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We study persistent currents for interacting one-dimensional bosons on a tight ring trap, subjected to a
rotating barrier potential, which induces an artificial U(1) gauge field. We show that, at intermediate
interactions, the persistent current response is maximal, due to a subtle interplay of effects due to the
barrier, the interaction, and quantum fluctuations. These results are relevant for ongoing experiments with

ultracold atomic gases on mesoscopic rings.
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A quantum fluid confined on a ring and subjected to a
U(1) gauge potential displays a periodicity in the particle
current as a function of the flux of the corresponding classical
gauge field. This persistent current phenomenon is a mani-
festation of the Aharonov-Bohm effect and reflects the
macroscopic coherence of the many-body wave func-
tion along the ring. Such currents were observed more
than 50 years ago in bulk superconductors [1] and, more
recently, in normal metallic rings, overcoming the challenges
of the decoherence induced by inelastic scattering [2]. The
most recent developments in the manipulation of ultracold
atoms on ring traps [3,4] have disclosed a novel platform for
the study of persistent currents, which can be induced by the
application of a rotating localized barrier or, alternatively, by
inducing suitable artificial gauge fields [5]. Tunable localized
barriers in toroidal Bose-Einstein condensates have been
realized, using well-focused, repulsively tuned laser beams
[4]. Also, recently the engineering of an atomic super-
conducting quantum interference device was demonstrated
[6]. The unprecedented variety of interaction and barrier
strength regimes paves the way to applications such as high-
precision measurements, atom interferometry, and quantum
information, e.g., by the construction of macroscopic super-
position of current states and flux qubits [7-9].

The scenario becomes particularly intriguing if the trans-
verse section of the ring is sufficiently thin to effectively
confine the system in one dimension (1D): the rich interplay
between interactions, quantum fluctuations, and statistics
acquires a role of primary relevance. In absence of any
obstacle along the ring, the persistent currents display an
ideal sawtooth behavior as a function of the flux, i.e., perfect
superfluidity for any interaction strength at zero temperature
[10,11]. Diamagnetic or paramagnetic response depending
on the population parity is expected [ 12] for fermions but not
for bosons. If a localized barrier is added, persistent currents
are smeared—their shape taking a sinusoidal form in the case
of large-barrier or small-tunneling limit—as obtained for thin
superconducting rings from a Luttinger-liquid approach [13].
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Beyond these limiting regimes, the physics of bosonic
persistent current remains unexplored.

The aim of the present work is to provide a complete
characterization of persistent currents for 1D bosons, in all
interaction and barrier strength regimes. By combining
analytical as well as numerical techniques suited for the 1D
problem, we show that the current amplitude is a non-
monotonic function of the interaction strength and displays
a pronounced maximum in all regimes of barrier height.
The presence of an optimal regime illustrates the highly
nontrivial combination of correlations, quantum fluctua-
tions, and barrier effects. Our results demonstrate that, in a
large range of interaction strengths, unwanted impurities or
imperfections on the ring only weakly affect the system
properties. For the application to quantum state manipu-
lation, the regimes of choice should be either very weak or
very strong interactions, where the response to a localized
external probe is stronger. Our predictions are readily
amenable to experimental testing with quasi-1D ultracold
atomic gases confined in mesoscopic uniform and lattice
rings. Indeed, all the interaction regimes, from weakly
interacting quasicondensate to the impenetrable-boson
Tonks-Girardeau limit, have been experimentally demon-
strated for 1D bosonic wires [14].

Persistent currents for bosons under a gauge field—Let
us consider a 1D ring of circumference L, containing N
bosons of mass M interacting with each other via a contact
potential v(x — x’) = ¢g8(x — x’). The ring contains a local-
ized barrier modeled as U (x, 1) = Uyd(x — Vt), moving
along its circumference at constant velocity V. This induces
an effective gauge field with Coriolis flux Q = MVL/2xh
in the rotating frame. In the corotating frame, the
Hamiltonian reads

N 2 N

h L0 2m \? g
H—j:zlm <_la_xJ_LQ) +U05(xj)+§ﬂ2115(x1—x1)
| (1)
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This generalizes the Lieb-Liniger model [15] to the rotating
case and is nonintegrable due to the presence of the barrier.
The corresponding many-body energy spectrum is periodic
in Q with period 1, giving rise to the Aharanov-Bohm effect.

We consider the stationary regime, reached after the
barrier has been adiabatically switched on at early times,
such that no high-energy excitations are created. At zero
temperature, the spatially averaged particle current /(Q), or
persistent current, is obtained from the ground-state energy
E(Q) via the thermodynamic relation [16]

1(Q) = —ﬁagg) . (2)

In absence of a barrier, for any interaction strength, the
ground-state energy is given by a series of parabolas with
well-defined angular momentum, shifted with respect to
each other by Galilean translation [17] and intersecting at
the frustration points Q; = (2j + 1)/2. The corresponding
persistent current (Fig. 1) is a perfect sawtooth in the
rotating frame and a staircase in the nonrotating frame,
corresponding to states with well-defined angular momen-
tum (dashed lines). The addition of a barrier breaks the
rotational invariance and induces coherent superpositions
of states of different angular momentum. This gives rise to
gap openings in the many-body energy spectrum at the
frustration points, thus forming the working points for a
qubit based on a superposition of current states. The level
mixing is visible in the persistent current. In the rotating
frame, /(Q) is a smeared sawtooth for weak barriers (solid
lines) and a sinusoid for large barriers (dotted lines). In
order to characterize the qubit, we focus on the amplitude «
of the persistent current in the rotating frame, determining
its value for all regimes of dimensionless interaction
strength y = Mg/h’n, with ny = N/L, and dimensionless
barrier height 1 = MU,L/zh>.

Noninteracting and impenetrable boson limits.—Both for
zero and infinitely large repulsive interactions, it is possible
to find an exact solution to the many-body Schrodinger
equation HU(xy, ..., xy) = E¥(xy, ..., xy). For a noninter-
acting (NI) Bose gas, the many-body wave function
Ui (xp, oo xy) = [TV, wo(x;) is simply given by the pro-
duct of N identical single-particle wave functions y(x;),
which are ground-state solutions of the corresponding
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FIG. 1 (color online).  Persistent current (a) in the rotating frame
and (b) in the nonrotating frame, in units of I, = 2z/4/ML? for
N =18, for zero barrier (black dashed line), weak barrier
(4 = 0.2, red solid line), and strong barrier (4 = 10, blue dotted
line) at fixed interaction strength (y = 0.004).

one-body Schrodinger equation, (A?/2M)[-id, — (2x/
L)Q]zu/n + UO(S(X)Wn = &l and has energy ENI -
Ney. In the infinitely interacting limit of impenetrable
bosons, or Tonks-Girardeau (TG) gas, the solution is
obtained by mapping the system onto a gas of noninteracting
fermions subjected to the same external potential [18],
WG (Xp,.eesXy) = Hl§j<f§NSgn(xj —xz) x det[y(x;)]. The
corresponding energy Etg = ZkN:_Ol &, and density profile
n(x) = YN} |y|? directly reflect the fermionization prop-
erties of the strongly interacting Bose gas. The Friedel
oscillations of the density profile [Fig. 2(d)] are indeed a
signature of the strongly correlated regime [19].

The persistent current amplitude in the zero and infi-
nitely interacting limits, obtained from Eq. (2) (see the
Supplemental Material [21]), is shown in Fig. 3. We find
that the current amplitude depends on the interaction
regime. In particular, for all values of barrier strength, a
is always larger in the strongly interacting regime than in
the noninteracting one. This behavior is explained by
noticing that the barrier affects the lowest-lying energy
levels more than the high-energy ones [8]. As a result, the
current amplitude is smaller for noninteracting bosons,
occupying only the lowest level, than for the TG gas, where
the levels are filled up to the Fermi energy.

Weak interactions.—In order to explore the role of
interactions for quantum state manipulation, we start from
the noninteracting result and consider the effect of weakly
repulsive interactions. In this regime, we neglect quantum
fluctuations [29] and describe the fluid as a Bose-Einstein
condensate, making use of the mean-field Gross-Pitaevskii
(GP) equation. In the corotating frame, this takes the form
(h?)2M)[=i0, — 27/ L)Q*® + Uys(x)® + g|®|* P = ud,
where ® is the condensate wave function and p is the
chemical potential. This equation admits stable dark-soliton
solutions, with a size given by the healing length
E=n/\/2Mgn,. We have found an analytical solution
for ® in terms of Jacobi elliptic functions (Supplemental
Material [21]), thus extending Refs. [30] (see also Ref. [31]).
In particular, by comparing it with the numerical solution of
the GP equation, we find that the barrier pins the soliton and
turns it to the ground-state solution. The resulting density
profile has a minimum at the barrier position. The depth and
the healing length of the soliton depend on the interaction
strength, the barrier height, and the rotation velocity [see
Fig. 2(a) and the Supplemental Material [21] ]. The solitary
suppression of the density is accompanied by a winding of
the superfluid phase, known as a phase slip [inset of Fig. 2
(a)]. We note that a finite-width barrier, as could be realized
experimentally, yields very similar profiles [Fig. 2(b)]. Its
extension to multiple finite-width barriers is known to give
rise to a wealth of nonlinear modes [32].

The soliton energy is obtained from the GP energy
functional Egp|®]= [dx®*(h*/2M)[—id,—(27/L)Q)* P+
gl®|*/24+Uys(x)|®|>, which encodes the dependence
on Q also in the condensate wave function. Computing
the persistent current amplitude «, we find that it increases
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FIG. 2 (color online).
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Density profiles vs angular coordinate 8 along the ring. (a) GP analytical solution at weak interaction strength

y = 0.01 for a delta barrier for various values of the barrier strength 4; the inset shows the soliton phase vs @ for the same values of barrier
strength. (b) GP numerical solution (solid lines) at y = 0.01 for a Gaussian barrier of strength A = 1.9 for various values of the barrier
width ¢ (in units of ng 1y and corresponding barrier potential (dashed lines, in units of 10 x 2z2A%/mL?). (c) MPS solution at
intermediate interaction y = 3.3 and filling 0.15. (d) Analytical TG solution (lines) vs MPS (squares) in the hard-core limit. The other

parameters used are N = 18 and Q = 0.4 in all the curves.

monotonically with the interaction strength y, as illustrated
in Fig. 3. This is due to the fact that the healing length &
decreases at increasing interaction strength, thus yielding a
more effective screening of the barrier, thereby restoring
superfluidity.

Strong interactions.—We now turn to the effect of
quantum fluctuations on the persistent current at strong
interparticle interactions, up to the TG limit. This can be
achieved with the help of Luttinger liquid (LL) theory [33],
a low-energy, quantum hydrodynamics description of the
bosonic fluid, in terms of the canonically conjugate fields 6
and ¢ corresponding to density fluctuations and superfluid
phase, respectively. In the rotating frame, the effective LL
Hamiltonian for a uniform ring is

Hy — f;”s A " [K <8x¢(x) - i-”sz)z + % ((%ﬂ(x))z}.

3)

The microscopic interaction strength enters through the
Luttinger parameter K and the sound velocity v,. In the case
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FIG. 3 (color online). Persistent current amplitude @, in units of
Iy = 2zh/ML?, as a function of the interaction strength y at
varying barrier strength A, for N = 18, from GP equation (black
dotted lines), LL approach (blue solid lines), numerical MPS
calculations (red squares, with red thin lines as guides to the eye),
and NI and TG exact solutions (green dashes). Orange diamonds
and cyan circles are for a Gaussian barrier of width
6 =0.5,2(ng"), respectively.

of repulsive contact interactions, their dependence on the
interaction strength is known (see, e.g., Ref. [34]): at
vanishing interactions, K tends to infinity and v, vanishes,
while, in the TG limit, K = 1 and v, corresponds to the
Fermi velocity of the fermionized Bose gas.

In the presence of a barrier, nonlinear terms appear in the
Hamiltonian. We treat these perturbatively in the limits of
weak and strong barrier strength. In the regime of a
weak barrier, its contribution to the Hamiltonian H, =
[ dxUy8(x)p(x) is obtained by keeping only the lowest
harmonics in the density field expansion p(x) =
[ng + 0,0(x) /7] 32, e¥100+2lmnox yielding as the most
important term H;, ~ 2Uynq cos[20(0)]. This backscatter-
ing term breaks angular momentum conservation, allowing
for transitions between angular momentum states [35]. At
the same time, quantum fluctuations renormalize the barrier
strength down according to U = Uq(d/L)X, where d is a
suitably chosen short-distance cutoff (see the Supplemental
Material [21]). As a result, the persistent current close to the
frustration point Q = 1/2 is a smeared sawtooth

I(Q)/N = —100Q[1 — (1/46Q + Xye/x*) '] (4)
where  6Q=Q-1/2, g =MUL/7h*,  and
I, = 2zh/ML?. The corresponding amplitude a is shown
in Fig. 3. For decreasing interactions down from the TG
limit, the quantum fluctuations of density increase, sup-
pressing the barrier more strongly, hence, increasing a.
In the opposite case of strong barrier strength, we model the
transport across the barrier with a tunneling Hamiltonian
H, = —2tngcos[¢p(L) — ¢(0) + 22|, where ¢ is the tunnel-
ing amplitude. In this limit, quantum phase fluctuations lead
to a renormalization down of the tunnel amplitude [36], i.e.,

1(Q)/N = —(2t/Lh)(d/L)"/¥ sin(22Q). (5)
Note the dual nature of this result (power 1/K) in comparison
to the one obtained above for a weak barrier (power K).
Indeed, the quantum phase fluctuations increase with increas-

ing interactions, thereby suppressing the tunneling amplitude
more, thus, decreasing a. The duality between the two models
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can also be used to establish a link between the tunnel
amplitude and the barrier height [21,38]. The persistent
current amplitude for large barrier is also shown in Fig. 3.
Interestingly, the renormalization by quantum fluctuations at
intermediate interactions is effective enough to turn a rela-
tively large barrier into a weak one. This quantum healing
phenomenon completely changes the physical scenario and
illustrates the dramatic effect of interplay of interactions and
quantum fluctuations.

Both for weak and large barriers, the LL description
breaks down for sufficiently weak interactions when the
short-distance cutoff required in the theory increases, until
it becomes comparable with the system size.

Intermediate interactions and barrier strengths.—Away
from the weakly and the strongly interacting regime and
for arbitrary barrier strength, it is difficult to tackle the
many-body Schrodinger equation corresponding to the
Hamiltonian of Eq. (1) with analytical approaches; there-
fore, we employ numerical simulations based on the
density-matrix renormalization-group (see the Supple-
mental Material [21]). After discretizing the space on N
sites and using the standard Peierls construction, we map
Eq. (1) onto a Bose-Hubbard (BH) model on a 1D ring
lattice at low filling,

. ; + Ugn
Hlat = Z —tBH<€_(2mQ/NS)bjbj+1 +HC) +Tnj(nj - 1)

Jj=1

+ (BS;1nj—pn;), (6)

where b] (b;) are bosonic creation (annihilation) operators
at site j, tpy is the tunnel energy for bosons on adjacent
sites, and Ugy is the on-site repulsion energy. The phase
twist Q/N, accounts for the effect of the Coriolis flux, f is
the barrier strength, and u is the chemical potential. An
experimental implementation of the Hamiltonian of Eq. (6)
with a localized barrier on one lattice site has been recently
proposed [9]. We compute the ground-state wave function
and energy using a matrix product state (MPS) [39],
optimized for periodic boundary conditions (Supple-
mental Material [21]). The resulting density profiles are
shown in Figs. 2(c) and 2(d). As compared to Fig. 2(a), the
healing effect is much more pronounced and might be
efficiently used to screen unwanted impurities. As antici-
pated above, for large interactions the density profiles
display Friedel oscillations, in very good agreement with
the analytical predictions in the TG limit. The oscillations
are strongly damped at intermediate and weak interactions.
We also compute the amplitude « of the persistent current
for a large range of barrier heights A and interaction
strengths y (Fig. 3) [40]. We find a nonmonotonic behavior
connecting the weak- and strong-interaction results as a
consequence of the subtle interplay between backscattering
and interaction effects. This result allows us to confirm the
expected regimes of validity of the analytical estimates. We
note that the position of the maximum, i.e., the optimum
persistent current, depends on the barrier strength.

Experimental considerations.—Our results are also valid
for finite-width barriers, used in realistic implementations. We
have checked that the use of a Gaussian barrier does not lead to
qualitative changes of our results in the mean-field regime
[41] (see Fig. 3 for a choice of barrier strength; similar results
hold for all the barrier strength regimes), provided that the
barrier width remains comparable to the interparticle distance,
a condition achievable, e.g., with a microscope-focused
stirring beam [43]. Thermal fluctuations give rise to additional
smearing of persistent currents starting from a typical temper-
ature kT ~ NEy = 2n°h*ny/ ML [11,12,44]. Within typical
experimental constraints on energy and time scales, persistent
currents might be observed in the next-generation experi-
ments of mesoscopic ring traps on a chip (i.e., with a ring
diameter of ~5 pm), corresponding to a typical energy NE ~
550 Hz for ®’Rb atoms taking N = 18, as in Fig. 3.

Conclusions.—We disclosed the role of quantum fluc-
tuations and correlations in the emergence of persistent
currents of rotating bosons in reduced dimensionality, in
the presence of a localized barrier. Our results, summarized
in Fig. 3, evidence the presence of a maximum as a function
of the interaction strength, which is due to the competition
between correlations and fluctuations. While at increasing
interactions a classical bosonic field screens the barrier
more and more, going towards the strongly correlated
Tonks-Girardeau regime quantum fluctuations screen the
barrier less and less, due to the increasingly fast spatial
decay of phase-phase correlations [45]. These predictions
can be tested via time-of-flight measurements, similar to
those used to probe circulation in atomic rings [3,4].

In the present work we studied a thermodynamic quantity
—the persistent current—but the interplay of barrier and
quantum fluctuations will have a similar impact on out-of-
equilibrium properties involving wave emission, ranging
from collective modes to transport phenomena, including
shock wave generation and Hawking radiation of superfluids
[47]. Our results are also relevant to other mesoscopic bosonic
quantum fluids, as thin superconducting rings, photons in
nonlinear twisted-pipe waveguides, and solid-state photonic
or polaritonic nanocavities etched on a ring-necklace shape.

We are indebted to L. Amico, R. Citro, R. Fazio, L.
Glazman, N. Pavloff, I. Safi, P. Silvi, and W. Zwerger for
discussions. This work is supported by the ERC Handy-Q
Grant No. 258608, the Institut Universitaire de France, and
the Italian MIUR through FIRB Project RBFR12NLNA.
MPS simulations were performed on the TQO cluster of the
Max-Planck-Institut fiir Quantenoptik (Garching) and on
the MOGON cluster in Mainz.
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