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We study the effect of longitudinal space charge on the correlated energy spread of a relativistic high-
brightness electron beam that has been density modulated for the emission of coherent, high-harmonic
radiation. We show that, in the case of electron bunching induced by a laser modulator followed by a
dispersive chicane, longitudinal space charge forces can act to strongly reduce the induced energy
modulation of the beam without a significant reduction in the harmonic bunching content. This effect may
be optimized to enhance the output power and overall performance of free-electron lasers that produce
coherent light through high-gain harmonic generation. It also increases the harmonic number achievable in
these devices, which are otherwise gain-limited by the induced energy modulation from the laser.
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Free-electron lasers (FELs) use relativistic electron
beams to produce widely tunable light with exceptional
brightness at wavelengths down to hard x rays for a broad
range of studies [1]. At suboptical wavelengths, FELs
typically operate in self-amplified spontaneous emission
mode, or SASE [2–4], where the amplification process is
initiated by noise in the electron beam. This shot noise is
correlated only over extremely short time scales (typically a
few femtoseconds for x-ray FELs), so for long electron
beams the temporal and spectral SASE emission exhibits a
large number of uncorrelated spikes and large statistical
fluctuations.
To improve the FEL performance, high-gain harmonic

generation (HGHG) is a technique used to stabilize the
power output and to generate fully coherent radiation [5–7].
In HGHG, an external laser imprints a coherent modulation
in the electron beam (e beam) that then seeds FEL
amplification of light at harmonics of the laser frequency.
Because the modulation can be correlated over much longer
time scales than SASE, the emitted light can have a much
narrower bandwidth. In the standard HGHG setup, the laser
first modulates the e-beam energy according to the trans-
formation η ¼ η0 þ δη sinðks0Þ, where η0 ¼ Δγ0=γ ≪ 1 is
the relative energy deviation of an electron within the e
beam with average energy E ¼ γmc2, s0 is the electron’s
longitudinal position within the beam, λ ¼ 2π=k is the laser
wavelength, and δη is the laser modulation amplitude.
The e beam then propagates through a dispersive section
characterized by the transport matrix element R56, which
converts the energy modulation into a periodic density
modulation according to s ¼ s0 þ R56η. Electrons are piled
into sharp peaks longitudinally that are spaced at the laser
wavelength, described by the distribution,

fsðsÞ ¼ 1þ 2
X∞
n¼1

bn cosðnksÞ; ð1Þ

where the density modulation is quantified by the e-beam
bunching factor bn. At a given harmonic h, the bunching
factor for a beam with an initially uncorrelated Gaussian
energy spread σE is [5],

bh ¼ e−ðhBÞ2=2Jhð−hABÞ; ð2Þ

where A ¼ δη=ση0 is the laser energy modulation amplitude
relative to the relative energy spread ση0 ¼ σE=E, B ¼
kR56ση0 is the scaled dispersion, and Jh is the Bessel
function of order h.
The harmonic number in HGHG FELs is typically

limited to h ∼ ρ=ση0 where ρ is the FEL frequency
bandwidth at saturation [8]. From Eq. (2) the optimal
energy modulation to obtain significant bunching at the
frequency hkc is A ¼ 1=B≃ h. However, the FEL satu-
rates when the e-beam energy spread approaches ρ, which
is typically around 10ση0 in modern devices. Thus, the
HGHG harmonic number is limited to approximately
h≲ 10–15 to obtain high FEL output power with good
temporal coherence [9].
Here, we propose and examine a scheme that enhances

the power output from HGHG FELs, and can also boost the
accessible harmonic number. Referred to as quieted high
gain harmonic generation, or QHG, this technique exploits
collective longitudinal space charge (LSC) effects gener-
ated by the sharp periodic density peaks to relinearize
portions of the modulated e-beam phase space while
preserving the harmonic bunching. The LSC effect takes
place in a dedicated short drift or focusing section
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immediately downstream of the dispersive chicane which
may already exist as part of an HGHG FEL setup to help
match the beam into the undulator (see Fig. 1). In this
section, the phase space at the chicane exit [Fig. 1(a)] is
modified by the LSC forces produced by the density
bunching. The result [Fig. 1(b)] is a beam with sharp
density spikes that coherently seed the HGHG process, but
with a reduced projected energy spread between the spikes
that facilitates lasing up to full saturation power. In
principle, this approach may be used to increase the
harmonic jumps in cascaded HGHG sections, or could
replace “fresh bunch” seeding techniques [10] in certain
regimes to enable use of the whole beam to further reduce
the saturated spectral bandwidth.
LSC effects in high-brightness beams have been exam-

ined recently in various different contexts, including the
microbunching instability (see, e.g., [11,12]), LSC ampli-
fiers [13,14], shot noise suppression schemes [15–18],
and as a method to generate a train of high peak-current
bunches [19,20]. Physically, LSC effects arise from the
self-fields generated by longitudinal density perturbations
in the beam. Electrons near each density peak, which have a
width of Δs≃ λ=2A [21], receive an energy kick from the
repulsive forces; those close in front of the peak experience
a positive energy kick, while those close behind have their

energy reduced [Fig. 1(c)]. In HGHG, the combination of
the laser energy modulation and chicane dispersion used to
generate harmonic bunching generates a nearly ideal initial
longitudinal phase space distribution for the LSC forces to
remove the positive energy chirp between density spikes.
We refer to this portion as the working portion (WP) of
the beam (i.e., the region everywhere outside the ∼3Δs
region at the spike), where the bulk of the harmonic FEL
amplification process takes place. In e beams with suffi-
ciently small transverse and longitudinal emittances, the
QHG effect works because the particle dynamics can be
dominated by the motion in the energy space rather than in
the longitudinal space.
We note that this HGHG enhancement scheme differs

from other techniques that propose secondary phase-shifted
laser modulations to partially reduce the energy spread
[22–24]. QHG exploits the fact that the LSC forces are
generated by the bunching structure and thus naturally
phase locked to the correlated energy modulation. This
avoids precise timing constraints between successive laser
modulation sections. Further, the shape of the harmonic
LSC fields closely mirrors the phase space in the WP,
allowing a nearly complete cancellation of the induced
energy modulation in QHG [e.g., Fig. 1(d)].
We describe the effect in a simplified model in which 3D

effects can be neglected in the high-frequency limit where λ
is small compared to the transverse beam size rb, namely,
ξ ¼ krb=γ ≫ 1 [11,25]. Transverse motion of particles is
also neglected, assuming that the physical drift length is
less than γhβi=hkϵn, where hβi is the average beta function
and ϵn is the normalized emittance. In this regime, the
general equations that describe evolution of the electron
energy and longitudinal position in the e-beam frame are
given as [19],

dη
dz

¼ q
γmc2

Ez;
ds
dz

¼ η

γ2
;

dEz

ds
¼ qn0

ϵ0
fsðsÞ; ð3Þ

where −q is the charge of an electron, n0 is the beam
volume density, and Ez is the longitudinal space charge
field. Inserting the longitudinal distribution of the bunched
beam from Eq. (1), the space-charge fields due to the
periodic bunching structure are

Ez ¼
2qn0
ϵ0k

X∞
n¼1

bn
sinðnksÞ

n
: ð4Þ

It is convenient to rescale the variables and define
p ¼ η=ση0 as the scaled energy, τ ¼ kpz as the plasma
phase advance starting from the chicane exit,
k2p ¼ q2n0=mϵ0c2γ3, and θ ¼ ks as the phase position of
a particle in the beam with respect to the laser. From the
LSC fields in Eq. (4), we obtain two nonlinear equations
that describe the evolution:

(a)

(c) (d)

(b)

FIG. 1 (color online). Top: Layout of QHG scheme. (a) Phase
space of the density modulated beam at the exit of the chicane
(blue dots). The LSC fields give a kick to the nearby particles
during a drift length τ (green arrows) that reverses the induced
energy chirp, resulting in the distribution in (b). The initial sharp
current spike shown in (c) produces the force distribution (green)
that cancels the modulation and is essentially unchanged during
the QHG drift. In (d), the projected energy distribution of the
beam before the drift (solid line) shows the characteristic double
horn shape, but returns to a narrow spike with a significantly
reduced energy spread afterward (dashed line).
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dp
dτ

¼ 2

α

X∞
n¼1

bn
sin nθ
n

;
dθ
dτ

¼ αp: ð5Þ

Note that bn ¼ bnðτÞ. We have also defined

α ¼ kση0
kpγ2

; ð6Þ

which is the energy-spread parameter and sets the scale for
the overall dynamics. It can be interpreted as the ratio of the
longitudinal displacement due to thermal motion in a
plasma period to the laser wavelength. The QHG regime
requires α ≪ 1 such that the thermal motion can be
neglected on the time scale of the plasma period [25].
The QHG scaling is obtained by linearizing the dynami-

cal equations for small changes in the phase space position
of a particle during the drift. Namely, we assume
θðτÞ≃ θð0Þ þ ΔθðτÞ, where ΔθðτÞ ≪ 1, and θð0Þ is the
initial position at τ ¼ 0. Similarly, the change in energy is
pðτÞ≃ pð0Þ þ ΔpðτÞ where Δp < pð0Þ. The scaling of a
beam optimized for density bunching at the harmonic
h ¼ A ≫ 1 is dominated by the n ¼ 1 space-charge term
in Eq. (5). Accordingly, in this linear model, particles near
the position (pð0Þ; θð0Þ) ¼ ðA; π=2Þ experience the largest
changes in energy and phase position. The optimal bunch-
ing factor b1≃−AB=2¼−1=2 is constant in the ΔθðτÞ≪1
limit, so both equations can be integrated directly over a
short drift Δτ to give Δp≃ −Δτ=α and Δθ≃ αAΔτ. The
drift length over which the initial energy modulation
induced by the laser Δp≃ A is approximately canceled
by space charge effects is then

Δτ≃ αh: ð7Þ

The corresponding change in phase is approximately
Δθ≃ αhΔτ ≃ ðαhÞ2.
The natural dispersion of particles with different energies

requires that

Δθ < 1=h; ð8Þ

such that the change in position is less than the desired
harmonic wavelength λh ¼ 2π=kh ¼ λ=h in order to pre-
serve bunching at h. The approximate limit on the scaled
drift length is then Δτ <

ffiffiffiffiffiffiffiffi
1=h

p
. Together, Eqs. (7) and (8)

constrain the parameter α to

α <
ffiffiffiffiffiffiffiffiffiffi
1=h3

q
: ð9Þ

If satisfied, Eq. (9) states that the bunching factor at the
harmonic h remains essentially unchanged during the drift
Δτ≃ αh, and that the correlated energy spread in the WP
induced by the laser is approximately minimized.

An example of the QHG process is shown Fig. 2, where
we follow the evolution of the scaled energy spread
σp ¼

ffiffiffiffiffiffiffiffiffi
hp2i

p
and corresponding phase space of a beam

along a drift. Results are obtained from particle simulations
governed by the 1D equations in Eqs. (5). We take
α ¼ 0.005, and the beam starts with an initial modulation
of A ¼ 20 ¼ 1=B [Fig. 2(a)] that optimizes bunching at
h ¼ 20. The beam is shown by the blue particles, some of
which are obscured by the overlaid red particles that
identify only particles in the WP. During the drift the
energy modulation is steadily reduced by the LSC forces
[Figs. 2(b)–2(e)]. The relative rms energy spread of all of
the particles (blue line, upper plot) reaches a minimum near
τ≃ 0.8αA, [see Fig. 2(d)]. However, considering only the
particles in the WP, the energy spread continues to decrease
(red line, upper plot) and is minimized at τ≃ αA [Fig. 2(e)],
where the distribution of the red particles appears flat with
an energy spread almost exactly equal to the initial value
(σp ¼ 1). This is the end of the QHG process, at which point
the transverse size is expanded to arrest the LSC effects.
Otherwise the beam overshoots the minimum in energy
spread [Fig. 2(f)]. Along the drift, the bunching factor at
the 20th harmonic (Fig. 2 top, inset) decreases slightly
due primarily to longitudinal dispersion, but remains
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FIG. 2 (color online). Top: Evolution of the relative energy
spread for the whole beam (blue) and the WP just outside the
density spike (red). Inset: Evolution of the bunching factor for the
20th harmonic. Bottom: Phase space evolution along the drift.
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significantly larger than the shot noise such that the coherent
harmonic signal dominates in the FEL.
To evaluate the performance of the QHG beam in an

FEL, we performed time-dependent 1D FEL simulations
for a simple case. Results are shown in Fig. 3 and are
compared with HGHG and SASE. The beam is assumed to
have a flat initial current profile (before modulation) and
lases in an FEL tuned to the 20th harmonic of the laser
modulation, which covers the entire beam. The simulation
code is a variant of standard 1D FEL codes and calculates
the performance using the high-gain FEL evolution equa-
tions based on the exact input particles. However, it also
allows for each of the slices that define the resonant FEL
wavelength λh to have a different number of electrons, as
would be the case in the physical density modulated beam.
The simulations also permit electrons to pass between
different slices each undulator period to account for the
effects of dispersion inside the FEL. This feature is needed
to accurately model the modulated beams in QHG and
HGHG where particles have large energy deviations and
shift significantly in phase. The dynamics are calculated in
general form for an FEL specified by ρ according to the
commonly scaled variables for relative energy η=ρ, phase
θh ¼ khs, complex field amplitude a, and longitudinal
coordinate 2kuρz, where λu ¼ 2π=ku is the undulator
period [26].
In this example we take ρ ¼ 2 × 10−3 and ση0 ¼ ρ=10,

similar to parameters in modern soft x-ray FELs. In
Fig. 3(a) the radiation power along the undulator is shown
for each scenario. The unmodulated SASE beam (blue line)
reaches saturation (hjaj2i≃ 1) after ∼20 gain lengths
Lg ¼ 1=2

ffiffiffi
3

p
kuρ as expected from high-gain FEL theory.

The HGHG beam fully saturates at a reduced power level
(red line) and has a longer gain length due to the
uncompensated energy structure from the laser. The
QHG beam reaches full saturation power (black line) at
the halfway mark thanks to the removed energy chirp in
the WP. The effect of reducing the energy modulation in
QHG is also evident in the temporal and spectral structure
of the output radiation [Figs. 3(b) and 3(c)]. The pulse
from QHG has a roughly flat temporal profile at saturation
and a narrow-band spectrum with rms bandwidth
Δk=kh ¼ 0.03ρ. This is compared with the SASE and

HGHG cases at their respective saturation levels which
both exhibit multiple temporal and spectral spikes and have
a full bandwidth of ∼ρ. The premodulated beam in the
HGHG case thus only reduces the output power without
reducing the bandwidth. In the QHG case, however, the
output pulse is temporally coherent and the bandwidth is
determined simply by the beam length, which is 1000λh or
approximately five coherence lengths lc ≃ λh=

ffiffiffiffiffiffi
2π

p
ρ. This

is consistent with the number of temporal spikes seen in the
SASE case. The narrow QHG spectrum results because the
cooperation length Lc ¼ λhLg=λu ≃ 23λh is slightly longer
than the distance between density spikes. This enables
phase information in the amplified radiation to be commu-
nicated between density spikes over each gain length,
which flattens out the temporal profile and narrows the
spectrum. Narrowing the spectrum further is just a matter of
using longer e beams.
The differences between the QHG and HGHG beams

are illustrated by inspection of the phase space evolution
during FEL amplification. Shown in Fig. 4(a), the HGHG
beam retains a large energy correlation in the WP. As
amplification of the 20th harmonic signal develops, only a
portion of the particles near the center of the WP fully
participate in the interaction. Particles with the largest
energy deviation are outside the seeded FEL bandwidth and
are thus detuned in frequency. Further, dispersion acts to
slowly decompress the local chirp and shift the developing
energy modulation to longer wavelengths. This competes
with the resonant FEL wavelength, and beat waves in the
energy modulation emerge. The resulting frequency com-
petition appears to suppress gain and leads to a multispike
spectral structure. Conversely, the QHG beam in Fig. 4(b)
has a flattened WP that permits monochromatic amplifi-
cation. The particles in the WP contribute uniformly to
the FEL instability which generates more output power.

FIG. 4 (color online). Evolution of the e-beam phase space in
(a) HGHG and (b) QHG during amplification of the 20th laser
harmonic.

(a) (b) (c)

FIG. 3 (color online). FEL output power (a), temporal profile
(b), and spectrum (c) for SASE, HGHG, and QHG scenarios.
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Dispersion also acts in this case to tilt the phase space of the
particles with the large residual energy deviation at each
spike. This leads to an observable dip in the harmonic
bunching factor early on (not shown), but at that point the
coherent amplification process has been sufficiently devel-
oped that the FEL output is essentially unaffected.
We note that e beams characterized by non-Gaussian

energy spreads have been predicted to permit FEL satu-
ration at h > 15 in HGHG [9]. The impact of the QHG
scheme on such beams is worthy of additional investiga-
tion, as this approach could further improve the harmonic
range and FEL performance through similar reductions in
the WP energy spread.
Finally, 3D effects are likely to play an important role in

the implementation of this scheme in practice, particularly
for beams where ξ ¼ rbk=γ ≲ 1 because the harmonic
Ez fields are each reduced and reshaped by a factor
Fnðr; ξÞ ≤ 1 which depends on the transverse distribution
[11,25]. For a flattop distribution of radius rb, for example,
this factor is Fnðr; ξÞ ¼ 1 − nξI0ðnξr=rbÞK1ðnξÞ, and 3D
effects can be included by inserting Fn into the sum in
Eq. (5). The drift length in (7) is then increased to
Δτ≃ αh=F1ð0; ξÞ, and the energy-spread parameter con-
straint is α <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F1ð0; ξÞ=h3

p
. For a flattop beam α can be

written in practical units as α ¼ ξση0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γIA=4I0

p
, where

IA ¼ 17 kA and I0 is the peak current in the beam.
From this scaling, a 1 GeV beam with I0 ¼ 5 kA and
ση0 ¼ 10−4, for example, requires a Δτ=kp ¼ 2.7 m drift at
a spot size of rb ¼ 150 μm to reduce the WP energy spread
by a factor of 4 for the 20th harmonic of a 240 nm laser
modulation (ξ ¼ 2, α ¼ 0.008). In general, these effects
depend sensitively on the beam parameters and are the
subject of future studies.
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