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While it is well known that three dimensional quantum many-body systems can support nontrivial
braiding statistics between particlelike and looplike excitations, or between two looplike excitations, we
argue that a more fundamental quantity is the statistical phase associated with braiding one loop a around
another loop S, while both are linked to a third loop y. We study this three-loop braiding in the context of
(Zy)X gauge theories which are obtained by gauging a gapped, short-range entangled lattice boson model

with (Zy)X

symmetry. We find that different short-range entangled bosonic states with the same (Zy)¥

symmetry (i.e., different symmetry-protected topological phases) can be distinguished by their three-loop

braiding statistics.
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Introduction.—A powerful way to characterize the topo-
logical properties of two dimensional gapped quantum
many-body systems is to examine their quasiparticle braid-
ing statistics [1]. Thus, it is natural to wonder: what is the
analogous quantity that characterizes three dimensional
(3D) systems? The simplest candidate—3D quasiparticle
statistics—is of limited use since 3D systems can only
support bosonic and fermionic quasiparticles. On the other
hand, 3D systems can support much richer braiding statistics
between particlelike excitations and looplike excitations
[2-4] or between two looplike excitations [5-7]. Thus,
one might guess that particle-loop and loop-loop braiding
statistics are the natural generalizations of quasiparticle
statistics to three dimensions.

In this Letter, we argue that this guess is incorrect:
particle-loop and loop-loop braiding statistics do not fully
capture the topological structure of 3D many-body systems.
Instead, more complete information can be obtained by
considering a three-loop braiding process in which a loop
is braided around another loop £, while both are linked with
a third loop y (Fig. 1). We believe that three-loop braiding
statistics is one of the basic pieces of topological data that
describe 3D gapped many-body systems, and much of this
Letter is devoted to understanding the general properties of
this quantity. Also, as an application, we show that three-
loop statistics can be used to distinguish different short-
range entangled many-body states with the same (unitary)
symmetry—i.e., different symmetry-protected topological
(SPT) phases [8-10]. The latter result shows that the
braiding statistics approach to SPT phases, outlined in
Ref. [11], can be extended to three dimensions.

Discrete gauge theories.—For concreteness, we focus
our analysis on a simple 3D system with looplike excita-
tions, namely lattice (Zy)X gauge theory [12]. More
specifically, we consider a 3D Ilattice boson model built
out of K different species of bosons, where the number of
bosons in each species is conserved modulo N so that the
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system has a (Zy)X symmetry. We suppose that the ground
state of the boson model is gapped and short-range
entangled—that is, it can be transformed into a product
state by a local unitary transformation [13]. We then
imagine coupling such a lattice boson model to a (Zy)¥
lattice gauge field [14].

In general, these gauge theories contain two types of
excitations: pointlike “charge” excitations which carry
gauge charge, and stringlike ‘“vortex loop” excitations
which carry gauge flux. The most general charge excita-
tions can carry gauge charge ¢ = (qy, ..., gx) where each
component ¢, is an integer defined modulo N. The most
general vortex loop can carry gauge flux ¢ = (¢, ..., Px)
where ¢,, is a multiple of 2z/N. In fact, since we can
always attach a charge to a vortex loop to obtain another
vortex loop, a general vortex loop excitation carries both
flux and charge.

Let us try to understand the braiding statistics of these
excitations. In general, there are three types of braiding
processes we can consider: processes involving two
charges, processes involving a charge and a loop, and
processes involving multiple loops. Clearly, the first type of
process cannot give any statistical phase since the charges
are excitations of the short-range entangled boson model
and, therefore, must be bosons. On the other hand, the

(a)

T

FIG. 1. (a) Three-loop braiding process. The gray curves show
the paths of two points on the moving loop a. (b) A top view of
the braiding process within the plane that y lies in. (c) A torus Q,
is swept out by a during the braiding. Loop f (dashed circle) is
enclosed by Q,.
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second kind of process, involving charges and loops, can
give a nontrivial phase. More specifically, if we braid a
charge ¢ = (qy, ..., qx) around a vortex loop with gauge
flux ¢ = (¢y, ..., k), the resulting statistical phase is
given by the Aharonov-Bohm formula

where “-” denotes the vector dot product.

All that remains is to examine the braiding statistics of
loops. The simplest process one can consider [15] involves
braiding a loop a around another loop f as shown in
Fig. 2(a). To analyze this process, we use two facts about
unlinked vortex loops: First, a subset of vortex loops, which
we call “neutral” loops, can be shrunk to a point and
annihilated by local gauge invariant operators. Second, all
other vortex loops can be obtained from neutral loops by
attaching an appropriate amount of charge. With these facts
in mind, let us first suppose that both «, f# are neutral. In this
case, it follows from general principles that the statistical
phase 0,5 = 0, since we can “smoothly” [16] deform the
two-loop braiding process into another process in which « is
braided around the vacuum [Fig. 2(b)]. Now, consider the
general case where a, f# carry charge. In this case, a, ff can be
thought of as neutral loops with some attached charge. It
then follows from the Aharonov-Bohm formula (1) that the
Berry phase associated with braiding a around f is

eaﬁ’ =dYqq- ¢ﬁ' + qp - ¢a7 (2)

where q,, g5 and ¢, ¢y denote the charge and flux carried
by a, f, respectively. To see this, note that during the two-
loop braiding, the charge ¢, is braided around the flux ¢y,
and the flux ¢, is braided around the charge gp.

While the above calculations show that 3D gauge
theories can exhibit nonvanishing braiding statistics, we
can see that these statistical phases are the same for all
gauge theories with gauge group (Zy)X, independent of the
properties of the bosonic matter. Yet, we expect that the
bosonic matter should be important: if two lattice boson
models realize different short-range entangled phases with
the same symmetry (i.e., different SPT phases [8]), then,
presumably, the corresponding gauge theories belong to
distinct phases as well, by analogy with the 2D case
[11,17]. Clearly, if we want to distinguish these different
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FIG. 2. (a) Braiding of two loops a, f. (b) If @, # are neutral, the
two-loop process can be smoothly deformed into a process in
which « is braided around the vacuum.

types of 3D gauge theories, we must consider braiding
processes with more than two loops.

Three-loop braiding statistics.—For these reasons, we
are naturally led to consider a braiding process involving
two loops a, # which are linked with a third “base” loop y
(Fig. 1). When the loop a sweeps around f in a right-
handed manner, it can acquire a statistical Berry phase
which we will denote by 6,5 . where ¢, = (27/N)c with ¢
being an integer vector. We use the notation 6, ., rather
than 6,5, because 0 is insensitive to the charge attached to y
and depends only on its flux ¢, = (2z/N)c. Similarly, we
will also consider an exchange or half-braiding process in
which two identical loops @, which are linked with a base
loop with flux (27/N)c, are braided through one another
and exchange places. The statistical phase associated with
this exchange will be denoted by 6, .. Note that, throughout
this Letter, we assume the loops have Abelian statistics.

These three-loop braiding processes are fundamentally
different from the two-loop case because in the three-loop
topology, the base loop y may prevent us from shrinking «
and f to a point and annihilating them locally. As a result,
the above argument that vortex loop statistics follow the
Aharonov-Bohm law (2) is no longer valid. Thus, the three-
loop braiding statistics are less constrained than the
two-loop case.

Constraints on 0,4 . and 0, ..—We now discuss the basic
physical constraints on the three-loop braiding statistics.
One of the simplest constraints is that 0,5 . = g, .
To derive this property, we note that a process in which
a winds around f can be smoothly deformed into one
in which f winds around a. Therefore, since the stat-
istical phase is invariant under smooth deformations of the
braiding path, 6,5 . must be symmetric in a and . Another
obvious constraint is that 6,, . = 20, .. This relation is
clear since a full braiding is equivalent to performing two
exchanges in series.

Even more powerful constraints on € can be obtained by
thinking about “fusion” of vortex loops. More specifically,
there are two distinct ways to fuse loops together. In the
first type of fusion process [Fig. 3(a)], two loops /31, 3, that
are linked to the same loop y can be fused to form a new
loop “f; + p,” that is also linked to y. In the second type of
fusion process [Fig. 3(b)], two loops f;, 5, that share the
same flux g3 = ¢p, but are linked with two different loops
71 and y,, can be fused to form a loop “f;@/,”, which is
linked to both y; and y,. It is not hard to see that 6,5 . must
be linear under both fusion processes [18] (Fig. 4)

(@ (b) O )
—[——
Y2
B1B2 B1+ B2 _G_)
B2

Two ways to fuse loops together.

B1® P2

FIG. 3.
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FIG. 4. Braiding processes associated with equations (3)
[panel (a)] and (4) [panel (b)]. Here, ¢, = (22/N)c, while

¢, = 2z/N)c, and ¢,, = (27/N)c,.
H"(ﬂ1+/32)~6' = gllﬂl.,c + 6(1/}2,(;9 (3)
0(“‘®“2)(/’1®ﬁ2)~(cl+02) = 9(l|ﬁ1’6‘| + 9a2ﬁ2~02‘ (4)

To derive these identities, it suffices to show that the
processes defined by the left-hand sides of Figs. 4(a)—4(b)
can be smoothly deformed into the processes corres-
ponding to the right-hand sides of Figs. 4(a)-4(b).
These deformations are described in the Supplemental
Material [19].

One implication of the linearity of 8 (3)-(4) is that we
can reconstruct all the three-loop statistics from the
statistics of vortex loops with unit flux. The statistics of
these unit fluxes can in turn be summarized by two tensors
©;;« and O, ;. These tensors are defined by

®ij,k = Ngaﬂ,q ’ ®i,k = Nga,ekv (5)
where a,f are any two loops carrying unit flux ¢, =
(27/N)e; and ¢y = (27/N)e;, respectively, and where
e;=(0,...,1,...,0) with a 1 in the ith entry and 0
everywhere else. To see why the tensor ©; ; is well-defined
modulo 2z, note that, if we choose another set of loops
o, ' with the same flux, then the only possible topological
difference between ', and a,f is that they may have
different amounts of charge attached to them. But from the
Aharonov-Bohm formula (1), we see that attaching charge
to a and f can only shift the value of 6,5, by multiples of
27/N and, hence, can only shift ®;;, by multiples of 2.
Similar reasoning applies in the case of ©; .

Given that the ©;; ; and ©; ; effectively summarize all the
three-loop statistics, all that remains is to find the physical
constraints on these two quantities. We, now, argue that
these constraints are as follows:

Ok = Oji ks 0k = 20,4, (6)

Oijk + Ojii + Oy ; =0, (7)

®ik,i + ®i.k = 0’ ®ll = 0’ (8)
2 2

O = sz (integer), O = Wﬂ (integer). 9)

The first two constraints (6) are obvious, since they are
special cases of the more general relations discussed above.
The quantization conditions (9) are also easy to derive:
for example, to prove the first equation in (9), consider a
thought experiment in which a loop a carrying flux
¢o = (2m/N)e;, together with N identical loops f carrying
flux ¢ = (27/N)e;, are all linked to a common base loop
with flux (2z/N)e;. Now, imagine we fuse the f loops
together to form a new loop B, and then, we braid « around
B. By the linearity of @ (3), the resulting statistical phase is

gaB,ek = N©O, - ®l]k (10)

ap.e;
At the same time, we can see that g = Ngpy = 0,s0 Bisa
pure charge. It then follows, from the Aharonov-Bohm
formula (1), that 0,5, = qp - ¢, Which is a multiple of
27z/N. Combining these two observations, we deduce that
©;;x is a multiple of 2z/N. The proof of the second
equation in (9) is similar.

Equations (7)-(8) are the most interesting constraints
on O, as these relations have no analogues in the theory of
2D braiding statistics. We call Eq. (7) the cyclic relation.
A physical derivation of the cyclic relation is given in the
Supplemental Material [19]. The first equation in (8) can be
proved in a similar manner. On the other hand, we do not
have a physical derivation of ®; ; = 0, so this constraint on
® is simply a conjecture. This conjecture is supported by
two pieces of evidence: first, all the microscopic models
constructed below obey this relation. Second, we can prove
the weaker, but closely related relation 30;; = 0 (mod 2x)
using the second equation in (6) together with the first
equation in (8).

Dimensional reduction.—We now derive a formula for
the three-loop statistics that will be useful in analyzing
the microscopic models discussed later. This formula is
obtained by considering our systeminan L, X L, X L_ torus
geometry—i.e., a geometry with periodic boundary con-
ditions in all three directions. Let «, # be two loops linked
with a base loop y carrying flux ¢, = (22/N)c [Fig. 5(a)].
For concreteness, suppose that y lies in the xy plane while
a, p lie in the xz plane. When a sweeps around f, it gives
rise to a statistical phase 6,5 . which we wish to compute. To
this end, we stretch « in the z direction until it wraps all the
way around the periodic z direction. We can then fuse a with
itself, thereby splitting « into two noncontractible loops o
and o [Fig. 5(b)]. Similarly, we can stretch # in the z
direction and fuse it with itself so that it splits into 4’ and f”.
Itis clear that the braiding process involving @ and f can now
be decomposed into two separate processes in which o' is
braided around £’ and «” is braided around f”. Since these
two processes are separate, we can think of them as taking
place in two separate systems [Fig. 5(c)]. Furthermore, for
the process involving o', f/ we can stretch y in the xy plane
so that it fuses and annihilates itself. This effectively leaves a
gauge flux ¢, = (27/N)c through one of the three holes of
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FIG. 5 (color online).
braiding.

Computing three-loop statistics from 2D

the 3D torus—more precisely, the hole bounded by a
noncontractible cycle along the z direction (the “z hole”).
Likewise, for the process involving o, f” we can shrink y in
the xy plane until it fuses and annihilates itself, leaving no
gauge flux through the z hole. In this way, we see that 0,5 .
can be expressed as

eaﬁ,c = ea’[i’,c - aa”ﬁ”,O’ (11)

where the quantities on the right-hand side are statistical
phases associated with braiding two vortex lines around one
another in the xy plane. In the first term, this braiding takes
place in the presence of a gauge flux (2z/N)c through the z
hole, while, in the second term, there is no such gauge flux.
The relative sign comes from the fact that the two pairs are
braided in opposite directions. The formula (11) is useful
because each of the terms on the right-hand side can be
thought of as braiding statistics of a 2D system if we take the
thermodynamic limit L,, L, — oo, while keeping L, finite
but larger than the correlation length. An analogous formula
can be derived for the exchange statistics 6, ..

Microscopic models.—To obtain examples of systems
with nontrivial three-loop statistics, we consider “gauged”
SPT models—that is, we take the exactly soluble lattice
boson models of Ref. [8] which realize different SPT
phases, and we couple them to a gauge field. These gauged
SPT models can be equivalently [11] thought of as
Dijkgraaf-Witten models [20]. As above, we focus on
the case where the symmetry group is G = (Zy)X.

As discussed in Ref. [8], the basic input for constructing
a 3D gauged SPT model is a four-cocycle w:G* — U(1).
If two cocycles w,, w, differ by a four-coboundary v, i.e.,
w1 = w, - v, then the corresponding models belong to the
same SPT phase. Thus, inequivalent models are classified
by elements of the cohomology group H*[G, U(1)]. Here,
we focus on four-cocycle @ of the form

w(a b.c d) _ e(iZﬂ/Nz)ZijkMijkllibj<Ck+dk_[Ck+dk]) (12)

where M ;. is an integer tensor, and we parametrize the
different group elements of G = (Zy)X with integer

TABLE 1. ©;;; for the SPT models with (Zy)? symmetry.

O O O D) Opy Op,
0 (2z/N)p, —(4x/N)p, —(4z/N)p, (2z/N)p, 0

vectors a = (ay,...,ag) with a; =0,....,N—1. The
square bracket [c; + d;] is defined to be ¢+ d;
(mod N) with values taken in the range O, ..., N — 1.

Our task is to compute the three-loop statistics ©;; , and
©; ; of the gauged SPT model with cocycle w. The details
of this calculation, which is based on the formula (11),
can be found in the Supplemental Material [19]. The end
result is

2

O = N (Myj — My + M j; — My ),
2r
0;; = N (Mj; — M ;). (13)

As a consistency check, one can easily verify that these
expressions satisfy conditions (6)—(9). Conversely, it is a
straightforward mathematical exercise to check that every
©;;« and ©; ; that obeys (6)—(9) can be written in the form
(13) for some M, ;. Hence, every solution to (6)—~(9) can be
physically realized as a gauged SPT model.

Examples.—The simplest example is G = Zy. In this
case, M has only one component M;;;, and (13) gives
trivial loop statistics, ©;;; = ©;; = 0, for any choice of M.
This is a reasonable result since H*[Zy, U(1)] = 0, so all
the SPT models with G = Zy are equivalent to product
states [8].

The simplest nontrivial example is given by G = (Z)>.
In this case, if we choose M5, = p;, My, = p,, and all
other components vanishing, we obtain the three-loop
statistics shown in Table I. We can see that there are N>
distinct types of statistics that can be realized by the gauged
SPT models with G = (Zy)?. This is also a reasonable
result since H*[(Zy)?, U(1)] = (Zy)?, so the SPT models
realize N distinct phases [8,21]. Evidently, each phase is
associated with a different type of three-loop statistics.

Discussion.—The above examples show that the gauged
SPT phases with G = Zy and G = (Zy)? are uniquely
characterized by their three-loop statistics. More generally,
we find it plausible that every 3D SPT phase with unitary
symmetries is uniquely characterized by its three-loop
statistics—similar to what has been proposed in the 2D
case [11]. One subtlety in checking this conjecture for more
general G = (Zy)X is that, when K > 4, the cocycles (12)
do not exhaust all elements of H*[G, U(1)]. Furthermore,
the remaining elements of H*[G, U(1)] can lead to non-
Abelian three-loop statistics (see Ref. [22] for examples of
this phenomenon in the 2D case). Thus, a theory of non-
Abelian loop statistics may be necessary to proceed further
in this direction.
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Is three-loop statistics measurable? In principle, three-
loop statistics could be measured experimentally by per-
forming interferometry on looplike excitations; in practice,
such an experiment would be challenging. A more straight-
forward application is to numerical simulations, where
three-loop statistics could be directly extracted from an
appropriate Berry phase computation.

We thank M. Cheng, C.-H. Lin, and A. Vishwanath
for helpful discussions. This work is supported by the
Alfred P. Sloan Foundation and NSF under Grant
No. DMR-1254721.

Note added.—Recently, we became aware of an indepen-
dent work [23] containing related results on three-loop
statistics. Other recent work on this topic includes
Refs. [24,25].

[1] J.M. Leinaas and J. Myrheim, Nuovo Cimento Soc. Ital.
Fis. 37B, 1 (1977); F. Wilczek, Phys. Rev. Lett. 48, 1144
(1982); D. Arovas, J. R. Schrieffer, and F. Wilczek, Phys.
Rev. Lett. 53, 722 (1984).

[2] Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959).

[3] M. G. Alford and F. Wilczek, Phys. Rev. Lett. 62, 1071
(1989); R. Rohm, Ph.D. thesis, Princeton University, 1985.

[4] L. M. Krauss and F. Wilczek, Phys. Rev. Lett. 62, 1221
(1989); J. Preskill and L. M. Krauss, Nucl. Phys. B341, 50
(1990).

[5] C. Aneziris, A.P. Balachandran, L. Kauffman, and A. M.
Srivastava, Int. J. Mod. Phys. A 06, 2519 (1991).

[6] M. G. Alford, K.-M. Lee, J. March-Russell, and J. Preskill,
Nucl. Phys. B384, 251 (1992).

[7] J. C. Baez, D. K. Wise, and A. S. Crans, Adv. Theor. Math.
Phys. 11, 707 (2007).

[8] X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev. B
87, 155114 (2013).

[9] L. Fidkowski and A. Kitaev, Phys. Rev. B 83, 075103
(2011); F. Pollmann, A.M. Turner, E. Berg, and
M. Oshikawa, Phys. Rev. B 81, 064439 (2010); X. Chen,
Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 83, 035107 (2011);
84, 235128 (2011); N. Schuch, D. Perez-Garcia, and
I. Cirac, Phys. Rev. B 84, 165139 (2011).

[10] M.Z. Hasan and C.L. Kane, Rev. Mod. Phys. 82, 3045
(2010).

[11] M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109
(2012).

[12] Our analysis can be straightforwardly extended to gauge
theories with any finite Abelian gauge group G; we focus on
G = (Zy)¥ primarily to simplify the discussion.

[13] F. Verstraete, J.I. Cirac, J.I. Latorre, E. Rico, and
M. M. Wolf, Phys. Rev. Lett. 94, 140601 (2005); G. Vidal,
Phys. Rev. Lett. 99, 220405 (2007); X. Chen, Z.-C. Gu, and
X.-G. Wen, Phys. Rev. B 82, 155138 (2010).

[14] J.B. Kogut, Rev. Mod. Phys. 51, 659 (1979).

[15] There is also another two-loop braiding process in which a
small loop « braids around a large loop p, in the same way
that a particle braids around a loop. The statistical phase for
this process is similar to (1): g = g4 - Pp-

[16] We say that a multiloop braiding process can be “smoothly”
deformed into another process if we can interpolate between
the two processes via a sequence of local changes to the
worldsheets swept out by the loops. This sequence of local
changes can be arbitrary except that the worldsheets of any
two loops that are being braided around one another must
stay far apart during every step.

[17] M. Cheng and Z.-C. Gu, Phys. Rev. Lett. 112, 141602
(2014).

[18] The exchange statistics 6, . also satisfies linearity relations
which are analogues of (3)—(4), but we will not list them
here.

[19] See  Supplemental ~Material at  http://link.aps.org/
supplemental/10.1103/PhysRevLett.113.080403 for details.

[20] R. Dijkgraaf and E. Witten, Commun. Math. Phys. 129, 393
(1990).

[21] X. Chen, Y.-M. Lu, and A. Vishwanath, Nat. Commun. 5,
3507 (2014).

[22] M. de Wild Propitius, Ph.D thesis, University of Amsterdam,
1995, available at arXiv:hep-th/9511195.

[23] S. Jiang, A. Mesaros, and Y. Ran, arXiv:1404.1062.

[24] J. Wang and X.-G. Wen, arXiv:1404.7854.

[25] C.-M. Jian and X.-L. Qi, arXiv:1405.6688.

[26] K. S. Brown, Cohomology of Groups (Springer, New York,
1982).

[27] Y. Hu, Y. Wan, and Y.-S. Wu, Phys. Rev. B 87, 125114
(2013).

[28] C.-H. Lin and M. Levin, Phys. Rev. B 89, 195130
(2014).

080403-5


http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1007/BF02727953
http://dx.doi.org/10.1103/PhysRevLett.48.1144
http://dx.doi.org/10.1103/PhysRevLett.48.1144
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRevLett.53.722
http://dx.doi.org/10.1103/PhysRev.115.485
http://dx.doi.org/10.1103/PhysRevLett.62.1071
http://dx.doi.org/10.1103/PhysRevLett.62.1071
http://dx.doi.org/10.1103/PhysRevLett.62.1221
http://dx.doi.org/10.1103/PhysRevLett.62.1221
http://dx.doi.org/10.1016/0550-3213(90)90262-C
http://dx.doi.org/10.1016/0550-3213(90)90262-C
http://dx.doi.org/10.1142/S0217751X91001210
http://dx.doi.org/10.1016/0550-3213(92)90468-Q
http://dx.doi.org/10.4310/ATMP.2007.v11.n5.a1
http://dx.doi.org/10.4310/ATMP.2007.v11.n5.a1
http://dx.doi.org/10.1103/PhysRevB.87.155114
http://dx.doi.org/10.1103/PhysRevB.87.155114
http://dx.doi.org/10.1103/PhysRevB.83.075103
http://dx.doi.org/10.1103/PhysRevB.83.075103
http://dx.doi.org/10.1103/PhysRevB.81.064439
http://dx.doi.org/10.1103/PhysRevB.83.035107
http://dx.doi.org/10.1103/PhysRevB.84.235128
http://dx.doi.org/10.1103/PhysRevB.84.165139
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/PhysRevB.86.115109
http://dx.doi.org/10.1103/PhysRevB.86.115109
http://dx.doi.org/10.1103/PhysRevLett.94.140601
http://dx.doi.org/10.1103/PhysRevLett.99.220405
http://dx.doi.org/10.1103/PhysRevB.82.155138
http://dx.doi.org/10.1103/RevModPhys.51.659
http://dx.doi.org/10.1103/PhysRevLett.112.141602
http://dx.doi.org/10.1103/PhysRevLett.112.141602
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://link.aps.org/supplemental/10.1103/PhysRevLett.113.080403
http://dx.doi.org/10.1007/BF02096988
http://dx.doi.org/10.1007/BF02096988
http://dx.doi.org/10.1038/ncomms4507
http://dx.doi.org/10.1038/ncomms4507
http://arXiv.org/abs/hep-th/9511195
http://arXiv.org/abs/1404.1062
http://arXiv.org/abs/1404.7854
http://arXiv.org/abs/1405.6688
http://dx.doi.org/10.1103/PhysRevB.87.125114
http://dx.doi.org/10.1103/PhysRevB.87.125114
http://dx.doi.org/10.1103/PhysRevB.89.195130
http://dx.doi.org/10.1103/PhysRevB.89.195130

