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Granular piling may or may not induce a counterintuitive phenomenon of pressure dip at the center of a
pile base. Understanding the behavior is a long-standing challenge in granular dynamics modeling. Here
we show that the experimental observations of dip or nondip piles can be satisfactorily reproduced by the
classic elastoplastic models. Our results demonstrate that (i) dynamic history is a critical factor in the
successful description of a piling process and (ii) the dip phenomena are complicated, involving numerous
variables associated not only with piling operation but also material properties. Our findings can explain
why previous attempts failed to describe piling processes and may open up a new direction to describe
granular materials in nature and many industrial processes.
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Granular material, as the second largest material (next to
water) we humans handle, can widely be found in nature
and in industry [1,2]. However, different from its compar-
ative phases such as gas and liquid, it still lacks a general
theory to describe its dynamics. Elastoplastic theory is one
of the theories proposed for this purpose [3]. But it has been
challenged by recent observations of force transmission in
granular beds [4–11], particularly because of its “failure” to
predict the stress dip beneath a pile [4,5,7,9]. It is a very
intriguing phenomenon that the stress is not maximum but
locally minimum below the pile apex. As noted by de
Gennes [6], this phenomenon is directly related to the
physics of granular matter, which in 1998 was at the level
of solid-state physics in the 1930s and needs intensive
studies for many years. Clearly, breakthrough research is
much needed to overcome this problem, particularly in the
formulation of governing equations and associated con-
stitutive relations for granular materials.
The traditional elastoplastic models are commonly

thought ineffective in solving the dip problem [12]. Thus
new constitutive relations such as the hyperbolic equa-
tions [10,11,13–16] and the anisotropic elasticity [12,17,18]
have been developed to overcome this problem. Never-
theless, it seems none of them can be used generally, because
they cannot realistically mimic the piling processes that may
or may not produce a stress dip beneath a pile of particles.
Indeed, recent experimental studies have shown that granular
piling is a very complicated process, and the presence of a
dip strongly depends on the construction or growth method
of the pile. For example, it is reported that in a pile produced
by depositing particles through a localized source, the
pressure right below the pile apex is not the maximum
but shows a local decrease or “dip” [4,5,7]. On the other
hand, a pile prepared by a rainfall-like deposition will have
no observable dip [7]. This indicates that in the analysis of a
pile, the construction history matters.

One important issue then arises: what will the results be
if we indeed follow the experimental procedures to prepare
a pile in modeling and simulation? This issue represents a
critical test of the applicability of a theory in describing
granular materials. We here carry out such a test based
on two classic elastoplastic models: the Mohr-Coulomb
(MCEP) and Drucker-Prager (DPEP) [3,19]. We will show
that either of the two models, after being coupled with the
dynamic history, can satisfactorily reproduce the exper-
imental observations of dip or nondip piles. The results can
also explain why the previous continuum theories fail in
describing the formation of a sandpile.
Figure 1 illustrates how the conical piles are constructed

in our numerical tests similar to the physical experiments
[7]. The procedures are as follows. First, a packing of
particles is formed in the hopper. The particles are then
discharged from the hopper under gravity and piled up on a
plate below the hopper. This piling process is continuous
until the desired pile radius R is achieved. Finally, some
additional period is used for the pile to reach its static state
(monitored in terms of the total kinetic energy of the
system). The process inevitably involves a large flowage or
plastic deformation of material which is irreversible and
history dependent. Consequently, different construction
methods will generate different plastic deformations and
hence different piling behaviors.
In this work, granular material is treated as a continuum

medium assuming that the system scale is always much
greater than component particles or grains. Its dynamics is
governed by conservation equations of mass, momentum,
and energy, with a constitutive model describing its
intrinsic characteristics. To take the dynamic history into
account, an advanced numerical technique—Eulerian-
formulation finite element analysis (FEA)—is employed
in this study. This Eulerian approach is essentially a
“Lagrange-plus-remap” process. In each calculation step,
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it first accounts for the deformation of mesh (attached to
material) similarly to the conventional Lagrangian FEA,
and then remaps the obtained results of field variables back
to the original mesh using a second-order convection
algorithm. Thereby the original mesh can be preserved
throughout the simulation duration, and granular material
flows through the grids like a fluid. An enhanced immersed
boundary method [19] is used to consider the contact
between the Eulerian material and the boundaries such as
the support plate and hopper wall. Moreover, to determine
the volume of granular material in the computational mesh,
a variable Eulerian volume fraction (EVF) is defined, which
equals unity for grids full of material and zero for void
grids [19].
The elastoplastic models considered, i.e., MCEP and

DPEP, have both been well documented in the literature,
each comprising an elastic law, a yield criterion, and a rule
of plastic flow [3,19]. For details, please refer to the
Supplemental Material [20]. The two models can describe
the dual solid- and fluid-like behaviors: below the yield
criterion, material represented by a model behaves like an
elastic solid; otherwise, it flows like a fluid. The major
difference between them lies in the yield criterion: MCEP
can be represented by a conical-prism shaped surface in
three-dimensional stress space while DPEP corresponds to
a smoother regular-cone surface. As a result, to achieve the
same angle of repose for the pile, different values of internal

friction angle φ need to be used for the two models. In this
Letter, unless otherwise specified, we select φ ¼ 30° for the
MCEP model and φ ¼ 45° for the DPEP model, so that
they can produce approximately the same angle of repose
for conical piles. The rests of the two models are similar,
both using isotropic elasticity and nonassociated flow rule.
Other material parameters used are given in Fig. 2.
Figure 2 demonstrates the profile of pressure σyy (normal

stress in the y direction) across the bottom of a pile. The
pressure is normalized by the hydrostatic pressure as
σyy=ρgh and the z coordinate is normalized by the pile
radius as z=R. Obviously, the FEA produces distinct
pressure dips in the case of R=Wo ¼ 10 (localized source
history), and a little dip in the case of R=Wo ¼ 1 (rainfall-
like history). The FEA predicts a greater dip in conical piles
than in wedge-shaped piles if other conditions are the same.
All the predictions are comparable to the observations [7].
Note that here we simply take typical properties of granular
materials (sand and glass beads) with no fitting exercise. As
will be discussed, these parameters may affect the results
and their tuning can improve the agreement.
The dip or nondip behavior is therefore very much

related to the piling history. To depict the mechanism,

FIG. 2 (color online). Profiles of the normalized pressure
σyy=ρgh for four different piles: (a) conical pile produced with
R=Wo ¼ 10, (b) conical pile produced with R=Wo ¼ 1, (c) rec-
tangular wedge-shaped pile with R=Wo ¼ 10, and (d) rectangular
wedge-shaped pile with R=Wo ¼ 1. Points (open triangle) denote
the experimental results while solid and dash lines show the
predictions by the MCEP model and DPEP model respectively.
The operational and material parameters used in the present FEA
simulation are: Young’s modulus E=ρgWo ¼ 1276, where ρ is
the bulk density of material and g the acceleration, falling height
himp=Wo ¼ 0 and Poisson’s ratio ν ¼ 0.3. The internal friction
angle φ ¼ 30° for the MCEP model and φ ¼ 45° for the DPEP
model. Cohesion c and angle of dilatancy ψ are set to zero. The
friction between granular matter and floor is taken as μ ¼ 0.3.

FIG. 1 (color online). Construction methods of conical piles.
Half cone is shown with XY plane being the cross section. R and
h are the base radius and height of the final pile, respectively,
controlled by the dimension of plate because excess material from
the hopper will avalanche down the plate automatically.Wo is the
radius of hopper orifice. If R is much larger than Wo, the
procedure corresponds to the localized source piling method; if
R=Wo ≈ 1, the procedure is close to the rainfall-like piling
method in experiment [7]. The falling height, himp, is preserved
during the pile growth by slowly lifting the hopper. The
construction procedures are similar for rectangular wedge-shaped
piles.
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Fig. 3 compares the patterns of principal axes of stress
(PAS) between the dip and nondip piles. PAS represents the
main path of force transmission analogous to the network
of contact forces in discrete particle simulations [25–28].
Parameter α is used to measure the direction of PAS with
respect to the vertical y-axis in the bulk. The results indicate
that in the nondip case (R=Wo ¼ 1), the PAS is essentially
upright in the core regime (small α), but in the dip case, a
much larger α is present. In the latter, the PAS plays a role
of “force arching” [14,25,26] by transmitting the self-
weight to the outer regime and thereby alleviating the
pressure in the core regime. This offers one reason why a
pile may or may not have a dip. In the localized source
history (R=Wo ¼ 10), granular material tends to move
laterally over the support plate, particularly under the
impact of falling particles at the pile apex and the resulting
horizontal shear. Because of the memory effect as discussed
in [20], this eventually causes a big α and forms a dip at the
base center. By contrast, for the rainfall deposit method
(R=Wo < 2), the particles and the impact momentum are
more evenly distributed over the support plate, less hori-
zontal shear stress is generated, and hence they are less
likely to establish a stress dip in the center.
The mechanism depicted in the current analysis is

different from those reported [12,14,18,29], which largely
ignore the construction history and can only produce piles
always with a stress dip or with no stress dip. In particular,
inspired by the picture of force arches, some researchers
[14,29] disregarded the concept of material strain and used
a local rule that directly correlates the stress components to

close the governing equations. The “fixed principal axes”
(FPA) hypothesis [14] is one such rule; it postulates that the
PAS everywhere across the pile has a uniform inclination
angle. While this hypothesis does generate the desirable
pressure distribution in a particular conical heap, our results
in Fig. 3 clearly indicate that it is in fact not a necessary
condition for the occurrence of stress dips, and inhomo-
geneous PAS can also be effective. Broadly speaking, the
FPA hypothesis is too simplistic to be general and better
regarded as a special case of all the possible PAS pictures.
A fundamental feature of the present model is its

capability to take into account granular dynamics. Con-
ceptually, the historical effect can be automatically
recorded in a simulation via the path-dependent character-
istic of plastic deformation. The previous analyses, on the
other hand, only consider the final equilibrium or static
state of a pile. The historical effect is embodied by
acknowledging a few factors in their framework, for
example, in the pattern of PAS (α) in the hyperbolic
equation [14], the stress response function in the aniso-
tropic elasticity theory [18], or the Rankine states (passive
or active) in the plastic limit analysis [12]. How to precisely
determine those factors in terms of construction history
remains a subtle but complex issue, especially considering
the large variance between different granular systems
(piles, storage hoppers, and rotary drums, to name but a
few). In fact, a few FEA simulations [12,30,31] had been
carried out on the piling process. The MCEP and DPEP
models were shown ineffective in these studies, and in
order to generate a stress dip, some complex models which
often involve particular constitutive relations or treatments
were required. However, our present results demonstrate
that the “failure” should be attributed to the ignorance or
inaccurate modeling of the piling history in the previous
attempts. A comprehensive analysis of the previous ap-
proaches against the present one is detailed in Supple-
mental Material [20].
The dynamic history is related to many factors. Hence,

the dip phenomenon should be affected by many variables
associated with piling operation and material properties. To
test the sensitivity of our FEA results and to investigate the
parameter dependency, we carried out some numerical
experiments focusing on conical piles using the MCEP
model (the DPEP model produces similar results). For
convenience, the degree of dip (DOD) is quantified as
DOD ¼ 1 − pressure at the center/the maximum pressure
at the pile base. Figure 4 shows the effects of some
operational and material parameters on DOD. In the
preceding discussion, only two special cases are considered
corresponding to the rainfall-like and localized source
piling methods respectively. Here a continuous variation
of R=Wo is examined to show that the crossover between
dip and nondip occurs at around R=Wo ¼ 2. Once
R=Wo > 3, the effect of R=Wo disappears, indicating
that a scaling law applies and the pressure profiles with

FIG. 3 (color online). The angle of PAS, α (degree), for
different piling histories: (a) rainfall deposit (R=Wo ¼ 1),
(b) localized source deposit (R=Wo ¼ 10), and (c) temporal
pressure profiles at the pile base (right side). For the rainfall
deposit, only the final pressure profile is presented (left side)
because the shape of a pile does not form until the last stage. Here
α is calculated based on the three in-plane stress components:
σxx, σyy and σxy.
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different pile sizes R should collapse into one curve after
nondimensionalization as demonstrated in experiments
[4,7]. The falling height himp here stands for the kinetic
impact in the system. The results show that increasing
himp can increase the impact and slightly enhance the
pressure dip, which qualitatively agrees with the previous
experiment [7].
Material properties also play an important role here. It

can be seen that a high value of internal friction angle φ,
base friction μ or cohesion c can lead to the disappearance
of the pressure dip, even when a localized-source piling
method is used. The angle of repose is commonly used as
an adverse indicative of flowability in powder technology
[26,32,33]. It may to some degree be linked to the dipping
mechanism. Figure 4 suggests that the pressure dip is more
likely to occur to materials of low angle of repose. In
addition, the dip is shown to rise slightly with the increase
of material dilatancy ψ.
It is clear from Fig. 4 that the dipping phenomena

are complicated, dependent on many variables related to
piling operation and material properties. While more
precise tests are necessary in the future in order to better
understand the phenomena, the present results add one
more reason, in addition to the dynamic history, as to why
the previous attempts focusing on one or two variables
often fail to be general.
How to develop a general theory to describe granular

materials has been a challenge in the research community for
many years. It is commonly held that the classical continuum

theories fail, thereby more and more complicated theories
have been proposed. However, here we overturn such a
trend through a study of a very representative and critical
problem, namely the stress dip beneath a sandpile. In
particular, we show that the classical elastoplastic theories
such as MCEP and DPEP can satisfactorily predict this
intriguing phenomenon under various conditions, and the
piling history is critical to successful modeling and sim-
ulation. Thus, the traditional elastoplastic theories still have
a great potential to describe the mechanics of granular
materials, although as a continuum theory, they may have
limitations in probing the local, particle scale microme-
chanics [11,27,28,33–35]. This continuum description
should be useful for large-scale applications, e.g., the
prediction and prevention of natural disasters (e.g., land-
slide, volcano lava, and other aeromechanical phenomena),
design and control of industrial granular processes (e.g.,
stockpiling, storage silos or hoppers, rotating drums, blast
furnaces, and so on). In fact, our recent studies have
demonstrated that the proposed approach can successfully
describe complicated granular flows, including different
flow regimes related to solid- and fluid-like behaviors, in a
hopper or rotating drum. Thus, coupling the classical
continuum description with dynamic history not only
explains why previous attempts fail in describing piling
processes but also open up a new direction to describe
granular materials in nature and many industrial processes.
In the future, it is certainly worthwhile to apply this approach
to solve different granular dynamics problems and, at the
same time, to identify their application boundaries.
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