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We present an exact solution of the relativistic Boltzmann equation for a system undergoing boost-
invariant longitudinal and azimuthally symmetric transverse flow (“Gubser flow”). The resulting exact
nonequilibrium dynamics is compared to first and second order relativistic hydrodynamic approximations
for various shear viscosity to entropy density ratios. This novel solution can be used to test the validity and
accuracy of different hydrodynamic approximations in conditions similar to those generated in relativistic

heavy-ion collisions.
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Introduction.—Relativistic hydrodynamics plays an
important role in the description of the space-time evolution
of the quark-gluon plasma (QGP) formed in ultrarelativistic
heavy-ion collisions (for a recent review, see [1]). While the
ideal limit of the relativistic hydrodynamic equations has
been known for a long time [2], the same cannot be stated
for relativistic viscous hydrodynamics. The most wide-
spread relativistic formulation of viscous hydrodynamics,
relativistic Navier-Stokes theory [2], is acausal and intrinsi-
cally unstable [3]. Its causal generalization remains under
intense investigation [4-24].

For weakly interacting dilute relativistic gases, the differ-
ent approximation schemes that have been used to derive
viscous fluid dynamics from first principles can be inves-
tigated using the Boltzmann equation as the underlying
microscopic theory. To determine which type of hydro-
dynamic approximation best describes a rapidly expanding
QGP, it is useful to consider exactly solvable kinetic models
where the approach to thermalization and subsequent
hydrodynamic behavior can be studied directly without
further approximation. Even though the strongly coupled
QGP does not admit a microscopic description via the
Boltzmann equation, the macroscopic hydrodynamic
description remains valid in the strong-coupling regime as
long as the Knudsen number (i.e., the ratio of mean free path
to macroscopic system size) remains small. Hydrodynamic
approximations that accurately describe some exactly known
microscopic Boltzmann dynamics at weak coupling can
therefore be assumed to also provide the most accurate
macroscopic description for a strongly coupled liquid.
The approach of testing macroscopic hydrodynamic descrip-
tions against exact solutions of the Boltzmann equation has
been successfully applied to understand pressure isotropiza-
tion and thermalization in transversally homogeneous sys-
tems undergoing longitudinally boost-invariant expansion
[25], for both initially isotropic [26] and highly anisotropic
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[27-29] local momentum distributions. So far, none of the
available exact relativistic solutions of the Boltzmann equa-
tion include, simultaneously, the effects of longitudinal and
transverse expansion.

Transverse expansion of the QGP is, however, the
underlying physical mechanism responsible for the collec-
tive flow signals observed in ultrarelativistic heavy-ion
collisions and used to probe the transport properties of this
novel state of nuclear matter. Therefore, to better assess the
accuracy of hydrodynamic approximations applied to QGP
dynamics, they must be tested under conditions involving
simultaneous transverse and longitudinal expansion. In this
Letter, we present the first exact solution of the relativistic
Boltzmann equation that satisfies this criterion. Our solution
is for an azimuthally symmetric radially expanding boost-
invariant conformal system that is undergoing Gubser flow
[30]. The nonequilibrium dynamics obtained from this exact
solution is compared to results obtained using the most
popular relativistic hydrodynamic approximations subject
to the same flow and symmetries. Specifically, we compare
to first order Navier-Stokes (NS) theory [30,31] and second
order Israel-Stewart (IS) theory [32]. A more detailed
derivation of our solution and comparisons to other second
order hydrodynamic approximation schemes can be found
in [33].

Exact (1 4+ 1)-dimensional  kinetic ~ solution.—The
dynamics of high-energy heavy-ion collisions is usually
described in Minkowski space-time using Milne coordi-
nates x* = (z,x,y,¢), with longitudinal proper time 7 =
Vt* — 7> and space-time rapidity ¢ = tanh™'(z/f) and
metric g, = (-1,1,1, 72). In this Letter, the fluid velocity
ut is taken to be the Gubser flow [30] which possesses a
conformal SO(3), ® SO(1,1) ® Z, symmetry (Gubser
symmetry [30,31]). Systems with such a flow profile are
more conveniently described in a curved space-time given
by the direct product of three-dimensional de Sitter space
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and a line, dS; ® R [34]. The two space-times are related
by a Weyl rescaling of the metric, ds? = ds?/7?, with
ds* = —di® + dr* + r*d¢® + t°dg’ being the Minkowski
line element in polar Milne coordinates, and ds3* = —dp® +
cosh? p(d6?* + sin” 0d¢?) + dc* being the line element in
dS; ® R. Here, we introduced the de Sitter coordinates
¥ = (p,0,¢,c), with [31]

1— @2+ ¢2r°
2qgt ’

2qr ) 0

1+ @7 —¢r

p(z,r) = —sinh™! (

O(r,r) = tan™! <

g~' is an arbitrary length scale that sets the size of the

system. In these coordinates, the Gubser flow profile
u, = —cosh(z, r), u, = sinhk(z, r), with transverse flow
rapidity x = tan~!'[2¢%zr/(1 + ¢*2% + ¢*r?)] [30,31], sim-
plifies to i, = (-1,0,0,0) [30,31]; i.e., the system
becomes macroscopically static. (All quantities in dS; @ R
are denoted by a “hat”.)

We seek an exact solution of the Boltzmann equation

P'0,f (x. p) = Clf](x. p). (2)

with a simplified [35] collision term in relaxation time
approximation (RTA) [36,37]

i) =2 ) - fulrep) O

Here, feq(x,p) is the local equilibrium distribution
function, assumed to be of Boltzmann form f., =
exp(p - u/T), where T(x) is the local temperature, related
by conformal invariance to the relaxation time by 7,¢(x) =
¢/T(x). c is a free dimensionless parameter that, in RTA,
can be expressed in terms of the shear viscosity to entropy
density ratio 7 =n/s as ¢ = 577 [12,15,27,28].

The Gubser symmetry severely restricts the possible
combinations of the coordinates ¥* and momenta p#*
on which the distribution function f(&, p) can depend.
First, conformal invariance requires massless degrees
of freedom, ie., p> =0, so p, can be eliminated in
terms of the “spatial” momentum components: p, =

\/(139/ coshp)? + [p4/(coshpsin0)]* + p2. Z, symmetry
requires f to be an even function of ¢. The SO(1,1)
symmetry implements longitudinal boost invariance which
reduces the dependence on the longitu-dinal coordinates
and momenta to the combination p. = zprsinh(y —¢) =

ip, — zE (where py = / p? 4 pj is the transverse momen-

tum and y is the momentum rapidity). Symmetry under
the SO(3),, subgroup implies that the distribution function
is independent of @ and ¢ = tan~'(y/x), and that it
depends only on the following combination of momentum
components [33]:

pj
sin?@’

a=hi+ (4)

>

In other words, f(%;p)=f(p; pa. D) for Gubser-symmetric
systems.

Using these constraints, the RTA Boltzmann equation in
de Sitter coordinates reduces [33] to the following simple
relaxation-type equation:

o T (P
87/) (P,szapg)— c {f(ﬂ,l??ppg) feq(f.,(p)>:|-

(5)

Here, p@ = \/(ﬁg/ coshp)? + p2 and T =<T. As had

been shown in [31] for the hydrodynamic case, imposing
Gubser symmetry reduces the partial differential Eq. (2) to
a simple ordinary differential equation [38].

Equation (5) has the following exact solution [27,28]
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FIG. 1 (color online). The normalized temperature (top) and
shear stress 72 =25/(37) (bottom) as a function of p in
dS; ® R, obtained from the exact kinetic solution, second order
(IS) and first order (NS) viscous hydrodynamics [all for
i = 1/(4x)], ideal hydrodynamics (77 = 0), and free streaming

(¢ =0 or ij = o0). In all cases, py = 0 and &(p,) = 1.
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FIG. 2 (color online). Same as Fig. 1, except for 7 = 10/ (4x).
where D(p,po) = exp [~ [F dp’ T(p")/c] is the damping
function and f(po; pd. P.) is the initial distribution func-
tion at py. In the following, we assume that the initial
configuration corresponds to an equilibrated state; other
possible choices will be studied in future work.

All macroscopic hydrodynamic quantities can now
be computed from their kinetic definitions as momentum

moments of f. For example, the energy density is given by
&(p) = [dP(p*)f(p; P4 p.) and the shear stress tensor
by #= [dPAL papyf (03P, Do), With dP=dp.dpedpy/
[(27)? p* cosh? psind)]. Aﬁ; is the transverse and traceless
double projector in (p,0,¢,¢) coordinates. By taking
momentum moments of Eq. (6), exact integral equations
similar to Eq. (6) can be written for & and 7, [33]. These
equations are solved numerically by the iterative procedure
described in Ref. [28]. The resulting energy density defines
the temperature and, hence, the equilibrium distribu-
tion function for p € (—o0, ). Once this is done, the full
nonequilibrium distribution function can also be deter-
mined from Eq. (6).

In this Letter, we compare the evolution of energy
density, temperature, and shear stress obtained from the
above exact kinetic solution to previously found solutions
corresponding to three different hydrodynamic approxima-
tions: ideal hydrodynamics (¢ = 0), NS theory [30], and
conformal IS theory [32]. We also compare with the
analytic free streaming limit which can be obtained from
the kinetic theory solution [Eq. (5)] by setting ¢ — 0. The
ideal fluid solution is [30,31]

A o @‘(p0> AUv —

8(:0) - (COShp)8/3 ’ 4 (p) =0. (7)
Viscous hydrodynamics with Gubser flow is fully charac-
terized by a single shear stress component [32] for which
we will choose 78 = 75/ (5 T') (where § = 735 is the entropy
density in de Sitter space). The IS equation for the
temperature obtained from the conservation of energy-

momentum, V,,T"” =0, is
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FIG. 3 (color online).

Snapshots of the radial profiles of the temperature (top) and the shear stress component 7¢ (bottom) computed at

=1, 5, and 10 fm/c (with ¢ = 1 fm™"). The results shown correspond to the exact kinetic solution (solid black line), ideal
hydrodynamics (dot-dashed green line), and second order IS theory (red short-dashed line). In this figure, i = 1/(4x).
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FIG. 4 (color online).

10 —10

Two-dimensional slice showing, for scale parameter ¢ = 1 fm~!, the Minkowski space-time evolution at

y =z =0 of the shear stress 75 = %z, for ij = 1/(4x) (left panel) and 77 = 10/ (4x) (rlght panel).

1 ar 2 7t
Fdp + 3tanhp = gtanhp, (8)

while for the shear stress component one finds
dis T 4 1
% {(7‘:@)2 - —} tanhp = 0. 9)
c
In Eq. (9), we use the same relaxation time as in Eq. (3),
namely, 7,.; = 57/T. The NS result of [30,31] corresponds
to the ¢ — 0 limit of Eq. (9) which gives (7%)ys =
(4/3)(i/T) tanh p.
The dS; ® R solutions for £ and 7** can be translated
back to Minkowski space via the prescription [30-32]

e = )
tuler) = 5 O e (10)

Numerical results.—In Figures 1 and 2, we show the de
Sitter time evolution of the normalized temperature
T/T(py) (top panel) and shear stress 75 (bottom panel),
with initial conditions &(p,) = 1 and ﬂg(po) =0atp, =0,
for the exact kinetic solution, its free streaming limit, and
three different hydrodynamic approximations: ideal as well
as NS and IS viscous hydrodynamics. For small specific
shear viscosity 7 = 1/(4x), shown in Fig. 1, second order
IS viscous fluid dynamics provides the best description
for both quantities; for ten times larger shear viscosity
i =10/(4x), shown in Fig. 2, the free-streaming limit
provides the best approximation to the exact solution, again
followed by second order IS theory as the best hydro-
dynamic approximation. The improvement resulting from
including second order corrections is particularly evident
for 7%: first order NS theory exhibits qualitatively wrong
behavior for 7% at negative p values.

Figure 3 shows snapshots of the radial temperature (top)
and shear stress (bottom) profiles in Minkowski space at

three longitudinal proper times, =1, 5, and 10 fm/c,
choosing ¢ =1fm™! for the scale parameter. For
7= 1/(4r), the exact kinetic solution is compared with
ideal and second order viscous IS hydrodynamics. Once
again, second order IS theory is found to provide a good
description of the kinetic results. One may observe that at no
fixed value for the longitudinal proper time the different
approximations agree with each other perfectly. Although
they are equal at the initial de Sitter time p,, where we
assumed the system to be in local equilibrium, Eq. (1) shows
that surfaces of constant p translate into hyperbola-like
surfaces in the z-r plane, and that at fixed z, small (large) r
values correspond positive (negative) values of p — p,
where the system is out of equilibrium. Even for # as small
as 1/(4r),ideal hydrodynamics is seen to fail badly at large r
values (i.e., at large negative p) whereas second order
hydrodynamics performs much better. This is consistent
with Figs. 1 and 2. The location in Fig. 3 of the peak value of
the temperature corresponds to p = p,, and at this point, all
approximations agree by construction.

Finally, we present in Fig. 4, a 3D visualization of the
full space-time evolution of the exact kinetic theory result
for the shear stress ﬂg =7 ng, for 4z = 1 and 10 in the left
and right panels, respectively. Clearly, the shear stress is
strongly affected by an increase of the shear viscosity by a
factor of 10. The location of the trough corresponding to

= 0 indicates the initial condition surface p, = 0, and
the inner region bounded by it represents positive p values.

Conclusions.—We presented an analytic (1 4 1)-D sol-
ution of the RTA Boltzmann equation for a system with
Gubser flow. This is the first exact solution of the Boltzmann
equation for a relativistic system undergoing simultaneous
longitudinal and transverse expansion. It allows one to
compute all components of the energy-momentum tensor
and to study their full space-time evolution exactly. By
comparing these exact solutions with the most widespread
formulations of relativistic hydrodynamics, we were able to
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determine their regime of validity at each space-time point
for varying values of the specific shear viscosity 7. We found
that, quite generally, second order viscous hydrodynamics
provides an overall good description of the exact kinetic
results and performs much better than relativistic Navier-
Stokes theory. The exact solution obtained here opens novel
ways to test the accuracy of different hydrodynamic
approaches used to describe the dynamics of the QGP
formed in ultrarelativistic heavy-ion collisions. Future
analysis of the solution [Eq. (6)] in momentum space with
nonequilibrium initial conditions promises to offer detailed
insights into the dynamics of longitudinal or transverse
momentum isotropization and thermalization in relativistic
systems undergoing simultaneously transverse and longi-
tudinal expansion.

G. S. D. was supported by a Banting Fellowship from the
Natural Sciences and Engineering Research Council of
Canada. U.H. and M. M. acknowledge support from the
U.S. Department of Energy, Office of Science, Office of
Nuclear Physics under Award No. DE-SC0004286. J. N.
thanks the Conselho Nacional de Desenvolvimento Cientifico
e Tecnoldgico (CNPq) and Fundagdo de Amparo a Pesquisa
do Estado de Sao Paulo (FAPESP) for support. U. H. and
M. S. were supported in part (in the framework of the JET
Collaboration) by U.S. DOE Awards No. DE-SC0004104
and No. DE-AC0205CH11231. Finally, U. H., M. M. and
J.N. acknowledge support through a bilateral scientific
exchange program between FAPESP and the Office of
Sponsored Programs at The Ohio State University.

[1] U. Heinz and R. Snellings, Annu. Rev. Nucl. Part. Sci. 63,
123 (2013).

[2] L.D. Landau and E.M. Lifshitz,
(Pergamon Press, Oxford, 1987).

[3] W. A. Hiscock and L. Lindblom, Ann. Phys. (N.Y.) 151, 466
(1983); Phys. Rev. D 31, 725 (1985); Phys. Rev. D 35, 3723
(1987); Phys. Lett. A 131, 509 (1988).

[4] S.R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert,
Relativistic Kinetic Theory—Principles and Applications
(North-Holland Pub. Co., Amsterdam, 1980).

[5] T. Koide, G. S. Denicol, P. Mota, and T. Kodama, Phys. Rev.
C 75, 034909 (2007).

[6] A. Muronga, Phys. Rev. C 76, 014910 (2007).

[7] R. Baier, P. Romatschke, D.T. Son, A.O. Starinets, and
M. A. Stephanov, J. High Energy Phys. 04 (2008) 100.

[8] S. Bhattacharyya, V.E. Hubeny, S. Minwalla, and M.
Rangamani, J. High Energy Phys. 02 (2008) 045.

[9] B. Betz, D. Henkel, and D. H. Rischke, Prog. Part. Nucl.
Phys. 62, 556 (2009).

[10] J. Peralta-Ramos and E. Calzetta, Phys. Rev. D 80, 126002
(2009).

[11] A. El, Z. Xu, and C. Greiner, Phys. Rev. C 81, 041901
(2010).

[12] G.S. Denicol, T. Koide, and D. H. Rischke, Phys. Rev. Lett.
105, 162501 (2010).

Fluid Mechanics

[13] M. Martinez and M. Strickland, Nucl. Phys. A848, 183
(2010).

[14] W. Florkowski and R. Ryblewski, Phys. Rev. C 83, 034907
(2011).

[15] G.S. Denicol, J. Noronha, H. Niemi, and D. H. Rischke,
Phys. Rev. D 83, 074019 (2011).

[16] G.S. Denicol, H. Niemi, E. Molnar, and D. H. Rischke,
Phys. Rev. D 85, 114047 (2012).

[17] A. Jaiswal, Phys. Rev. C 88, 021903 (2013).

[18] L. Tinti and W. Florkowski, Phys. Rev. C 89, 034907
(2014).

[19] Y. Hatta, J. Noronha, and B. W. Xiao, Phys. Rev. D 89,
051702 (2014).

[20] Y. Hatta, J. Noronha, and B. W. Xiao, Phys. Rev. D 89,
114011 (2014).

[21] G.S. Denicol, S. Jeon, and C. Gale, Phys. Rev. C 90,
024912 (2014).

[22] M. Nopoush, R. Ryblewski, and M. Strickland, Phys. Rev.
C 90, 014908 (2014).

[23] G.S. Denicol, W. Florkowski, R. Ryblewski, and M.
Strickland, Phys. Rev. C 90, 044905 (2014).

[24] A. Jaiswal, R. Ryblewski, and M. Strickland, Phys. Rev. C
90, 044908 (2014).

[25] J.D. Bjorken, Phys. Rev. D 27, 140 (1983).

[26] G. Baym, Phys. Lett. 138B, 18 (1984).

[27] W. Florkowski, R. Ryblewski, and M. Strickland, Nucl.
Phys. A916, 249 (2013).

[28] W. Florkowski, R. Ryblewski, and M. Strickland, Phys.
Rev. C 88, 024903 (2013).

[29] W. Florkowski, E. Maksymiuk, R. Ryblewski, and M.
Strickland, Phys. Rev. C 89, 054908 (2014).

[30] S.S. Gubser, Phys. Rev. D 82, 085027 (2010).

[31] S.S. Gubser and A. Yarom, Nucl. Phys. B846, 469 (2011).

[32] H. Marrochio, J. Noronha, G.S. Denicol, M. Luzum, S.
Jeon, and C. Gale, arXiv:1307.6130.

[33] G.S. Denicol, U. Heinz, M. Martinez, J. Noronha, and M.
Strickland, arXiv:1408.7048.

[34] We emphasize that this is a convenient transformation that
facilitates the implementation of the symmetries necessary
to solve the Boltzmann equation. The solution in flat space
is obtained by mapping our solution from de Sitter coor-
dinates to Milne coordinates, where the direct implementa-
tion of Gubser flow and Gubser symmetric boundary
conditions would have been much more difficult. By
construction, the resulting solution in Milne coordinates
solves the Boltzmann equation in these coordinates subject
to the Gubser flow and boundary conditions.

[35] Other (linearized) forms for the collision kernel involving
multiple microscopic time scales can in principle be
implemented in the following approach but will not be
considered here.

[36] J. L. Anderson and H. R. Witting, Physica (Utrecht) 74, 466
(1974); 74, 489 (1974).

[37] C. Cercignani and G.M. Kremer, The Relativistic Boltz-
mann Equation: Theory and Applications (Birkhéuser,
Boston, 2002).

[38] Note that the same reduction to an ordinary differential
equation still happens if the RTA collision term [Eq. (3)] is
replaced by the full nonlinear (in f) Boltzmann collision

integral C[f](p; p3. P.)-

202301-5


http://dx.doi.org/10.1146/annurev-nucl-102212-170540
http://dx.doi.org/10.1146/annurev-nucl-102212-170540
http://dx.doi.org/10.1016/0003-4916(83)90288-9
http://dx.doi.org/10.1016/0003-4916(83)90288-9
http://dx.doi.org/10.1103/PhysRevD.31.725
http://dx.doi.org/10.1103/PhysRevD.35.3723
http://dx.doi.org/10.1103/PhysRevD.35.3723
http://dx.doi.org/10.1016/0375-9601(88)90679-2
http://dx.doi.org/10.1103/PhysRevC.75.034909
http://dx.doi.org/10.1103/PhysRevC.75.034909
http://dx.doi.org/10.1103/PhysRevC.76.014910
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1088/1126-6708/2008/02/045
http://dx.doi.org/10.1016/j.ppnp.2008.12.018
http://dx.doi.org/10.1016/j.ppnp.2008.12.018
http://dx.doi.org/10.1103/PhysRevD.80.126002
http://dx.doi.org/10.1103/PhysRevD.80.126002
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevC.81.041901
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1103/PhysRevLett.105.162501
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1016/j.nuclphysa.2010.08.011
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1103/PhysRevC.83.034907
http://dx.doi.org/10.1103/PhysRevD.83.074019
http://dx.doi.org/10.1103/PhysRevD.85.114047
http://dx.doi.org/10.1103/PhysRevC.88.021903
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1103/PhysRevC.89.034907
http://dx.doi.org/10.1103/PhysRevD.89.051702
http://dx.doi.org/10.1103/PhysRevD.89.051702
http://dx.doi.org/10.1103/PhysRevD.89.114011
http://dx.doi.org/10.1103/PhysRevD.89.114011
http://dx.doi.org/10.1103/PhysRevC.90.024912
http://dx.doi.org/10.1103/PhysRevC.90.024912
http://dx.doi.org/10.1103/PhysRevC.90.014908
http://dx.doi.org/10.1103/PhysRevC.90.014908
http://dx.doi.org/10.1103/PhysRevC.90.044905
http://dx.doi.org/10.1103/PhysRevC.90.044908
http://dx.doi.org/10.1103/PhysRevC.90.044908
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1016/0370-2693(84)91863-X
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.004
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.88.024903
http://dx.doi.org/10.1103/PhysRevC.89.054908
http://dx.doi.org/10.1103/PhysRevD.82.085027
http://dx.doi.org/10.1016/j.nuclphysb.2011.01.012
http://arXiv.org/abs/1307.6130
http://arXiv.org/abs/1408.7048
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1016/0031-8914(74)90355-3
http://dx.doi.org/10.1016/0031-8914(74)90356-5

