ <m< ’VnZ —%I’l _|_139-‘

for any € > 0, where C, is a constant that depends on e.
This concludes the proof.

It is also possible to construct a quantum circuit that
simulates the n-SWITCH gate from such a sequence. We
shall, however, refrain from doing so. Instead, for com-
pleteness, we present a simple circuit that simulates the
n-SWITCH gate using m = n®> queries in Sec. 3 of
Supplemental Material [7].

Of course, it might not be necessary to use the n-SWITCH
gate in order to determine which property P, the unitaries
satisfy. For example, it is possible to solve the problem by
directly measuring the phase obtained when applying the
permutation o;. Since II; = @’Tl, this is sufficient to
determine y. However, this protocol can work only if the
relative phase is measured with an error smaller than 27 /n!,
and for blackbox unitaries this can be done only with an
exponential amount of queries.

This is the case, for example, for Kitaev’s phase
estimation algorithm [11]. This algorithm is not usually
applied to blackbox unitaries, but this can be done by using
the techniques in [12-14]. In this case, to calculate the
phase with the required O(nlogn) bits of precision, one
would need to implement the matrices controlled-U2', with
k=1,...,nlogn, which would require an exponential
amount of queries to the blackboxes U;. Even if one
assumes that it is possible to apply controlled-Uizk
efficiently—a necessary assumption to make Kitaev’s
algorithm efficient—one would need O(nlogn) queries
to each U%k oracle. Since there are n unitaries U;, the query
complexity would be O(n*logn), which is still less
efficient than simulating the n-swiTcH with a fixed circuit.

Running time.—Instead of query complexity, we may
want to consider the running time of the algorithm. If we
assume that this is dominated by applying the unitaries U,
then there is no difference between the implementation with
superposition of orders or the fixed quantum circuit: both
run in time O(n) (see Sec. 3 of Supplemental Material [7]).

It is interesting, nevertheless, to compare the time
required to solve the problem between quantum and
classical computers. If we assume that the unitaries U,

are decomposed in a polynomial amount of elementary
gates, they can be given as an input of polynomial size to a
classical algorithm, and it makes sense to compare the
classical and quantum running times.

As argued above, the problem of determining y reduces
to the problem of calculating the relative phase between I,
and II,, which may differ by the permutation of a single
pair of unitaries. However, as discussed before, the dimen-
sion of the unitaries must be at least n! for this problem to
be nontrivial, and it seems unlikely that one could extract
the phase from these exponentially large unitary matrices
on a classical computer in polynomial time. On the other
hand, the running time of the quantum algorithm is clearly
polynomial for unitaries decomposed in a polynomial
amount of elementary gates. Therefore, we conjecture that
for the problem presented there is an exponential separation
between classical and quantum complexity, which may be
of independent interest.

Note that our algorithm is based on the quantum Fourier
transform, as are several algorithms that show an expo-
nential separation between classical and quantum complex-
ity, but there does not appear to be a more direct connection
with specific classes of quantum algorithms, such as those
that solve the hidden subgroup problem (see Sec. 4 of
Supplemental Material [7]).

Physical implementation.—In Ref. [2], it was proposed
to apply the superposition principle to the physical com-
ponents of a quantum computer that determine the order
between gates. Since this requires a quantum control over
macroscopic systems, it seems outside of the reach of
current technology and could be practically unfeasible.
Here we propose an implementation of the n-SwITCH that,
although experimentally challenging, might be feasible.

We first consider an optical implementation of a
2-SsWITCH for 2 x 2 unitaries, illustrated in Fig. 1 (this
implementation was independently developed in [15]). The
control system is the polarization of a photon and the target
system some internal degree of freedom of the same
photon, such as space bins, time bins, or angular momen-
tum modes. If the photon is prepared in a horizontally

FIG. 1. Linear optical implementation of the 2-SwITCH. The
unitaries U, and U, act on internal degrees of freedom of a single
photon, such as space bins, time bins, or angular momentum
modes. The polarization state of the photon determines the order
in which the unitaries are applied. A photon with polarization |H)
is transmitted by the polarizing beam splitters (PBSs), so that U,
is applied before U, . For a photon with polarization |V), reflected
by the PBSs, U, is applied first and U, second.
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FIG. 2. Implementation of the n-SWITCH (in the figure, n = 3).
Both the control and target, in state |x) and |y), respectively, are
encoded in a single (possibly multiparticle) system. When the
system enters the n-ROUTERs (R,,) in mode j, it is redirected to
mode o, (j), and the unitary U, () is applied to |y). R, ' performs
the inverse permutation and sends the system to mode j + 1 of the
first router. In this way, a system entering mode 0 of the first
router eventually exits mode n — 1 of the second router with the
target in the state IT|y).

polarized state |H), it is transmitted by both PBSs, resulting
in the application of the unitary U, first and of U, second.
A photon in a vertically polarized state |V) is reflected by
both PBSs; thus, the two unitaries are applied in the
reversed order. For an arbitrary polarization state
alH) + p|V), the photon exits the interferometer in the
state alH)U,Uy|y) + B|V)UyU, ly), which corresponds to
the output of the 2-SWITCH.

The extension of this scheme to the general case of an
n-SWITCH can be obtained with a generalization of the PBS
to an element, which we call the n-ROUTER, with n input
modes and n output modes (see Fig. 2). If the control
system is in a state |x), the n-ROUTER sends the input mode
J to the output mode (). The unitary U, (; is applied to a
system in the mode o, (j), which then enters a second router
that performs the inverse permutation. The output mode j
of the second router is then directed to the input mode j + 1
of the first one. It is straightforward to check that a system
entering mode O of the first router in the state |x)|y) exits
mode n — 1 of the second router in the state |x)IT,|w). [In
Sec. 5 of Supplemental Material [7], we show how to
construct an n-ROUTER with O(n?) binary routers.]

This higher-dimensional routing can be achieved, for
example, with orbital angular momentum of light [16,17].
However, the main limitation of an optical implementation
of the n-ROUTER is that it is not scalable in an obvious
way, since it requires encoding an exponential number of
degrees of freedom in a single photon (n! for the control
system and, as argued before, at least n! for the target
system). A scalable implementation could be obtained by
encoding the degrees of freedom in O(nlogn) particles,
each carrying a constant number of degrees of freedom
(e.g., one qubit each). The main challenge is then to
implement a router that, conditioned on the multiparticle
state, coherently directs all the particles in a specific mode.
This is, in principle, possible if the particles are bound
together, e.g., as atoms in a molecule. Recent progress in

matter-wave interferometry suggests that such a quantum
control of composite systems could be achievable in the
future [18,19].

Other realizations of superposition of orders, based on
different models of computation, could also be possible.
For example, an implementation of the 2-SWITCH within
adiabatic quantum computing was proposed recently [20].

Conclusion.—We have shown that extending the quan-
tum circuit model by allowing quantum control of the
order between gates provides a reduction in the number
of queries needed to solve a computational problem.
Furthermore, we have proposed a physically realizable
experimental scheme to implement such a control.

While the reduction is only polynomial, and thus does not
create a new complexity class, the result shows that extending
the quantum circuit model is possible and can provide a
computational advantage. Besides, the computational prob-
lem introduced has no known efficient solution by a classical
algorithm, which may be of independent interest.

Other extensions of the quantum circuit model of black-
box computation have been proposed [14]: it was shown
recently [14,21,22] that a quantum circuit cannot apply
blackbox gates conditioned on the state of a control qubit.
However, such a control is physically realizable [12,13] and
therefore should be allowed by the formalism. It is also
intriguing to ask what computational advantages might be
achieved once the restrictions imposed by the fixed causal
structure of quantum mechanics are relaxed [23].
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