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We present molecular dynamics simulations on the electrophoresis of a negative colloid grafted with
positive polyelectrolytes. Net-neutral colloids show a varying mobility in monovalent salt. For colloids
with negative net charge the mobility is negative at low and positive at high salt concentrations.
This mobility reversal is an electrokinetic effect, and thus different from that observed in multivalent salt.
Our results agree with numerical calculations based on the Darcy-Brinkman formalism, with which we
predict the mobility reversal to also occur for experimentally accessible colloids.
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Polymers and colloids typically become ionized in aque-
ous solutions. The charged nature of these objects has made
electrophoresis, the movement of a charged particle in
solution subject to an electric field, into one of the main
tools for their characterization. The quantity measured
experimentally is the electrophoretic mobility μ, the ratio
of the drift speed v to the applied electric field strength E,
and it is independent of the field strength at low fields.
The electrophoresis of bare particles of different shapes

and surface charges, such as DNA, spherical colloids,
and flat surfaces, has been extensively studied. Recently,
specific attention was paid to the phenomenon of mobility
reversal as a function of the ionic strength. This mobility
reversal is limited to multivalent counterions and high
surface charge densities and salt concentrations [1–11]. The
necessary charge inversion is caused by the strong corre-
lations of the multivalent counterions and does not occur
with monovalent salt ions.
The electrokinetic properties of polyelectrolyte-coated

spheres (here referred to as soft colloids) are significantly
more complex due to the nonuniform surface charge
distribution and the polymers’ hydrodynamic drag [12–16].
These effects must be taken into account to model the
electrophoresis of biological cells, which often have nat-
urally occurring polymer coatings [17–22]. In addition,
artificial polymer coatings are used to control the electro-
kinetic properties of surfaces [23–25], rheological proper-
ties of electrorheological fluids [26,27], and the stability of
colloidal suspensions [28]. Soft colloids also show great
promise as drug and gene delivery vehicles [29–31]. The
broad range of applications has generated extensive theo-
retical, numerical, and experimental work on this topic
[13,14,20,28,32–40].
We report on molecular dynamics (MD) simulations of

the electrophoresis of negative colloids grafted with pos-
itive polymers in the presence of monovalent salt of varying
concentration. We investigate the mobility for two distinct
cases. The first case is a net-neutral soft colloid, i.e., the
core’s charge is exactly balanced by the charges on the

polyelectrolytes. In the second case, the magnitude of the
core’s charge is larger than the charges on the brush and
thus the soft colloid has a net negative charge. Interestingly,
the neutral soft colloid has a positive mobility at moderate
and high salt concentrations. When it has a negative net
charge, there is a mobility reversal as a function of
monovalent salt concentration. This supports the theoretical
prediction that at high salt concentrations the mobility of a
soft particle is governed by the properties of the grafted
layer [32,41,42]. The physical origin of the mobility
reversal reported here is different from that of the bare
surfaces as it does not rely on the strong correlations of
multivalent salt. We explain these results by examining the
radial monomer and ion density profiles and comparing
the two important length scales of the system, namely, the
Debye length λD and the polymer layer’s thickness H.
We obtain good agreement between our simulations and
numerical calculations using an extended version of the
standard electrokinetic model [42], which takes into
account both the fixed charges on the brush and its
hydrodynamic drag. The numerical calculations show that
the above-mentioned mobility reversal also occurs for
experimentally relevant colloid sizes.
We use the Extensible Simulation Package for Research

on Soft Matter (ESPResSo) [43,44] to simulate a soft
colloid in the canonical (NVT) ensemble. The simulations
are carried out in a cubic box of length L ¼ 48σ with
periodic boundary conditions, σ being the MD length unit
introduced below. Our model consists of spherical beads to
represent all particles, as shown in the snapshots at the top
of Fig. 1. Steric repulsion between the beads results from
the Weeks-Chandler-Anderson (WCA) potential [45]:
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where σ ∼ 3.5 Å and ε ¼ kBT (T is the temperature and
kBT ¼ 4.11 pN nm ¼ 0.0256 eV at room temperature) are
the fundamental length and energy scales of the simu-
lation, respectively. The offset is set to ro ¼ 0 except for
interactions with the central bead of the colloid (intro-
duced below), where it is ro ¼ Rcol ¼ 3σ. The colloid is
based on the raspberry model [46–48], represented by one
central bead surrounded by 113 surface beads a distance
Rcol ¼ 3σ from the center; see the snapshots at the top of
Fig. 1. The raspberry is simulated as a rigid structure using
the virtual sites feature of ESPResSo with mass 114m0,
where m0 ¼ 10−26 kg is the MD unit of mass, and the
moment of inertia is 678m0σ

2, corresponding to a hollow
spherical shell. M ¼ 20 polyelectrolytes with N ¼ 20
monomers are grafted to distinct surface beads. A mini-
mum distance of 1.5σ between grafting beads creates a
fairly uniform brush. The monomers are bonded together
via the finitely extensible nonlinear elastic (FENE)
potential
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where R0 ¼ 1.5σ is the maximum bond distance and k ¼
30ε=σ2 is the energy scale. The same potential is used to
graft the polyelectrolytes to the colloid, except R0 ¼ 2.0σ.
A fraction λ ¼ 0.1 of the 400 monomers are selected

randomly and given a positive unit charge, the remainder
are left uncharged. A negative charge Qcol is imparted on
the central bead of the raspberry. We focus on two cases,
Qcol ¼ −40e and Qcol ¼ −90e, leading to net charges
Qnet ¼ 0e and Qnet ¼ −50e, respectively. Monovalent
counterions are added, if necessary, to neutralize the system
along with a concentration cs of monovalent salt ions.
Electrostatic interactions are calculated using P3M [49,50]
with Bjerrum length lB ¼ 2σ ¼ 7 Å. An electric field
~E ¼ (0.1ε=ðeσÞ; 0; 0) is added as a constant force qi ~E
acting on every charged bead i with charge qi. This electric
field strength has been shown to be low enough to avoid
strong nonlinear effects in E [47,51]. In addition, it is
sufficiently small to prevent a significant polarization of the
brush; see Figs. 1 and 2 of the Supplemental Material [52].
We use a time step of Δt ¼ 0.01τ, where τ ¼ σðm0=εÞ1=2 is
the MD unit of time. All beads are coupled to ESPResSo’s
D3Q19 lattice-Boltzmann fluid [53] with a kinematic
viscosity ν ¼ 3σ2=τ, grid spacing of a ¼ 1σ, and density
ρ ¼ 0.85m0=σ3 resulting in a dynamic viscosity of η ¼
2.55m0=ðστÞ [54–56], via the scheme described in
Refs. [54,55] using a coupling constant Γ ¼ 20σm0=τ.
The temperature is controlled via the lattice-Boltzmann
thermostat with kBT ¼ ε. To calculate μ, we apply an
electric field and simulate for 30 000 000 MD steps,
considering the system to be in its steady state after
5 000 000 MD steps. We measure the drift velocity of
the center of mass of the colloid and divide by
E ¼ 0.1ε=ðeσÞ. Here we report the reduced mobility
μred ¼ 3ηe=ð2ϵkBTÞμ, where ϵ is the permittivity of the
solution.
We compare our results to numerical calculations using

the program “mobility and polarizability for soft particles
using the electro-kinetic transport equations” (MPEK-0.02)
provided by Hill and described in Ref. [42]. This program
is based on the O’Brien and White approach [57], extended
for polymer-coated spheres and solves a Poisson-Nernst-
Planck equation with an additional advective term com-
bined with the Darcy-Brinkman equation:
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Here ~u is the velocity of the solvent, P is the pressure, Ns is
the number of ion species, nj and zj are the concentration
and valency of species j, respectively, and ψ is the
electrostatic potential. l2 is the permeability of the polymer
layer and decreases with increasing local monomer density.

FIG. 1 (color online). Reduced mobility μred as a function of
salt concentration cs and the corresponding Debye length λD.
Simulations for a neutral soft colloid (blue squared) and a charged
soft colloid with Qnet ¼ −50e (red circles) are shown. Numerical
results are depicted respectively by the dotted and solid lines of
the same color. The dashed line shows the numerical result for a
negatively charged soft colloid with the same core and net charge
density as used for the red circles, but withRcol ¼ 1μm. At the top
three simulation snapshots are shown for the charged soft colloid
at cs ¼ f0.001; 0.1; 1.0gM respectively from left to right. These
show only a radius of 14σ from the center of the colloid and are
cut in half. The snapshots show the neutral monomers (green),
charged monomers (yellow), positive salt ions (red), negative salt
ions (dark blue), the surface raspberry beads (grey), and charged
central colloid bead (light blue). The applied electric field is from
left to right in these pictures.
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This diffuse polymer layer shields the electro-osmotic flow
(EOF) generated by the penetrated ions through an addi-
tional friction force. The ion penetration is energetically
favorable; while electrostatically attracted to the core or the
charged monomers, their entropy is not drastically reduced.
The mobility as a function of ionic strength for both a

neutral soft colloidQnet ¼ 0e (Qcol ¼ −40e) and a negative
soft colloidQnet ¼ −50e (Qcol ¼ −90e) is plotted in Fig. 1.
In the low salt limit, the mobility is zero for the neutral soft
colloid and negative for the negative one, as expected. This
is compatible with theoretical findings of Hill et al. [42].
At low salt concentrations, there are hardly any ions in the
system, making λD longer than the characteristic dimen-
sions of the colloid. In the Hückel limit of no salt,
the mobility of a spherical particle is given by μ ¼ Qnet=
ð6πηRHÞ, where RH is the hydrodynamic radius of the
object. While this explains the results for the neutral case,
using it for our net-charged soft colloid with RH ¼ Rcol þ
2R⊥

G ∼ 7σ gives μred ≈ −15, which is much larger than the
simulation mobility at cs ¼ 0.001 M. R⊥

G is the component
of the radius of gyration of polymers perpendicular to the
core’s surface with a value of R⊥

G ∼ 2σ and 2R⊥
G is a

measure for H (data not shown). The high density of
counterions near the colloid’s surface in Fig. 2(d) shows
that we are far from the Hückel limit. Because of the finite
colloidal concentration, there is a significant number
of counterions adjacent to the colloid reducing the
mobility [58].
The mobility of the negatively charged soft colloid

changes sign around cs ¼ 0.1 M. This corresponds to
λD ∼ 3σ, which is comparable to H. In Fig. 2 we see that

the accumulation of counterions within the brush is
significantly greater at cs¼0.1M compared to cs¼0.001M.
The EOF of these ions is strongly screened by the brush and
thus does not reach the bulk, leading to increased mobil-
ities. The accumulation of counterions within the brush
with increasing salt concentration is most pronounced when
λD ≈H. This causes the large increase in the mobilities
when λD goes from being longer to shorter than H. At the
highest salt concentration, cs ¼ 2.0M, the mobilities in
Fig. 1 saturate at a finite value, in contrast to bare colloids
where the mobility is negligible at high ionic strengths
[59,60]. The mobilities are roughly equal regardless of
the core’s charge. This agreeswith theoretical predictions for
the mobility of soft surfaces at hight salt concentrations
[24,25,33,41,42]. According to Ohshima et al. [32], in
the limit of κ → ∞ the mobility scales with the charge
density of the polyelectrolytes λ as μ ¼ zeλ=ð6πηasÞ, where
as is the monomer radius. Taking as ¼ 0.3σ [55] results in
μred ∼ 0.6, which agrees with our results.
We compared our results in Fig. 1 to numerical results of

the extended electrokinetic model of Hill et al. [42] and
found good quantitative agreement. For bothQnet ¼ 0e and
Qnet ¼ −50e, the slight differences between the numerical
and simulation results are mostly due to the fits to
the simulation monomer densities shown in Figs. 2(a)
and 2(b), which are an input into the numerical calcula-
tions. The good agreement between simulated and numeri-
cal results confirms the validity and applicability of the
Darcy-Brinkman equation to describe the electrokinetics
of soft particles. To show that the reversal also occurs
for experimentally realizable colloids at experimentally

FIG. 2 (color online). Radial density profiles for cs ¼ 0.001M (dashed black lines), cs ¼ 0.1M (dash-dotted blue lines), and cs ¼ 2M
(dotted red lines) of the monomers ρmonoðrÞ and fluid charge, i.e., the sum of the ions’ charges excluding the charges fixed on the
polymers, ρchðrÞ. Panels (a) and (b) show the data for the neutral soft colloid while panels (c) and (d) are forQnet ¼ −50e. All curves are
shifted vertically by factors of 0.35. The solid lines represent the values produced by the program from Hill et al. [42].
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accessible salt concentrations, we obtained numerical
results for the same core and net surface charge densities
as in the Qnet ¼ −50e simulations, except with a much
larger radius Rcol ≈ 1 μm. This is done by using the brush
parameters obtained by a fit to one of the simulation
monomer density profiles (cs ¼ 0.001M) for many differ-
ent salt concentrations. Small variations in these parameters
do not change the result significantly. The results in Fig. 1
demonstrate that the phenomenon also occurs for colloids
of typical experimental diameter, since the mechanism is
independent of the colloid size and only depends on the
ratio of λD to H.
It is known that the mobility of large bare colloids with

high surface charge densities is nonmonotonic as a function
of ζ potential or the ionic strength [57,61–63]. This is the
cause of the maximum in absolute mobility value for the
large colloid at low salt concentrations. The increased
mobility in this regime is a result of larger colloid size, as
shown by Vorwerg et al. [64]. The charge density of
the polyelectrolytes is computed from the constraint
Qnet ¼ Qcol þ λMN. In the numerical approach, the total
number of monomersMN is obtained by integrating the fit
to the simulated monomer density mentioned in the
previous paragraph. Because of the larger values of Qnet
and Qcol (to keep the corresponding core and net charge
densities the same), and the larger radius of the core, λ is
larger than for the smaller colloid. This results in a higher
mobility in the polyelectrolyte-dominated regime. The
higher values of the mobility at the two extremities of
the salt concentration range lead to an increased slope of the
μ − cs curve compared to the small soft colloid.
To conclude, we presented particle-based simulations on

the electrophoresis of two soft colloids, one of which was
overall charge neutral, whereas the other one had a net
charge of Qnet ¼ −50e. We found that the neutral soft
colloid displayed an increasing mobility, whereas the
negative one experienced a mobility reversal with increas-
ing monovalent salt concentration.
Previous theoretical works showed that in the thin Debye

layer limit it is the polyelectrolytes’ properties rather than
the underlying surface that controls the electrophoretic
behavior [13,14,32,41]. This is due to the aggregation of
the core’s counterions near the surface within the polymer
brush, which screens their EOF and hence their contribu-
tion to the overall mobility. The mobility undergoes a
transition from a net-charge-dominated regime at low ionic
strengths to a brush-dominated regime at high ionic
strengths. In fact, at the highest ionic strengths the mobility
of the neutral soft colloid is almost equal to that of the
highly negative one and its value agrees well with the
analytical expression of Ohshima et al. [32]. This regime
change causes the mobility reversal of the net-negative soft
colloid with increasing monovalent salt concentration.
While mobility reversal in multivalent salt is well known,
we are unaware of any reports of mobility reversal in

monovalent salt. These two types of mobility reversal are of
completely different natures: the former is caused by charge
inversion due to ion correlations [10,11,65], while such
correlations are absent in monovalent salt solutions. In the
latter case, the interplay between the EOF and the grafted
brush causes the soft particle to electrophorese in opposite
directions at low and high salt concentrations.
Moreover, numerical results obtained from Hill’s solver

[42] agreed well with our simulations. The work thus
represents a confirmation of the applicability of the Darcy-
Brinkman formalism [37] combined with a Poisson-Nernst-
Planck equation including advection for modeling these
systems. This is also relevant for other problems, such as
Poiseuille flow in a polymer-coated channel, the electri-
cally driven flow through a polymer-coated nanopore, or
calculating the Stokes friction of a soft colloid.
While our simulations were done using a tiny colloid,

numerical calculations demonstrate that the phenomenon
also occurs at typical experimental colloid sizes. The reason
is that the physical basis of the mobility reversal does not
depend on the colloidal radius. In fact, we believe it should
occur as long as the colloid and the grafted polyelectrolytes
are oppositely charged and the brush height is of the same
order of magnitude as the Debye length. This effect could
potentially be used in applications such as a local salt
concentration probe, determination of the brush height, or
for microfluidic valves.
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