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Molecular high-order harmonic generation (MHOHG) in a non-Born-Oppenheimer treatment of H2
þ,

D2
þ, is investigated by numerical simulations of the corresponding time-dependent Schrödinger equations

in full dimensions. As opposed to previous studies on amplitude modulation of intracycle dynamics in
MHOHG, we demonstrate redshifts as frequency modulation (FM) of intercycle dynamics in MHOHG.
The FM is induced by nuclear motion using intense laser pulses. Compared to fixed-nuclei approximations,
the intensity of MHOHG is much higher due to the dependence of enhanced ionization on the internuclear
distance. The width and symmetry of the spectrum of each harmonic in MHOHG encode rich information
on the dissociation process of molecules at the rising and falling parts of the laser pulses, which can be used
to retrieve the nuclear dynamics. Isotope effects are studied to confirm the FM mechanism.
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High-order harmonic generation (HHG), which is a
nonlinear process to generate coherent attosecond (1 as ¼
10−18 s) laser pulses [1], has received a lot of attention
recently [2–4]. The mechanism of HHG can be interpreted
by a semiclassical three-step model [5–8]. In this model,
when atoms and molecules are exposed to intense laser
fields, the outer shell electron is freed by tunneling ionization
from the ground state initially. Then the free electron is
accelerated by the laser fields, and returns to the parent ion to
recombine with the ground state and emit HHG photons
due to a phase change of the electric fields. This model
successfully explains the maximum cutoff energy Ip þ
3.17Up (where Ip is the ionization potential and Up ¼
I=4ω2 denotes the ponderomotive energy) of HHG observed
in atoms and molecules. Recollision with neighboring ions
can result in larger harmonic energies [9,10]. It provides an
important tabletop XUV source to investigate ultrafast
electronic dynamics [11]. An important feature in HHG is
the long plateau structure, which reflects the recollision
dynamics of photoelectrons.
However, for molecular high-order harmonic generation

(MHOHG), nuclear motion during the ionization and
recombination steps plays an important role [12,13]. The
recombining electrons can experience a change between the
orbital it is originally ionized from and the orbital it is
recombining. Consequently, the intensity of the harmonics
in the plateau is approximately proportional to the square
of modulus of the nuclear correlation function, CðtÞ ¼R
χð0; RÞχðt; RÞdR, where χ is the nuclear wave, t is the

traveling time of the free electrons. It was theoretically
analyzed by Lein [14] and experimentally confirmed by

Baker et al. [15] as an amplitude modulation (AM), which
encodes the information of intracycle electron-nuclear
correlation effects. Alternatively, we present a frequency
modulation (FM) effect in this Letter to probe the intercycle
dynamics of nuclear motion in MHOHG [4].
FM in HHG mainly results from two effects. One is the

propagation effect. During the interaction between laser
and atoms and molecules, the ionized electrons change the
refractive index of the medium. This propagation effect will
lead to a blueshift of both the fundamental laser field and
the HHG field [16]. However, if the density of atoms and
molecules and the intensity of the laser pulses are low,
this effect is negligible. The other effect is due to the rapid
change envelope for the ultrashort laser pulses. As an
example, Gaussian-like pulses include a rising and a falling
part as shown in Fig. 1. On the rising part of the pulses, the
effective amplitude of each cycle is larger than that of the
previous one, this results in a change of the phase of each
harmonic [17]. Intuitively, free electrons gain more ener-
gies from the laser fields due to the stronger driving force
compared to the previous cycle, which leads to a frequency
blueshift in the HHG spectra nonadiabatically [18,19].
In the same way, a redshift occurs on the falling part.
This amplitude chirp has a similar effect as frequency chirp
[20]. The blueshift in HHG has been studied theoretically
[17,21] and experimentally [22–24]. Blueshifts can be
achieved easily by using an intense long laser pulse (many
cycles) interacting with atoms. When the laser intensity is
above the ionization saturation threshold Is, most of the
ionization and HHG signals occur on the rising part of the
laser pulses. The HHG signals from the falling part are
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greatly suppressed since no ionization events happen if we
neglect the ionization from the ions. As a result, blueshifts
induced by the envelope and propagation effects can be
well identified in atomic HHG. However, the redshift in
HHG on the falling part is difficult to be observed. If the
laser intensity is below Is, the blueshift induced on the
rising part of the pulses is comparable to the redshift on
the falling part. No obvious net shift in HHG is thus
observed. If the laser intensity is above Is, as discussed
above, only net blueshift in HHG can be identified. The
redshift of atomic HHG was demonstrated due to the
propagation effect depending on the density of the samples
[25,26]. To our knowledge, redshift in atomic HHGwithout
considering the propagation effect has not been reported.
Redshift in MHOHG was studied in resonant system

HeH2þ in fixed-nuclei approximation [27]. This shift is
negligible in nonresonant systems as illustrated for H2

þ in
the fixed-nuclei approximation below. In this work, we
present a scheme to observe redshifts in MHOHG to probe
electron-nuclei correlation in FM rather than AM. As
opposed to atomic HHG, one has to include nuclear motion
in MHOHG, especially for light molecules. Furthermore,
the ionization rate of linear molecules is sensitive to the
internuclear distance R. Charge-resonance-enhanced ion-
ization (CREI) has been studied by Zuo and Bandrauk
theoretically [28,29] and confirmed experimentally by
Gibson et al. [30]. For H2

þ, the ionization rate at equilib-
rium distance Re ¼ 2 a:u: is quite low. However, the

ionization rate at the critical internuclear distance Rc
may be 2 orders higher than that at Re [28]. This R
dependent ionization provides us an important tool to
study molecular dynamics by MHOHG. As illustrated in
Fig. 1, the dissociation of molecules makes the signals of
ionization and MHOHG stronger on the falling part of
the laser pulses, which will induce a strong redshift in
MHOHG spectra. Here we study the MHOHG of H2

þ
in a non-Born-Oppenheimer approach (NBOA), which is
described below.
We assume the laser field is linearly polarized along the

molecular z axis, and the nuclear motion is restricted in one
R dimension. The electronic motion is described in three
dimensions by cylindrical coordinates (ρ, z, ϕ) [31,32].
After neglecting the center-of-mass motion, due to the
cylindrical symmetry of the system, the time-dependent
Schrödinger equations (TDSE) can be written as (atomic
units are used throughout)

i
∂
∂tΨðR;ρ;z;tÞ¼

�
−

1

2α

∂2

∂R2
−
∇2

e

2β
þVc−VIðtÞ

�
ΨðR;ρ;z;tÞ;

ð1Þ

where ∇2
e ¼ ð1=ρÞð∂=∂ρÞðρð∂=∂ρÞÞ þ ð∂2=∂z2Þ,

Vc ¼ ðZ1Z2=RÞ − ðZ1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ ðz þ R=2Þ2

p
Þ − ðZ2=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ρ2 þ ðz − R=2Þ2
p

Þ, and VIðtÞ ¼ ½ðM1 −M2ÞR=ðM1þ
M2Þ − ð2þM1 þM2Þz=ð1þM1 þM2Þ�EðtÞ.M1 M2 and
Z1 Z2 are the mass and charge of the two nuclei,
respectively. α¼M1M2=ðM1þM2Þ and β ¼ ðM1 þM2Þ=
ðM1 þM2 þ 1Þ. In our calculations, the wave function is
expanded in a B-spline basis set [33]: ΨðR; ρ; z; tÞ ¼P

i;j;kC
ijkðtÞBiðRÞBjðρÞBkðzÞ. The number of B splines

in the R; ρ; z directions is 100, 35, and 300, respectively.
The total order of the Hamiltonian matrix is 1 050 000.
The time-dependent propagation is parallel calculated
by a standard Crank-Nicolson method [34]. The initial
state is obtained by imaginary propagation methods of
the field-free TDSE. The energy of the initial state is
E ¼ −0.59713 a:u:, and the expected equilibrium inter-
nuclear distance hRei ¼ hΨjRjΨi=hΨjΨi ¼ 2.063 a:u: The
MHOHG spectra are obtained by Fourier transformation
of the dipole dAðtÞ in acceleration form [4,8].
The laser pulse parameters used in our TDSE calcula-

tions are wavelength 800 nm, intensity I¼3×1014W=cm2.
The laser field is expressed as EðtÞ ¼ E0fðtÞ cosðωtÞ. The
envelope of the pulse fðtÞ is a cosine square shape with
total duration τ ¼ 20 cycles, as shown in Fig. 2. The
expected value hRðtÞi of H2

þ and D2
þ are also illustrated.

One can see that the nuclear motion is almost constant in
the first 500 a.u. After that period, due to the ionization of
electrons induced by the external laser and the repulsive
force between the two nuclei, the molecules start dissoci-
ation rapidly. hRðtÞi is around 2.5 a.u. when the laser
intensity is at its peak at t ¼ 0 a:u: As calculated in

FIG. 1 (color online). Illustration of pulse envelope effect on the
shifts of harmonic spectra. The amplitude chirp in the pulse has
a similar effect as the frequency chirp [20]. On the rising part of
the laser pulse (t < 0, solid blue line), dIðtÞ=dt > 0 leads to a
blueshift in HHG. On the falling part (t > 0, red dotted line),
dIðtÞ=dt < 0, which leads to a redshift. At the beginning, the
molecule is at its equilibrium distance Re. However, during the
interaction with the laser pulses, the molecule dissociates, leading
to larger ionization and more intense spectra on the falling part.
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Ref. [28], before the internuclear distance R reaches the
first critical distance Rc ¼ 7 a:u:, the ionization rate is
proportional to R. We conclude that the ionization and
MHOHG signals for t > 0 are stronger than that at t < 0
since the internuclear distance R is bigger. This imbalance
on the falling and rising parts of the laser should lead to net
redshifts in MHOHG. We show the MHOHG of H2

þ in the
fixed-nuclei approximation and in the NBOA in Fig. 3.
The MHOHG plateau in the fixed-nuclei approximation

exhibits atomiclike HHG structure. Only odd harmonics
appear due to the symmetry of the system. The intensity of
the each harmonic in the plateau is comparable and the
spectral shape of each is symmetric with respect to its
central frequency Nω. However, the spectra of MHOHG in
the NBOAwith nuclear motion are quite different from that
in fixed-nuclei approximation. First, the intensity of each
harmonic decreases as the harmonic order N increases.
This is in agreement with the previous studies [14,15] since
the nuclear correlation function reflects the rearrangement
of the nuclei, affecting an AM encoding intracycle nuclear
dynamics. As a result, it is hard to find the cutoff of
MHOHG in NBOA. Second, the overall intensity of
MHOHG in NBOA is higher than that in fixed-nuclei
approximation. As discussed above, the ionization rate of
electron is very sensitive to the internuclear distance R due
to CREI [28,29]. The dissociation process will significantly
enhance the HHG yield compared to fixed-nuclei approxi-
mation as presented in Fig. 3. Third, an important feature is
the redshift of the harmonic spectra, which is FM encoding
of the correlation between electronic and nuclear dynamics,
which has not been addressed previously to our knowledge.
The redshift reaches up to the value ω=3 for the laser

parameters used in this work. To further investigate the
physics behind the redshifts in MHOHG, the time profile of
harmonic ωN is obtained by a wavelet analysis [35,36]:
dðωN; tÞ ¼

R
dAðtÞwt;ωN

ðt0Þdt0, with the wavelet kernel
wt;ωN

ðt0Þ ¼ ffiffiffiffiffiffiffi
ωN

p
W½ωNðt0 − tÞ� and with mother Morlet

wavelet: WðxÞ ¼ ð1= ffiffiffi
σ

p Þeixe−x2=2σ2 . We calculated the
time profile of harmonics with order N > 20 as shown
in Fig. 4. In fixed-nuclei approximation, the harmonic
signals are nearly symmetric to t ¼ 0 a:u: However, in
NBOA, one can find that most of the harmonic signals are
from the falling part of the laser pulse at t > 0, thus
supporting our analysis.
We also present the isotope effect in NBOA MHOHG,

comparing D2
þ with twice of the mass of H2

þ. The nuclear
motion of D2

þ is slower in the same laser pulse. As
illustrated in Fig. 2, the maximal hRðtÞi is around 3 a.u. for

FIG. 2 (color online). Envelope of the laser pulse fðtÞ and the
internuclear distance hRðtÞi as a function of time. The duration of
the laser pulse is 20 cycles in total. The wavelength is 800 nm,
and the intensity is I ¼ 3 × 1014 W=cm2.

FIG. 3 (color online). MHOHG spectra of H2
þ and D2

þ in
NBOA calculations and in fixed-nuclei approximation. The laser
parameters are the same as those in Fig. 2. In (a), the intensities of
harmonics are shifted by 2 orders for clarity. In (b), the intensities
of harmonics are not shifted.
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D2
þ as compared to 5 a.u. for H2

þ. As a result, the
ionization rate of D2

þ is lower, and the harmonic yield is
lower than H2

þ as illustrated in Fig. 3. However, the spectra
of D2

þ exhibit a larger redshift than that of H2
þ. This can

also be explained by investigating the time profile of the
MHOHG. From Fig. 4, the peak of the harmonic signals
from D2

þ has a time delay compared to that from H2
þ due

to slower nuclear motion, i.e., occurs later. As a result,
the MHOHG of D2

þ experiences a more rapid change of
effective intensity, i.e., jdIðtÞ=dtj [for the cosine square
envelope fðtÞ used in this work, jdIðtÞ=dtj is maximal at
t ¼ 550 a:u:], which leads to a larger redshift in MHOHG.
This can also explain that the degree of asymmetry of
spectral shape of each harmonic from D2

þ is higher than
that from H2

þ.
The redshift of MHOHG can be used to retrieve the

dynamics of nuclear motion. The spectral shift reflects the
asymmetry of generated harmonics with respect to t ¼ 0 a:u:
with peak laser intensity in the time domain. MHOHG is a
consequence of ionization; thus, one can use the asymmetry
of ionization signals instead of harmonic signals. The relative
spectral shift can be roughly expressed as

Δω
ω

¼ þ R
0
−τ=2 Γ(RðtÞ; IðtÞ)dt −

R τ=2
0 Γ(RðtÞ; IðtÞ)dtR τ=2

−τ=2 Γ(Re; IðtÞ)dt
;

ð2Þ

where Γ is the ionization rate of the system depending on
the internuclear distance and laser intensity. The above

equation can be further simplified by using average R̄ and
Ī in the integrals, i.e.,

Δω
ω

¼ ΓðR̄1; ĪÞ − ΓðR̄2; ĪÞ
2ΓðRe; ĪÞ

: ð3Þ

On the rising part of the laser pulse, the nuclear motion in
the current laser parameters is small as illustrated in Fig. 2,
R̄1 ≈ Re. It is demonstrated that ðΔω=ωÞ ≈ −ð1=3Þ in
Fig. 3(b). From Eq. (3), ΓðR̄2; ĪÞ ≈ ð5=3ÞΓðRe; ĪÞ. If the
R dependent ionization rate Γ is known, the internuclear
distance R can be retrieved. From Refs. [28,29], Γ is nearly
linearly dependent on R before it reaches Rc. As a result,
R̄2 ≈ ð5=3ÞR3 ¼ 3.3 a:u:, which can qualitatively agree
with the TDSE simulations of D2

þ in Fig. 2 (H2
þ is

Coulomb exploded at the end of the pulse due to higher
ionization rate. However, from Fig. 4(b), the HHG signals
end at around t ¼ 600 a:u: The corresponding internuclear
distance is about R ¼ 3.3 a:u: as shown in Fig. 2.).
FM is superior to AM in some aspects. AM in MHOHG

should be used in the plateau region, since the intensity of
HHG decays rapidly in the lower-order perturbative regime
and the vicinity of cutoff energy. FM is not restricted to
these regions. AM was used in ultrashort laser pulses to
probe nuclear motion [14,15] due to intracycle dynamics.
FM can be used in a relatively longer pulse for intercycle
dynamics. Some inherent physical processes can induce
AM in MHOHG. For example, two-center interference
[14], resonant harmonic generation [34], may lead to strong
AM in MHOHG, which makes it difficult to retrieve nuclei
dynamics by AM. FM is comparably stable. Once the
internuclear-distance R-dependent ionization rate is known,
the nuclei dynamics can be retrieved by FM from the above
discussions. The R-dependent ionization rate of multi-
electron systems can be well studied by the Hartree-
Fock method and density functional theory. FM can
potentially be a useful diagnostic tool in attosecond
sciences and go beyond single-electron molecules.
In summary, we have theoretically studied the MHOHG

from one-electron diatomic molecular ions in intense laser
fields in a non-BO treatment to measure the influence of
nuclear motion. Not only AM, but also FM encode rich
information of electron-nuclear correlation. To our knowl-
edge, this is the first report that the dissociation of
molecules will lead to obvious redshifts in FM with
intercycle dynamics in harmonic spectra. Usually the
ionization rate of stable molecules at the equilibrium
distance Re is very low. When the nuclear distance is far
from the Re, the ionization rate of the system increases
rapidly. Consequently, most of the harmonic generation
occurs on the falling part of laser pulses, where
dIðtÞ=dt < 0, leading to redshifts in MHOHG. This
mechanism is confirmed by studying the isotope effect.
We have checked our numerical calculations by changing a
wide range of wavelength and intensities. The redshift in
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FIG. 4 (color online). Time profile of MHOHG with order
N > 20. The upper panel is the time profile of MHOHG from
H2

þ in fixed-nuclei approximation, the middle and the lower
panels are the time profiles of MHOHG from H2

þ and D2
þ in

NBOA, respectively.
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MHOHG is not sensitive to the laser parameters provided
that the saturation is not achieved and the pulse length is
properly adjusted. The mechanism of FM in MHOHG is
general, which can be directly applied to other light
molecules if the ionization rate is sensitive to nuclear
motion. It is hoped that this Letter will stimulate exper-
imental studies in FM.
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