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We study the effect of suddenly turning on a long-range interaction in a spinless Fermi gas in two
dimensions. The short- to intermediate-time dynamics is described using the method of bosonization of the
Fermi surface. The space-time dependence of the nonequilibrium fermion density matrix as well as the
evolution after the quench of the discontinuity at the Fermi momentum of the momentum distribution are
computed. We find that the asymptotic state predicted by bosonization is consistent with the existence of a
prethermalization plateau, which is also predicted by a perturbative approach in terms of the fermionic
degrees of freedom. The bosonized representation, however, explicitly allows for the construction of the
generalized Gibbs ensemble describing the prethermalized state.
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Prethermalization [1] is a fast loss of memory of the initial
conditions due to dephasing after a systemhas beendrivenout
of equilibrium. Recently, it has been associated with the
emergence of quasistationary states that precede the true
thermalization [2–10]. The understanding of how such a
state emerges is relevant to fields as diverse as heavy ion
collisions [1,11] and nonequilibrium phenomena in con-
densed matter and atomic systems [12,13]. Currently, the
subject is also attracting a great deal of attention in connection
with the thermalization time scales of ultracold atomic
systems undergoing a quantum quench [14–17]. These
systems are ideal for the study of dynamics of isolated
many-body systems as they are decoupled from their envi-
ronment and can remain quantum coherent for rather long
times [13]. Indeed, prethermalization has been recently
observed in an experiment probing the nonequilibrium
dynamics of a one-dimensional quantum Bose gas [16,17].
Theoretically, it was also reported in early studies of inter-
action quantum quenches in the Fermi Hubbardmodel [2–4].
The existence of prethermalization implies that the

complete thermalization of a system driven out of equilib-
rium takes place in (at least) two stages. The first stage is
dominated by the inertial response of the system followed by
rapid dephasing. The second stage is dominated by inelastic
particle collisions, which break the conservation laws that
temporarily hold during the first stage. The collisions are
therefore responsible for driving the system to the thermal
state. As pointed out early on by Kehrein andMoeckel [2,3]
and recently discussed by others [18], the crossover from
the prethermalized to the fully thermalized state can be
described using a kinetic equation approach.
As far as the prethermalized state is concerned, several

groups have suggested [10,17,19] that it can be described in

terms of a generalized Gibbs ensemble (GGE). The latter
applies in the long-time regime following a quantum
quench in integrable models [20–24]. However, the con-
nection between the GGE and prethermalization is still
rather poorly understood. For instance, in the theoretical
studies of Refs. [2–4], the set of integrals of motion
required for the construction of the GGE has not been
identified. Furthermore, most of the available results are
either for one- or infinite-dimensional systems [2–4,25] and
results in dimensions d ¼ 2; 3 are scarce despite that these
dimensions are the most interesting from the experimental
point of view.
In this work, we undertake the study of an interaction

quench in a two-dimensional Fermi liquid with long-range
interactions. As we show below, during the first stage
leading to the prethermalized state, the system dynamics
can be approximated by an integrable model, even when the
Hamiltonian is not integrable and ultimately should ther-
malize at long times [26]. An important by-product is the
set of integrals of motion that allow the description of the
prethermalized state in terms of the GGE. The GGE-based
description provides an economical way of encoding the
quantum correlations that build up during the initial stages
of the evolution of the system. Equally importantly, it also
explains how prethermalization proceeds from the initial
state by relating it to an exactly solvable version of the
system. The construction of the GGE is carried out using
the Fermi surface (FS) bosonization method [27–33],
which is applied to an exactly solvable truncation of the
Hamiltonian describing the dynamics. Because the time
evolution after suddenly switching on a long-range inter-
action creates a very large number of low-energy and
momentum particle-hole pairs, the FS bosonization
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provides an accurate description of the short-time dynamics
leading to prethermalization. Experimentally, our results
can be relevant for realistic systems such as dipolar
quantum gases of fermionic atoms [34,35]. The discussion
of the experimental consequences will be given elsewhere.
The dynamics of the system at all times t > 0 is dictated

by the Hamiltonian H ¼ H0 þHint that describes a gas of
spinless fermions interacting via a two-body potential with

H0 ¼
X
k

ϵðkÞc†kck;

Hint ¼
1

V

X
k1;k2;q

fðqÞQk1ðqÞQk2ð−qÞ; ð1Þ

where ck; c
†
k are the fermionic field operators, ϵðkÞ is the

dispersion relation, fðqÞ is the (isotropic) two-body inter-
action that is switched on at t ¼ 0 and QkðqÞ ¼ c†kþqck
create particle-hole excitations. The initial condition is the
ground state jΨ0i of H0, i.e., the filled Fermi sea with all
states occupied up to momentum kF ¼ ffiffiffiffiffiffiffiffiffiffi

4πρ0
p

, where ρ0 ¼
N =V is the mean fermion density. We assume that the
interaction is weak and long-ranged: fðqÞ ¼ f0FðqÞ,
where f0 is small compared to the Fermi energy and
FðqÞ decays rapidly for q ≫ qc, where q−1c ≫ k−1F is the
spatial range of the interaction.
For a weak interaction quench, we first compute the time

evolution of specific observables using a perturbative
approach in the fermionic degrees of freedom similar to
the one used in Refs. [2,3], where it was applied to the
Hubbard model. Below, we show that the results from the
perturbative approach and FS bosonization are fully con-
sistent with each other. To leading order in f0, we obtain the
following result for the discontinuity of the momentum
distribution at k ¼ kF [36]:

ZneqðtÞ ¼ 1 − 4

Z
∞

−∞
dE

sin2ðEt=2Þ
E2

ΓkFðEÞ þOðf30Þ; ð2Þ

where ΓkFðEÞ can be related to the imaginary part of the
self-energy of a particle (hole) with energy E > 0 (E < 0)
and momentum k on the Fermi surface, as shown in the
Supplemental Material [36].
Let us first consider the short-and long-time behaviors of

Eq. (2). For short times, ZeqðtÞ ¼ 1 − ct2, where c ∝ f20.
However, the long-time behavior is determined by the
behavior of ΓkFðEÞ as E → 0. According to Fermi-liquid
theory [37], ΓkFðE → 0Þ ∼ E2þb with b ¼ 0. It is instruc-
tive, however, to consider the behavior of ZneqðtÞ for
arbitrary b. Thus, for b > −1 we will get a finite value
of Zneqð∞Þ while for b < −1 the time-dependent term in
Eq. (2) diverges for large t; i.e., it gives rise to a secular
term in the perturbative expansion. For a circular FS in
two dimensions and an interaction FðqÞ ∼ e−q=qc , b ¼ 0
and ZneqðtÞ ¼ Zst ¼ const as t → þ∞. Moreover, the

calculation shows that the nonequilibrium steady state
and the ground state values are related by means of
1 − Zst ¼ 2ð1 − ZeqÞ [36]. The constant Zst is approached,
for large t as ZneqðtÞ − Zst ∼ f20=t, which follows from
ΓkFðE → 0Þ ∼ E2. The behavior just described suggests the
existence a plateau in ZneqðtÞ, which has been interpreted
in earlier work [2–4] as an indication of the prethermal-
ized state.
Next, we present a description of the dynamics based on

FS bosonization. This method allows for a rederivation of
the above results while going beyond leading order in f0
through an effective resummation of a certain perturbative
subseries. Furthermore, it also allows us to obtain the
effective integrable Hamiltonian that describes the dynamics
in the prethermalized regime and the associated conserved
quantities. To set up the stage, consider an interparticle
collision with momentum transfer λ. The rate of occurrence
of such scattering events is ∼f20jFðλÞj2Nð0Þ ∼ τ−1, where
Nð0Þ ¼ ðkF=2πvFÞ is the density of states at the Fermi
energy. For λ > qc such processes are strongly suppressed
by the long-range nature of the interaction. Therefore, their
influence on the dynamics is negligible for t≲ τ. This
observation implies that (i) given the initial condition, at
short times we can neglect scattering processes that transfer
fermions outside a shell of thickness λ > qc around the FS
and (ii) inside this shell only forward scattering processes are
relevant. In order to clarify point (ii) we further divide the
shell into N patches of dimensions Λ ≫ λ along the FS that
are labeled by a vector S. The scattering processes contained
inHint with momentum transfer q < λ are thus of two types:
forward scattering (fermions remain in the same patch) and
exchange scattering between neighboring patches. Both
types of processes conserve the number of fermions in each
patch, which in the limit of a large number of patches
becomes a Uð1ÞNk symmetry [27–29]. However, given the
squat aspect ratio of the patches (Λ ≫ λ) the exchange
scattering between neighboring patches can be also
neglected since they amount to a small correction to the
forward scattering processes that occur in the bulk of the
patches [36].
In addition, the above FS sectorization allows us to

linearize the dispersion relation within each patch, provided
that the patch size Λ is small enough compared to the scale
in which the FS changes its shape (in our case it is enough
to set Λ ≪ kF). The truncated Hamiltonian can be written
in the form [27–29]:

H ¼
X
S;T;q

JSðqÞ
�
vF
2Ω

δS;T þ fðqÞ
V

�
JTð−qÞ; ð3Þ

where vF ¼ j∇kϵðkÞjjkj¼kF is the Fermi velocity and JSðqÞ
are the Fourier components of the density operator corre-
sponding to momenta within the patch S [36]. Thus, these
operators create particle-hole pairs near the FS with

PRL 113, 210402 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

21 NOVEMBER 2014

210402-2



momentum q within a distance Λ of the direction S, Ω ¼
ΛðV=ð2πÞ2Þ (V is the area of the system). Notice that the
collection of conditions over the cutoffs is consistent and
reads kF ≫ Λ ≫ λ > qc. We therefore expect that the
approximations described above will be accurate for high
densities (large kF).
The truncation of the Hamiltonian described above is

similar to the one carried out in Fermi-liquid theory (FLT)
[27–29,37]. However, an important difference is that our
truncated Hamiltonian is written in terms of the bare
interaction and the bare fermionic degrees of freedom,
instead of a renormalized interaction between Landau
quasiparticles. The resulting Hamiltonian is therefore
different from the Hamiltonian that describes the low
energy degrees of freedom close to the ground state of
(1). It is also worth noting that this argument not only
applies to d ¼ 2, but also to d ¼ 1 where, interestingly, it
has been recently found that the dynamics following an
interaction quench is described by the bosonic low-energy
field theory parametrized with the bare parameters of the
microscopic Hamiltonian instead of the renormalized
equilibrium parameters [37].
The usefulness of the FS bosonization stems from the

observation that the fermionic currents JSðqÞ obey a set of
anomalous commutation relations, which become a bosonic
algebra for Λ ≫ λ [27–32]. This allows for a representation
of the currents in terms of Tomonaga bosons, which renders
the Hamiltonian in (2) quadratic. Higher order (i.e., ana-
harmonic) corrections to (3) such as those arising from the
curvature of the FS and the fermion dispersion, introduce
interactions between the Tomonaga bosons [33]. These
terms break the set of conservation laws that make the
above Hamiltonian exactly solvable [27–29]. As a conse-
quence, a complete relaxation to thermal equilibrium is thus
expected to occur at long times. The latter phenomenon is
controlled only by the conservation laws that are respected
by the true fermion Hamiltonian, which differs from the
truncated integrable Hamiltonian because it also describes
inelastic collisions between the fermions.
In order to calculate correlation functions, we must solve

the Heisenberg equations of motion for the bosonic oper-
ators. This is equivalent to diagonalizing the bilinear
Hamiltonian (3), which is is not analytically possible because
all patches are coupled by the interaction. The explicit
diagonalization can be bypassed by noticing that the solution
to the equations of motion can be written exclusively in terms
of the equilibrium retarded correlation functions between the
bosonic fields, which follows from the bilinear form of the
Hamiltonian [36]. Those retarded correlations can be calcu-
lated exactly using the imaginary time path integral formu-
lation of the bosonic problem [27–29].
We first discuss the asymptotic state of the system at long

times (formally, for t → þ∞), and argue that its properties
are consistent with those of a prethermalized state. To this
end we consider the in-patch nonequilibrium density matrix

Gneq
S ðx; tÞ ¼ hΨ0jeiHtψ†

SðxÞψSð0ÞeiHtjΨ0i, where ψSðxÞ is
the fermion field operator that annihilates a fermion at
position x with momenta within the patch S. The corre-
lation function of the physical fermions can be obtained
summing over all patches [27–29]. The calculation can be
carried out by means of the bosonic representation of the
fermionic field [27–32]. We find that Gneq

S ðx; tÞ ¼
G0
SðxÞZneq

S ðx; tÞ, where G0
SðxÞ is the in-patch free correlator

(i.e., the initial condition) and

Zneq
S ðx; tÞ ¼ exp

�
1

Ω

X
q;n̂S·q>0;T

j ~Gret;eq
ST ðq; tÞj2
n̂S · q

× 2ðcosðq · xÞ − 1Þ
�
; ð4Þ

where ~Gret;eq
ST ðq; tÞ is the (equilibrium) anomalous retarded

correlation function of the Tomonaga bosons and n̂S is the
unit normal to the FS at patch S. Although it is possible to
obtain an expression for ~Gret;eq valid at all orders in f0, in
order to render the expressions analytically tractable and
make contact with the perturbative results described above,
we work only at the leading order in f0. Thus,

j ~Gret;eq
ST ðq; tÞj2 ¼ 2f20FðqÞ2Λ2

ð2πÞ4v2F
PV

jn̂S · qjjn̂T · qj
½ðn̂S − n̂TÞ · q�2

× sin2
�
ðn̂S − n̂TÞ · q

vFt
2

�
þOðf30Þ; ð5Þ

where PV indicates that in the limit of large number of
patches, where patch sums can be approximated by angular
integrals, we must take the principal value [30].
Next, we relate the stationary state and the ground state

correlations. Thus, considering the correlation function
GeqðxÞ ¼ hΨjψ†ðxÞψð0ÞjΨi (jΨi is the ground state of
H), we define ZeqðxÞ ¼ GeqðxÞ=G0ðxÞ. Furthermore, due
to dephasing, the oscillatory part of j ~Gret;eq

ST ðq; tÞj2 in Eq. (4)
drops out for t → ∞ [36]. Thus, we find a simple relation
between the stationary nonequilibrium and the ground state
correlations

lim
t→∞

ln ½Zneqðx; tÞ� ¼ 2 ln ½ZeqðxÞ� þOðf30Þ; ð6Þ

where Zneqðx; tÞ ¼ Gneqðx; tÞ=G0ðxÞ. Note that, owing to
rotation invariance, both Zeq and Zneq depend only on
x ¼ jxj. Taking x → ∞, Eq. (6) leads to a relation between
the discontinuity at kF in the momentum distribution of the
stationary and ground states: Zneq ≃ ðZeqÞ2. Recalling that
Zeq ¼ 1 −Oðf20Þ, we retrieve the perturbative result dis-
cussed above.
Exponentiating Eq. (6) and further developing in powers

of the interaction strength, it is possible to obtain a simple
relation between the stationary state ½nstðkÞ� and ground
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state ½neqðkÞ�momentum distributions, 2½neqðkÞ−neq0 ðkÞ� ¼
nstðkÞ−neq0 ðkÞþOðf30Þ, where neq0 ðkÞ ¼ θðkF − kÞ. A sim-
ilar result was obtained in Refs. [2,3] for the Hubbard
model under very different assumptions (i.e., a short-range
interaction between spinful fermions). In particular, this
relation implies that, to lowest order in the interaction
strength, all the energy injected into the system by the
quench, Eex ¼ Eneq − Eeq, where Eneq ¼ hΨ0jHjΨ0i ¼ 0
and Eeq ¼ hΨjHjΨi, is transformed into kinetic energy in
the stationary (prethermalized) state [2,3].
Let us next discuss the description of the prethermalized

state using the GGE. In our framework, the GGE descrip-
tion of the prethermalized state arises naturally since the
truncated Hamiltonian is a (bosonic) bilinear and, con-
sequently, dephasing implies that all correlations in the
steady state are described by a GGE [24,38]. If we denote
with fαlðqÞ; α†l ðqÞg the bosonic basis that diagonalizes the
Hamiltonian in Eq. (3), the GGE density matrix can be
written as

ρGGE ¼ 1

ZGGE
exp

�X
l;q

λlðqÞIlðqÞ
�
; ð7Þ

where IlðqÞ ¼ α†l ðqÞαlðqÞ are the conserved quantities,
ZGGE ¼ Tr½ρGGE� and the Lagrange multipliers λlðqÞ are
obtained from the initial conditions, hIlðqÞit¼0 ¼
hΨ0jIlðqÞjΨ0i ¼ Tr½ρGGEIlðqÞ�. We also have explicitly
checked that the density matrix (7) reproduces all the
studied quantities in the prethermalized state. It is also
worth noting that the conserved quantities can be refer-
mionized, at least formally. Using the matrix transforma-
tion that diagonalizes the Hamiltonian, they can be
expressed as a linear combination of products of two-patch
densities.
The close relationship linking prethermalization,

dephasing dynamics, and GGE for a generic Fermi liquid
of finite dimensionality unveiled within our approach is
very similar to the phenomena observed in exactly
solvable models in one space dimension (1D) [24,38].
Indeed, for 1D systems recent numerical studies [37,39]
have shown that the bosonization description provided
in Refs. [21–23] is fairly accurate and universal, and that
even the dynamics at intermediate times can be described
by the GGE. For longer times, mode coupling has been
argued to lead to thermalization [40].
It is well known that after a sudden quench in 1D

systems the correlations propagate at a finite speed giving
rise to the so-called “light-cone effect” [41]. In higher
dimensions, this phenomenon is largely unexplored [42].
Starting from Eqs. (4) and (5) it can be shown [36] that in
the spatiotemporal region defined by x ≫ 2vFt we can
approximately neglect the spatial dependence of Zneq

S ðx; tÞ
and, with it, the patch index. Outside the light cone,
x ≫ 2vFt, the interaction correction is therefore approx-
imately the same for all patches: Zneq

S ðx; tÞ ≈ ZneqðtÞ and

the full correlation function thus reads Gneqðx; tÞ≈
G0ðxÞZneqðtÞ; i.e., the correlations retain the same spatial
dependence as in the initial state up to a time-dependent
prefactor. This factor defines the time-dependent quasipar-
ticle residue that is analyzed below. In the opposite limit,
x ≪ 2vFt, we can neglect the temporal dependence and
the steady state correlations dominate: Zneqðx; tÞ≈
limt→∞Zneqðx; tÞ. We conclude that, at short times, the
correlations will travel isotropically with the bare Fermi
velocity of the fermions.
Finally, we consider the dynamics of the discontinuity of

the momentum distribution at k ¼ kF. For short times
vFt ≪ q−1c we find a Gaussian decay of ZneqðtÞ from its
initial value of one:

ZneqðtÞ ¼ exp

�
−t2

4f20kF
ð2πÞ4 c

Z
∞

0

dqðFðqÞqÞ2 þOðf30Þ
�
;

ð8Þ
where c is an Oð1Þ constant that stems from the angular
integration over the FS. The Gaussian decay at short times
is independent of the form of the interaction and it also
occurs in one dimension [21–23]. For vFt ≫ q−1c , the
explicit form of the interaction is required. For a simple
form, fðqÞ ¼ f0ðq=qcÞne−q=qc , we find

ZneqðtÞ ≈ Zst exp ½g2anðvFqctÞ−ð2nþ1Þ�; ð9Þ
where Zst ≃ ðZeqÞ2 is the stationary-state quasiparticle
residue, an a positive constant coming from the angular
integral and we have defined the dimensionless coupling
constant g ¼ ðf0

ffiffiffiffiffiffiffiffiffiffi
kFqc

p
=2π2vFÞ. We note that expanding

in powers of f0 Eqs. (8) and (9), we recover the same
asymptotic behavior for ZneqðtÞ as obtained using pertur-
bation theory. In Fig. 1 we illustrate the dynamics of the
quasiparticle residue for different interaction strengths
and n ¼ 0.
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FIG. 1 (color online). Discontinuity of the zero-temperature
momentum distribution at the Fermi momentum, ZneqðtÞ, as a
function of time t for several values of g ¼ f0

ffiffiffiffiffiffiffiffiffiffi
kFqc

p
=ð2π2vFÞ.

ZneqðtÞ exhibits a Gaussian decay at short times. Asymptotically,
it saturates to a finite value Zst ≃ ðZeqÞ2 (horizontal lines) in the
stationary (prethermalized) state. Inset: ln½ZneqðtÞ=Zst� showing
that lnZneqðtÞ ∼ t−1 asymptotically.
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The picture that emerges from the bosonization treatment
of the two-dimensional Fermi liquid suggests that the first
stage following the quench can be regarded as a collective
nonequilibrium quasiparticle dressing by the interactions of
the noninteracting fermions (or, for that matter, the bare
quasiparticles) that are the fermionic excitations of the
initial Hamiltonian. A similar behavior of ZneqðtÞ has been
observed in interaction quenches in one dimension
[21–23,39], but a major difference with the present case
is that Zneq

1D ðt → þ∞Þ ¼ Zst ¼ 0, indicating the nonequili-
brium dressing leads to a complete destruction of the
fermionic quasiparticles in the system.
In conclusion, we have studied the quench dynamics of a

Fermi gas with long-range interactions using Fermi surface
(FS) bosonization. We were able to obtain the full space-
time dependence of the nonequilibrium density matrix as
well as the evolution of (the zero-temperature) disconti-
nuity of the momentum distribution at k ¼ kF after the
quench. We have shown that prethermalization can be
understood as the result of dephasing between the bosonic
FS excitations. Furthermore, the statistical description of
the prethermalized state in terms of the generalized Gibbs
ensemble has been obtained and the integrals of motion
needed for its construction have been identified as the
eigenmodes of the bosonic FS Hamiltonian.
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