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It is observed that the exact interacting ground-state electronic energy of interest may be obtained
directly, in principle, as a simple sum of orbital energies when a universal density-dependent term is added
to wð½ρ�; rÞ, the familiar Hartree plus exchange-correlation component in the Kohn-Sham effective
potential. The resultant shifted potential, w̄ð½ρ�; rÞ, actually changes less on average than wð½ρ�; rÞ when the
density changes, including the fact that w̄ð½ρ�; rÞ does not undergo a discontinuity when the number of
electrons increases through an integer. Thus, the approximation of w̄ð½ρ�; rÞ represents an alternative direct
approach for the approximation of the ground-state energy and density.
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Exact solutions of the Schrödinger wave function equa-
tion yield the necessary information for ascertaining the
electronic structures of atoms, molecules, and solids. But
these solutions are only obtainable for very simple systems.
With this in mind, Hohenberg-Kohn-Sham density func-
tional theory (DFT) was developed as a viable alternative to
the use of the Schrödinger equation. While the dimension
of thewave function growswith increasing electron number,
the electron density contains only three dimensions, inde-
pendent of the size of the system of interest.
Indeed, DFT now provides the most popular method for

obtaining approximations to the ground-state energy EGS
and ground-state density ρGSðrÞ of

Ĥ ¼
XN
i¼1

vðriÞ þ T̂ þ V̂ee; ð1Þ

where vðrÞ is the multiplicative external (usually electron-
nuclear attraction) potential of interest, T̂ is the kinetic-
energy operator, and V̂ee is the electron-electron repulsion
operator.
In DFT,

EGS ¼ min
ρ

�
Ts½ρ� þ

Z
vðrÞρðrÞdrþ G½ρ�

�
; ð2Þ

where ρðrÞ is a trial electron density, Ts½ρ� is its known
noninteracting Kohn-Sham (KS) [1] kinetic energy, and
G½ρ� is the unknown universal functional of ρðrÞ that must
be approximated. Specifically, G½ρ� is the Hartree energy
plus the exchange-correlation energy.
In traditional KS-DFT, ρGSðrÞ ¼

P
N
i¼1 jφGS

i ðrÞj2, where
the φGS

i ðrÞ’s are obtained from the following converged
noninteracting KS system [1], which results from the
minimization in Eq. (2),

h
− 1

2
∇2 þ vðrÞ þ wð½ρGS�; rÞ

i
φGS
i ðrÞ ¼ εiφ

GS
i ðrÞ;

ði ¼ 1; 2;…; NÞ; ð3Þ
with wð½ρGS�; rÞ ¼ ðδG½ρ�=δρðrÞÞjρ¼ρGS

. The EGS in Eq. (2)
is then evaluated through

EGS¼
XN
i¼1

D
φGS
i

���−1

2
∇2

���φGS
i

E
þ
Z

vðrÞρGSðrÞdrþG½ρGS�:

ð4Þ
Thus, the current procedure is to first obtain, in principle,

the φGS
i ðrÞ and ρGSðrÞ from the single-particle Kohn-Sham

Euler equations, Eqs. (3), that arise from the minimization
in Eq. (2). Then, the φGS

i ðrÞ and ρGSðrÞ are inserted into
Eq. (4) to obtain EGS. Here we introduce a procedure where
EGS is obtained, in principle, as the sum of one-electron
orbital energies from a set of KS equations that has been
modified by the presence of a density-dependent additive
constant. Now, EGS is obtained directly from the same set
of Euler equations that generate ρGSðrÞ through a “direct-
energy” KS theory.
To present our approach, we now define the potential

w̄ð½ρ�; rÞ as
w̄ð½ρ�; rÞ ¼ wð½ρ�; rÞ þ c½ρ�

¼ wð½ρ�; rÞ þ G½ρ� − R
wð½ρ�; rÞρðrÞdrR
ρðrÞdr ; ð5Þ

and observe that the φGS
i ðrÞ’s of Eq. (3) also satisfy

h
− 1

2
∇2 þ vðrÞ þ w̄ð½ρGS�; rÞ

i
φGS
i ðrÞ ¼ ε̄iφ

GS
i ðrÞ

ði ¼ 1; 2;…; NÞ;
ð6Þ
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because w̄ð½ρ�; rÞ differs from wð½ρ�; rÞ by only the density-
dependent additive constant c½ρ�, which is defined in
Eq. (5).
With w̄ð½ρ�; rÞ defined by Eq. (5), it follows through

multiplying it by ρðrÞ and integrating that

G½ρ� ¼
Z

w̄ð½ρ�; rÞρðrÞdr: ð7Þ

Thus, by multiplying Eq. (6) by φGS
i ðrÞ, summing over i,

and then integrating, it should be clear by comparison with
Eq. (4) that now EGS is the sum of orbital energies. Namely,

EGS ¼
XN
i¼1

ε̄i; ð8Þ

so that now both ρGSðrÞ and EGS are simply obtained
from the same system of equations, the new noninteracting
system Eq. (6). [Alternatively, an orbital-free counterpart to
Eq. (8) arises by the combination of Eqs. (7) and (4) and
with the kinetic-energy expression in Eq. (4) replaced by an
orbital-free one. See [2] for a recent review of orbital-free
kinetic-energies.]
G½ρ� must be approximated. This is most commonly

done without first approximating its functional derivative.
Alternatively, it is well known that G½ρ� may be approxi-
mated by approximating its functional derivative along a
designated path of densities and then performing a line
integration [3,4]. Our approach introduces a third way to
approximate G½ρ�, where it is simply obtained by integrat-
ing the product of w̄ð½ρ�; rÞ with ρðrÞ, Eq. (7). No line
integrals are taken. Observe that w̄ð½ρ�; rÞ serves both as a
potential and as a local energy density per particle number
[5]. Effectively, G½ρ� is approximated by approximating
w̄ð½ρ�; rÞ directly in Eq. (7).
For illustrative purposes only, a very rough approxima-

tion to w̄ð½ρ�; rÞ is

w̄ð½ρ�;rÞ≈ c1

Z
ρðr0Þ
jr− r0jdr

0 þc2ρ1=3ðrÞþc3f

�j∇ρðrÞjm
ρðrÞn

�
;

ð9Þ

where the first two terms are suggested by the familiar
local-density approximation for exchange. In Eq. (9),
c1, c2, c3, m, and n are parameters, and m, n, and
the function fðxÞ in the last term are such that
limjrj→∞fðj∇ρðrÞjm=ρðrÞnÞ is nonzero, a property of the
exact w̄ð½ρ�; rÞ.
Since the potential w̄ð½ρ�; rÞ must be approximated, the

objective is to have an approximate w̄ð½ρ�; rÞ that satisfies
as many known constraints as possible. By taking the
functional derivative with respect to the density on both
sides of Eq. (7), and by using Eq. (5) with the fact that
wð½ρ�; rÞ ¼ δG½ρ�=δρðrÞ, we obtain

Z
δw̄ð½ρ�; r0Þ
δρðrÞ ρðr0Þdr0 ¼ −c½ρ� ¼ − lim

jrj→∞
w̄ð½ρ�; rÞ; ð10Þ

for all r on the left-hand side, which is a key constraint
on w̄ð½ρ�; rÞ for the correct approximation of it. We have
also used the fact [6] that limjrj→∞wð½ρ�; rÞ ¼ 0. (For an
interesting example of an approximate density-functional
potential constructed in a different context but also having
a density-dependent asymptotic value, see Ref. [7].)
The satisfaction of Eq. (10) clearly provides the neces-

sary and sufficient conditions that

δ
R
w̄ð½ρ�; r0Þρðr0Þdr0

δρðrÞ ¼ wð½ρ�; rÞ; ð11Þ

which is a required constraint for w̄ð½ρ�; rÞ to generate the
exact KS orbitals, density, and ground-state energy.
To derive an intriguing inequality, let λ signify any

isoelectronic change in density, with ρλðrÞ ¼ ρðrÞ at λ ¼ 1.
[Among countless possibilities, an example is the coor-
dinate scaled density ρλðrÞ ¼ λ3ρðλrÞ.] For an infinitesimal
isoelectronic change in the density, the inequality results
from the connection between ∂w̄ð½ρλ�; rÞ=∂λ and
∂wð½ρλ�; rÞ=∂λ. To arrive at this inequality, observe that
Eq. (5) and the fact that wð½ρ�; rÞ ¼ δG½ρ�=δρðrÞ lead to

∂w̄ð½ρλ�; rÞ
∂λ ¼ ∂wð½ρλ�; rÞ

∂λ −
Z ∂wð½ρλ�; rÞ

∂λ ρ̄ðrÞdr; ð12Þ

where ρ̄ðrÞ is the density per particle, which is ρðrÞ=R
ρðrÞdr.
Next, square both sides of the above relation, multiply

by ρ̄ðrÞ, and integrate to obtain the equality that relates
∂w̄ð½ρλ�; rÞ=∂λ to the “square of the uncertainty” in
∂wð½ρλ�; rÞ=∂λ.
Namely,

Z �∂w̄ð½ρλ�; rÞ
∂λ

�
2

ρ̄ðrÞdr ¼
Z �∂wð½ρλ�; rÞ

∂λ
�

2

ρ̄ðrÞdr

−
�Z ∂wð½ρλ�; rÞ

∂λ ρ̄ðrÞdr
�
2

;

ð13Þ

from which it is clear that

Z �∂w̄ð½ρλ�;rÞ
∂λ

�
2

ρ̄ðrÞdr≤
Z �∂wð½ρλ�;rÞ

∂λ
�

2

ρ̄ðrÞdr: ð14Þ

Thus, upon any isoelectronic change in the density,
inequality (14) reveals that w̄ð½ρ�; rÞ actually changes less,
on average, than wð½ρ�; rÞ. In fact, it can be shown that
w̄ð½ρ�; rÞ also changes less than any other potential that
differs from wð½ρ�; rÞ by a density-dependent additive
constant. This is a tantalizing result.
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We now discuss nonisoelectronic changes. For this
purpose, note that any constant is annihilated when added
to wð½ρ�; rÞ in Eq. (5). This fact is important here for
understanding the differences between the behaviors of
w̄ð½ρ�; rÞ and wð½ρ�; rÞ during a fractional change [6,8] in
electron number.
Because of its exchange-correlation component, wð½ρ�; rÞ

experiences a discontinuity [6] when the number of
electrons is increased from N − δ to N þ δ, where δ is
positive and infinitesimal. Based on theoretical argu-
ments and studies of model systems [6,9], the potential
wð½ρNþδ�; r is shifted essentially by a constant with respect
to wð½ρN−δ�; rÞ until approximately a cutoff distance RðδÞ
that depends upon δ and is far out in the region of very low
density, and wð½ρNþδ�; rÞ is about the same as wð½ρN−δ�; rÞ
beyond RðδÞ, where ρMðrÞ is the ground-level density ofM
electrons. Further, RðδÞ → ∞ in the limit as δ → þ0, so
that limδ→þ0½wð½ρNþδ�; rÞ − wð½ρN−δ�; rÞ� ¼ Δxc, for all r,
where Δxc is a constant.
In contrast, it should be clear that limδ→þ0½w̄ð½ρNþδ�; rÞ−

w̄ð½ρN−δ�; rÞ� ¼ 0, for all r. This is because G½ρ� and the
norm of ρðrÞ change continuously when the number of
electrons increases from N − δ to N þ δ and because a
constant cancels out when it is added to wð½ρ�; rÞ in Eq. (5).
Consequently, the direct approximation of w̄ð½ρ�; rÞ is
expected to be facilitated by the fact that the change in
its exchange-correlation component is continuous at any r.
For implications with respect to the band-gap problem in

molecules and solids, it is well known [10,11] that Δxc is
the correction to orbital energy differences for the value
of the gap, or ionization energy minus electron affinity,
where δ is, for instance, a fraction of an electron from
the valence band that is added to the conduction band
in a semiconductor. Then, since wð½ρ�; rÞ ¼ w̄ð½ρ�; rÞ −
limjrj→∞ w̄ð½ρ�; rÞ and since w̄ð½ρ�; rÞ is electron-number
continuous, in the sense of a pointwise convergence of a
sequence of functions, it follows that the expression for the
value of the gap Eg becomes

Eg ¼ ε̄Nþ1ðNÞ − ε̄NðNÞ þ Δxc; ð15aÞ
where ε̄NðNÞ and ε̄Nþ1ðNÞ are the orbital energies from the
N-electron calculation and

Δxc ¼ lim
δ→þ0

lim
jrj→∞

½w̄ð½ρN−δ�; rÞ − w̄ð½ρNþδ�; rÞ�

¼ lim
δ→þ0

Z �
δw̄ð½ρ�; r0Þ
δρðrÞ

����
ρ¼ρNþδ

− δw̄ð½ρ�; r0Þ
δρðrÞ

����
ρ¼ρN−δ

�
ρNðr0Þdr0: ð15bÞ

Hence, Eq. (15) provides an alternative way to calculate Eg.
[The electron number continuity ofG½ρ� follows from the

ensemble approach for fractional electron number [6,8].
That is, G½ρNþδ� is the convex sum of an N-electron term

and an ðN þ 1Þ-electron term with, respectively, prefactors
ð1 − δÞ and δ. As δ → 0, the term involving δ approaches
zero, while the term involving ð1 − δÞ approaches G½ρN �.
The potential w̄ð½ρ�; rÞ does jump when δ is very small but
finite. However, this jump takes place in very low density
regions that have negligible effect upon

R
w̄ð½ρ�; rÞρðrÞdr.]

Components of w̄ð½ρ�; rÞ share characteristics of
the whole w̄ð½ρ�; rÞ. For instance, let us consider the
exchange-correlation energy, Exc½ρ�. Then, analogous to
the relationship of w̄ð½ρ�; rÞ to G½ρ�, one has

Exc½ρ� ¼
Z

v̄xcð½ρ�; rÞρðrÞdr; ð16Þ

where

v̄xcð½ρ�;rÞ¼ vxcð½ρ�;rÞþ
Exc½ρ�−R

vxcð½ρ�;rÞρðrÞdrR
ρðrÞdr ; ð17Þ

and where vxcð½ρ�; rÞ ¼ δExc½ρ�=δρðrÞ.
The direct-energy KS formulation is readily applicable

to spin-density functional theory [12], where the up-spin
w̄↑ð½ρ↑; ρ↓�; rÞ is

w̄↑ð½ρ↑; ρ↓�; rÞ ¼ w↑ð½ρ↑; ρ↓�; rÞ þ
G½ρ↑; ρ↓�R ½ρ↑ðrÞ þ ρ↓ðrÞ�dr

−
R
w↑ð½ρ↑; ρ↓�; rÞρ↑ðrÞdrR

ρ↑ðrÞdr
; ð18Þ

and the down-spin w̄↓ð½ρ↑; ρ↓�; rÞ is formed by interchang-
ing ↑ with ↓ in the above expression.
Several points should be noted about the ε̄i’s. While the

sum of the occupied ε̄i’s yields nicely the exact interacting
ground-state energy of interest, we also have

ε̄j − ε̄i ¼ εj − εi; ð19Þ
so that an orbital energy difference as an approximation to
an excitation energy is as valid with the ε̄i as with the εi.
Also, observe that the ionization energy theorem gives

IN ¼ −ε̄N þ lim
r→∞

w̄ð½ρN �; rÞ; ð20Þ

where IN and ρNðrÞ are the ionization energy and ground-
state density of the N-electron system, which means that

lim
r→∞

w̄ð½ρN �; rÞ ¼
XN−1

i¼1

½ε̄iðN − 1Þ − ε̄iðNÞ�; ð21Þ

where ε̄iðMÞ is the ith orbital energy of the M-electron
system. Equation (21) serves as a valuable constraint for the
approximation of w̄ð½ρ�; rÞ. [See Ref. [13] for examples of
the use of constraints in the spirit of Eqs. (20) and (21) in
obtaining functional approximations.]
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An important practical test for the approximation of
w̄ð½ρ�; rÞ is the requirement that the value of

P
N
i¼1 ε̄i from

an output density must not be higher than the value from
the corresponding input density at each direct-energy KS
iteration towards self-consistency. This constraint, which
embodies several exact properties of w̄ð½ρ�; rÞ, is dictated by
the recent result in Ref. [14].
Since EGS ¼

P
N
i¼1 ε̄i, it is worthwhile to employ the ε̄i’s

to assess the quality of a given approximation to w̄ð½ρ�; rÞ.
That is, our recommendation is to target the individual
ε̄i’s for improving functional approximations. EGS will
be approximated accurately if the ε̄i’s are approximated
accurately, and the ε̄i’s provide basic information not
contained in just the value of EGS. For instance, Table I
illustrates that the extent of the error of an approximate EGS
alone does not necessarily predict the extent of the errors in
the ε̄i’s when an approximate w̄ð½ρ�; rÞ is used. There are
surprises in the table.
The values of the ε̄i’s in Table I are generally, but not

always, more accurate than the values of the εi’s. What is
particularly surprising is the extent of accuracy, with most
functionals, of ε̄i for the highest-occupied orbital, as
exhibited for the Ne atom in Table I. An explanation
may provide valuable insight for understanding and
improving the functionals.
The infinite solid is typically modeled by a finite unit

cell with Bloch-type periodic boundary conditions gov-
erned by a three-dimensional k vector of the reciprocal
space. If the traditional KS system is replaced with the
direct-energy KS system, the eigenvalues become ε̄iðkÞ
instead of εiðkÞ. Since only energy differences of the εiðkÞ

can correlate with experimentally observable quantities,
the use of ε̄iðkÞ is equivalent to εiðkÞ in modeling the
band structure, while at the same time, the k-vector–
dependent ground-state energy simply becomes EGSðkÞ ¼P

N
i¼1 ε̄iðkÞ.
Time-dependent DFT (TDDFT) [17] uses orbital energies

in terms of pairwise differences as given in Eq. (19). TDDFT
also uses the Hartree-exchange-correlation (Hxc) kernel
δ2G½ρ�=δρðrÞδρðr0Þ ¼ δwð½ρ�;rÞ=δρðr0Þ. In the direct-energy
approach, the Hxc kernel is expressed in terms of w̄ð½ρ�; rÞ.
Accordingly, take a functional derivative of wð½ρ�; rÞ ¼
w̄ð½ρ�; rÞ þ R ½δw̄ð½ρ�; r0Þ=δρðrÞ�ρðr0Þdr0 to arrive at

δwð½ρ�; rÞ
δρðr0Þ ¼ δw̄ð½ρ�; rÞ

δρðr0Þ þ
Z

δ2w̄ð½ρ�; r00Þ
δρðrÞδρðr0Þ ρðr

00Þdr00

þ δw̄ð½ρ�; r0Þ
δρðrÞ : ð22Þ

Although the first functional derivative of wð½ρ�; rÞ
requires the second functional derivative of w̄ð½ρ�; rÞ, the
right-hand side of Eq. (22) as opposed to its left-hand side
shows the r ↔ r0 symmetry characteristic of the second
functional derivative δ2G½ρ�=δρðrÞδρðr0Þ. The explicit
r ↔ r0 symmetry of the exchange-correlation kernel in
terms of w̄ð½ρ�; rÞ is a possible advantage for using an
approximate w̄ð½ρ�; rÞ in TDDFT.
The higher functional derivatives of wð½ρ�; rÞ in terms of

w̄ð½ρ�; rÞ for use in TDDFT response theory (for example,
TDDFT nuclear gradients and nonlinear optics by TDDFT
[18]) can be obtained in a similar manner.

TABLE I. The exact and approximate values, in hartrees, of εi, ε̄i, and EGS ¼ P
i¼1s;2s;2px;2py;2pz

ε̄i for the Ne atom. The approximate

values are computed with a few representative pure (nonhybrid) DFT approximations to wð½ρ�; rÞ and to w̄ð½ρ�; rÞ by means of Eq. (5):
LDA (SVWN), GGA (BLYP, PBE), and meta-GGA (M11-L, revTPSS). [The quantum-chemistry computer package General Atomic
and Molecular Electronic Structure System (GAMESS) [15] was used for the calculations.] The data from Ref. [16] were adopted for the
exact values. The aug-cc-pV6Z basis set was used in the approximate calculations. The error of the approximate value with respect to the
exact one is put in parentheses in the format, “error, relative error magnitude in percent.”

Ne ε1s ε2s ε2pm
(m ¼ x; y; z)

Exact −30.82 −1.654 −0.797
SVWN −30.30 (þ0.52=1.69) −1.323 (þ0.331=20.01) −0.498 (þ0.299=37.52)
BLYP −30.52 (þ0.30=0.97) −1.329 (þ0.325=19.65) −0.491 (þ0.306=38.39)
PBE −30.49 (þ0.33=1.07) −1.333 (þ0.321=19.41) −0.490 (þ0.307=38.52)
M11-L −31.26 (−0.44=1.43) −1.555 (þ0.099=5.99) −0.533 (þ0.264=33.12)
revTPSS −30.69 (þ0.13=0.42) −1.368 (þ0.286=17.29) −0.504 (þ0.293=36.76)

Ne ε̄1s ε̄2s ε̄2pm
(m ¼ x; y; z) EGS ¼ P

i¼1s;2s;2px;2py;2pz
ε̄i

Exact −36.74 −7.573 −6.716 −128.93
SVWN −36.50 (þ0.24=0.65) −7.522 (þ0.051=0.67) −6.697 (þ0.019=0.28) −128.23 (þ0.70=0.54)
BLYP −36.76 (−0.02=0.05) −7.561 (þ0.012=0.16) −6.723 (−0.007=0.10) −128.97 (−0.04=0.03)
PBE −36.72 (þ0.02=0.05) −7.561 (þ0.012=0.16) −6.718 (−0.002=0.03) −128.87 (þ0.06=0.05)
M11-L −37.27 (−0.53=1.44) −7.568 (þ0.005=0.07) −6.546 (þ0.170=2.53) −128.95 (−0.02=0.02)
revTPSS −36.88 (−0.14=0.38) −7.558 (þ0.015=0.20) −6.694 (þ0.022=0.33) −129.04 (−0.11=0.08)

PRL 113, 113002 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

12 SEPTEMBER 2014

113002-4



In summary, we have observed that each unknown
functional in density functional theory may be obtained,
in principle, by simply integrating the product of an
appropriate potential with the density. For approximation
purposes, it is noteworthy that these potentials change
gently as the density changes, even when the electron
number increases from an integer. As in traditional Kohn-
Sham theory, the direct-energy Kohn-Sham formulation
generates the exact ground-state energy and density.
The objective is to approximate the whole w̄ð½ρ�; rÞ

directly, rather than its parts,wð½ρ�; rÞ and c½ρ�, separately.
It is the whole w̄ð½ρ�; rÞ that changes most gently with
isoelectronic processes and also does not exhibit a dis-
continuity. Indeed, as δ is increased from zero to a small but
finite value, the only significant relative change in ρGSðrÞ is
in its tail, at distant r. Since this is the only place where
w̄ð½ρ�; rÞ changes by a relatively constant shift, it means that
this change in w̄ð½ρ�; rÞ is essentially local, which is
convenient for approximating w̄ð½ρ�; rÞ. In contrast, the
change in wð½ρ�; rÞ is nonlocal in that it occurs far from
where the relative change in ρGSðrÞ is greatest.
One of the first models studied in quantum mechanics

is that of noninteracting electrons trapped in a box, where
the total ground-state energy is given simply by the sum of
orbital energies, with the orbitals occupied according to the
Pauli exclusion principle. In this Letter, we have observed
that ground-state energies of real physical interacting
systems can also be obtained as simple sums of orbital
energies. This is accomplished by adding a meaningful
universal density-dependent constant to the Kohn-Sham
Euler equations. The resultant effective one-body potential,
w̄ð½ρ�; rÞ, which acts as a functional derivative in Eq. (6) for
energy minimization and density optimization, has several
especially desirable features for its approximation. Also,
the use of w̄ð½ρ�; rÞ in Eq. (7) readily allows for the
incorporation into G½ρ� of ingredients that depend on the
density in an implicit manner, such as orbitals and orbital
energies.
We close by emphasizing that it should be clear that there

exists a meaningful potential analogous to w̄ð½ρ�; rÞ that
allows one to obtain the exact ground-state density and
energy directly from the set of Euler equations of virtually
any energy minimization formulation. For example, this
would be accomplished by augmenting the Fock operator
in Hartree-Fock theory or by augmenting the single Euler
equation for the square-root of the density [19] in orbital-free
theories.

The authors thank the National Science Foundation for
support from the SI2 Grant No. CHEM-1047772.

*mlevy@tulane.edu
†fzahari@iastate.edu

[1] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).
[2] V. V. Karasiev, D. Chakraborty and S. B. Trickey, in

Many-Electron Approaches in Physics, Chemistry and
Mathematics edited by V. Bach and L. Delle Site (Springer,
Switzerland, 2014), pp. 113–134.

[3] R. van Leeuwen and E. J. Baerends, Phys. Rev. A 51, 170
(1995).

[4] P. D. Elkind and V. N. Staroverov, J. Chem. Phys. 136,
124115 (2012).

[5] K. Burke, F. G. Cruz, and K.-C. Lam, J. Chem. Phys. 109,
8161 (1998).

[6] J. P. Perdew, R. G. Parr, M. Levy, and J. L. Balduz, Jr., Phys.
Rev. Lett. 49, 1691 (1982).

[7] R. Armiento and S. Kummel, Phys. Rev. Lett. 111, 036402
(2013).

[8] W. Yang, Y. Zhang, and P.W. Ayers, Phys. Rev. Lett. 84,
5172 (2000); W. Yang, A. J. Cohen, and P. Mori-Sanchez,
J. Chem. Phys. 136, 204111 (2012).

[9] E. Sagvolden and J. P. Perdew, Phys. Rev. A 77, 012517
(2008).

[10] J. P. Perdew and M. Levy, Phys. Rev. Lett. 51, 1884 (1983).
[11] L. J. Sham andM. Schluter, Phys. Rev. Lett. 51, 1888 (1983).
[12] U. von Barth and L. Hedin, J. Phys. C 5, 1629 (1972);

A. K.Rajagopal and J.Callaway,Phys.Rev.B7, 1912 (1973).
[13] T. Stein, H. Eisenberg, L. Kronik, and R. Baer, Phys. Rev.

Lett. 105, 266802 (2010); M. Levy and A. Görling, Phys.
Rev. B 53, 969 (1996); M. Levy and A. Görling, Phys. Rev.
A 51, 2851 (1995).

[14] L. O. Wagner, E. M. Stoudenmire, K. Burke, and S. R.
White, Phys. Rev. Lett. 111, 093003 (2013); 112,
019901(E) (2014).

[15] M. S. Gordon and M.W. Schmidt, in Theory and
Applications of Computational Chemistry, the First Forty
Years, edited by C. E. Dykstra, G. Frenking, K. S. Kim, and
G. E. Scuseria (Elsevier, Amsterdam, 2005), Chap. 41,
pp. 1167–1189; M.W. Schmidt, K. K. Baldridge, J. A. Boatz,
S. T. Elbert, M. S. Gordon, J. H. Jensen, S. Koseki, N.
Matsunaga, K. A. Nguyen, S. J. Su, T. L. Windus, M. Dupuis,
and J. A. Montgomery, J. Comput. Chem. 14, 1347 (1993).

[16] R. C. Morrison and Q. Zhao, Phys. Rev. A 51, 1980 (1995).
[17] E. Runge and E. K. U. Gross, Phys. Rev. Lett. 52, 997

(1984); M. E. Casida, in Recent Development and
Applications of Modern Density Functional Theory,
Theoretical and Computational Chemistry, edited by
J. M. Seminario (Elsevier, Amsterdam, 1996), pp. 391–439.

[18] F. Furche and R. Ahlrichs, J. Chem. Phys. 117, 7433
(2002); 121, 12772(E) (2004); F. Furche, J. Chem. Phys.
114, 5982 (2001); S. Tretiak and V. Chernyak, J. Chem.
Phys. 119, 8809 (2003).

[19] M. Levy, J. Perdew, and V. Sahni, Phys. Rev. A 30, 2745
(1984).

PRL 113, 113002 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

12 SEPTEMBER 2014

113002-5

http://dx.doi.org/10.1103/PhysRev.140.A1133
http://dx.doi.org/10.1103/PhysRevA.51.170
http://dx.doi.org/10.1103/PhysRevA.51.170
http://dx.doi.org/10.1063/1.3695372
http://dx.doi.org/10.1063/1.3695372
http://dx.doi.org/10.1063/1.477479
http://dx.doi.org/10.1063/1.477479
http://dx.doi.org/10.1103/PhysRevLett.49.1691
http://dx.doi.org/10.1103/PhysRevLett.49.1691
http://dx.doi.org/10.1103/PhysRevLett.111.036402
http://dx.doi.org/10.1103/PhysRevLett.111.036402
http://dx.doi.org/10.1103/PhysRevLett.84.5172
http://dx.doi.org/10.1103/PhysRevLett.84.5172
http://dx.doi.org/10.1063/1.3702391
http://dx.doi.org/10.1103/PhysRevA.77.012517
http://dx.doi.org/10.1103/PhysRevA.77.012517
http://dx.doi.org/10.1103/PhysRevLett.51.1884
http://dx.doi.org/10.1103/PhysRevLett.51.1888
http://dx.doi.org/10.1088/0022-3719/5/13/012
http://dx.doi.org/10.1103/PhysRevB.7.1912
http://dx.doi.org/10.1103/PhysRevLett.105.266802
http://dx.doi.org/10.1103/PhysRevLett.105.266802
http://dx.doi.org/10.1103/PhysRevB.53.969
http://dx.doi.org/10.1103/PhysRevB.53.969
http://dx.doi.org/10.1103/PhysRevA.51.2851
http://dx.doi.org/10.1103/PhysRevA.51.2851
http://dx.doi.org/10.1103/PhysRevLett.111.093003
http://dx.doi.org/10.1103/PhysRevLett.112.019901
http://dx.doi.org/10.1103/PhysRevLett.112.019901
http://dx.doi.org/10.1002/jcc.540141112
http://dx.doi.org/10.1103/PhysRevA.51.1980
http://dx.doi.org/10.1103/PhysRevLett.52.997
http://dx.doi.org/10.1103/PhysRevLett.52.997
http://dx.doi.org/10.1063/1.1508368
http://dx.doi.org/10.1063/1.1508368
http://dx.doi.org/10.1063/1.1824903
http://dx.doi.org/10.1063/1.1353585
http://dx.doi.org/10.1063/1.1353585
http://dx.doi.org/10.1063/1.1614240
http://dx.doi.org/10.1063/1.1614240
http://dx.doi.org/10.1103/PhysRevA.30.2745
http://dx.doi.org/10.1103/PhysRevA.30.2745

