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The properties of axions that constitute 100% of cold dark matter (CDM) depend on the tensor-to-scalar
ratio r at the end of inflation. If r ¼ 0.20þ0.07

−0.05 as reported by the BICEP2 Collaboration, then “half” of the
CDM axion parameter space is ruled out. Namely, in the context of single-field slow-roll inflation, for
axions to be 100% of the CDM, the Peccei-Quinn symmetry must be broken after the end of inflation, so
that axion nonadiabatic primordial fluctuations are compatible with observational constraints. The cosmic
axion density is then independent of the tensor-to-scalar ratio r, and the axion mass is expected to be in a
narrow range that, however, depends on the cosmological model before primordial nucleosynthesis. In the
standard Lambda CDM cosmology, the CDM axion mass range isma ¼ ð71� 2 μeVÞðαdec þ 1Þ6=7, where
αdec is the fractional contribution to the cosmic axion density from decays of axionic strings and walls.
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Precision cosmological measurements (e.g., [1]) have
established the relative abundance of dark and baryonic
matter in our Universe. About 81% of the matter content in
the Universe is in the form of cold dark matter (CDM),
whose composition is yet unknown. One of the most
promising hypothetical particles proposed for solving the
enigma of the dark matter nature is the axion [2,3]. Axions
were first considered in 1977 by Peccei and Quinn (PQ [4])
in their proposal to solve the strong-CP problem in
quantum chromodynamics (QCD). For this purpose, they
introduced a U(1) symmetry that is spontaneously broken
below an energy scale fa. Although the original PQ axion
with fa around the electroweak scale was soon excluded,
other axion models (“invisible” axions) are still viable [5].
Astrophysical considerations on the cooling time of white
dwarfs yield the bound [6] fa > 4 × 108 GeV, valid for
Kim-Shifman-Vainshtein-Zakharov axions. A similar bound
from supernovae applies to other axion models [6].
The hypothesis that the axion can be the dark matter

particle has been studied in various papers (see, e.g., [7–11]
and the reviews in [12,13]). In particular, in [14,15] we
examined the axion parameter space for the important case
in which axions account for the totality of the observed
CDM. We concluded that in the standard Lambda CDM
(ΛCDM) cosmology, the CDM axion mass ma can theo-
retically be either in the wide mass range ∼10−12–10−2 eV
(if the PQ symmetry breaks before the end of inflation),
or in the narrow mass range ðαdec þ 1Þð85� 3 μeV) (if the
PQ symmetry breaks after the end of inflation; here, αdec is
the fractional axion density from decays of axionic topo-
logical defects, contentiously argued to be ∼0.2, ∼10, or
∼200—see discussion at the end of the next section).
In this Letter we remark that the measurement [16] of a

tensor-to-scalar ratio r ¼ 0.20þ0.07
−0.05 in the cosmicmicrowave

background, interpreted in the single-field slow-roll infla-
tion scenario, excludes the first possibility (PQ symmetry

breaks before the end of inflation), and thus restricts the
CDM axion mass to a narrow range that begs to be located
through improved studies of axionic string decays.
As in [14,15], we impose throughout the requirement

that the axion energy density equals the total cold dark
matter density,

Ωah2 ¼ Ωch2 ¼ 0.1199� 0.0027 at 68% CL: ð1Þ

(We use the Planck+WP fits in [1] throughout.) Here, Ωa
andΩc are the densities of axions and of cold dark matter in
units of the critical density ρc ¼ 3H2

0M
2
Pl=8π, whereMPl ¼

1.221 × 1019 GeV is the Planck mass, and h is the Hubble
constant H0 in units of 100 km s−1Mpc−1. Scenarios in
which axions are only a fraction of the CDM (e.g., [17]) are
out of the scope of this Letter.
The phenomenology of axion CDMdepends on the value

of the Hubble expansion rate HI at the end of inflation,
which can be obtained from the tensor-to-scalar ratio r and
other CMB data as follows. The curvature perturbation
spectrum Δ2

Rðk0Þ at wave number k0 ¼ 0.002Mpc−1 has
been measured at 68% CL as [1]

Δ2
Rðk0Þ ¼ As ¼ ð2.196þ0.051

−0.060Þ × 10−9: ð2Þ
In single-field slow-roll inflation, tensor modes have
spectrum

Δ2
hðk0Þ ¼

16H2
I

πM2
Pl

: ð3Þ

In terms of the tensor-to-scalar ratio

rk0 ¼
Δ2

hðk0Þ
Δ2

Rðk0Þ
; ð4Þ

we have
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H2
I ¼

π

16
M2

PlΔ2
Rðk0Þrk0 : ð5Þ

Using the BICEP2 result [16]

r ¼ 0.20þ0.07
−0.05 ; ð6Þ

which has been obtained assuming r is independent of k0,
gives

HI ¼ ð1.1� 0.2Þ × 1014 GeV: ð7Þ

We remark that there seems to be tension between the
BICEP value of r and the Planck upper limit r < 0.120 at
95% (with no running of the spectral index), but as
discussed in the BICEP2 paper [16], this tension is model
dependent and can be alleviated in some models (e.g., with
a running spectral index).
Axion CDM.—Axions are the quanta of the axion field

aðxÞ [2,8], which is the phase of the PQ complex scalar
field after the spontaneous breaking of the PQ symmetry
gives it an absolute value fa. Since the U(1) vacuum is
topologically a circle, topological defects in the form of
axionic strings form at the time of the PQ symmetry
breaking. Later, at the time of the QCD phase transition
(T ∼ 102 MeV), QCD instanton effects generate an axion
potential

VðθÞ ¼ m2
aðTÞf2að1 − cos θÞ; ð8Þ

where θðxÞ ¼ aðxÞ=fa and maðTÞ is the temperature-
dependent axion mass, approximately equal to [18]

maðTÞ ¼
�
ma; for T ≲ ΛQCD;
bmaðΛQCD=TÞ4; for T ≳ ΛQCD:

ð9Þ

Here b ¼ 0.018 [10–12,14] and ΛQCD ¼ 200 MeV [19].
The (zero-temperature) axion mass ma is [2]

ma ¼
ffiffiffi
z

p
1þ z

fπmπ

fa=N
¼ 6.2 μeV ×

�
1012 GeV
fa=N

�
; ð10Þ

where z≃ 0.56 and mπ and fπ are the pion mass and
decay constant, respectively. We choose the color anomaly
index N ¼ 1 [13].
As the universe expands, two different scenarios occur

for cosmic axion production, depending on whether the PQ
symmetry breaks before (scenario B) or after (scenario A)
inflation ends ([11–13,19], and references therein).
In scenario B, which occurs for

fa > HI=ð2πÞ≃ 1.8 × 1013 GeV ð11Þ

(using the BICEP2 result for HI in Eq. (7), and assu-
ming a maximum radiation temperature after inflation
Tmax ≲HI=2π), axionic topological defects are inflated

away and play no role. The axion potential drives coherent
field oscillations with a single initial misalignment angle θi
over the observable universe. Their energy density appears
as cosmic axion energy density.
In scenario A, which occurs for

fa < HI=ð2πÞ≃ 1.8 × 1013 GeV; ð12Þ

as the Universe expands, the axion potential eventually
drives coherent oscillations with different initial angles θi;
their energy density must be averaged over a Hubble
volume. Axionic strings that form if fa ≲ Tmax break into
axion-radiating closed loops and eventually dissolve into
axions. The cosmic axion energy density contains contri-
butions from coherent oscillations (vacuum realignment)
and from string decays.
In the vacuum realignment mechanism, the equation

of motion for the zero mode of the misalignment angle
θ ¼ a=fa is

θ̈ þ 3HðTÞ_θ þ 1

f2a

∂VðθÞ
∂θ ¼ 0; ð13Þ

where the overdot indicates a derivative with respect to
time, HðTÞ ¼ 1.66

ffiffiffiffiffiffiffiffiffiffiffi
g�ðTÞ

p
T2=MPl is the Hubble rate

during the radiation-dominated epoch. For small θ, the
potential is approximately harmonic, VðθÞ ≈ 1

2
m2

aðTÞf2aθ2,
and Eq. (13) is approximated by

θ̈ þ 3HðTÞ_θ þm2
aðTÞθ ¼ 0: ð14Þ

When T ≫ ΛQCD, the axion is massless, and Eq. (14) is

solved by _θ ¼ 0, θ ¼ θiðxÞ, where θiðxÞ is the initial
misalignment angle, which generally depends on position.
The axion field is frozen at the value θi until a temperature
Tf at which

3HðTfÞ ¼ maðTfÞ: ð15Þ

Using the axion mass in Eq. (10), and assuming a standard
radiation-dominated cosmology before primordial nucleo-
synthesis, we find [14]

Tf ¼
8<
:

618 MeV ×
�
1012 GeV

fa

�
1=6

; T ≳ ΛQCD;

68.1 MeV ×
�
1018 GeV

fa

�
1=2

; T ≲ ΛQCD:
ð16Þ

The misalignment mechanism contributes a cosmic
axion density at temperature Tf equal to [13–15,19]

naðTfÞ ¼
1

2
χmaðTfÞf2ahθ2i fðθiÞi: ð17Þ

Here, the angular brackets denote a spatial average, χ is a
model-dependent factor that depends on the number of
quark flavors Nf that are relativistic at Tf [20], and the
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function fðθiÞ accounts for anharmonicity in the axion
potential, i.e., for a solution to the full axion field Eq. (13)
instead of Eq. (14) [20–24]. Here, we set χ ¼ 1.44,
consistent with Nf ¼ 3, and we consider the analytic
anharmonicity function in Ref. [14],

fðθiÞ ¼
�
ln

�
e

1 − θ2i =π
2

��
7=6

: ð18Þ

The axion number density n0 at the present time is found
by conservation of the comoving axion number density,

n0 ¼
maðTfÞχsðT0Þ

2sðTfÞ
f2ahθ2i fðθiÞi; ð19Þ

where the entropy density with g�SðTÞ degrees of freedom
at temperature T is

sðTÞ ¼ 2π2

45
g�SðTÞT3: ð20Þ

The present cosmic axion mass density ρa ¼ man0 from
vacuum misalignment follows as, taking g� as in [14],

Ωmis
a h2 ¼

(
0.236hθ2i fðθiÞiðfa;12Þ7=6; fa ≲ f̂a;

0.0051hθ2i fðθiÞiðfa;12Þ3=2; fa ≳ f̂a:
ð21Þ

where f̂a ¼ 0.991 × 1017 GeV and fa;12 ¼ fa=1012 GeV.
In nonstandard cosmologies, entropy production and/or
modified Hubble expansion rates may substantially change
the values in Eq. (21) (see, e.g., [15]).
The angle average hθ2i fðθiÞi assumes different values in

scenario A and scenario B. In scenario B, the initial
misalignment field θi is uniform over the entire Hubble
volume, but there are axion quantum fluctuations of
variance σ2θ arising from inflation, so

hθ2i fðθiÞi ¼ ðθ2i þ σ2θÞfðθiÞ: ð22Þ

Since at this stage the axion is practically massless, its
quantum fluctuations have the same variance as the inflaton
fluctuations [25],

σ2θ ¼
�

HI

2πfa

�
2

: ð23Þ

Hence, in scenario B, in which there is no contribution to
the cosmic axion density from decays of axionic topologi-
cal defects, the total axion energy density is given by

Ωah2 ¼
8<
:
0.236

h
θ2i þ

�
HI
2πfa

�
2
i
fðθiÞðfa;12Þ7=6; fa≲ f̂a;

0.0051
h
θ2i þ

�
HI
2πfa

�
2
i
fðθiÞðfa;12Þ3=2; fa≳ f̂a:

ð24Þ

In scenario A, the variance of the axion field is zero
because there are no axion quantum fluctuations from
inflation, but θi is not uniform over a Hubble volume, so θ2i
is averaged over its possible values as [14]

hθ2i fðθiÞi ¼
1

2π

Z
π

−π
θ2i fðθiÞdθi ¼ 2.67

π2

3
: ð25Þ

Hence, from Eq. (21), since fa < f̂a in scenario A,

Ωmis
a h2 ¼ 2.07ðfa;12Þ7=6 ðscenario AÞ: ð26Þ

Extra contributionsΩdec
a to the CDM axion population from

decays of axionic topological defects may be present in
scenario A. Their calculation requires difficult numerical
simulations of particle production from axionic strings
and walls evolving in the expanding universe. Results on
Ωdec

a have been discrepant and controversial for decades.
They can be expressed as ratios αdec ¼ Ωdec

a =Ωmis
a of

topological-defect decay densities to vacuum realignment
densities. For example, Refs. [26], [27], and [28] find
string-to-misalignment ratios of ∼0.16, ∼6.9� 3.5, ∼186,
respectively, while Ref. [27] argues for a combined
wall-and-string-to-misalignment ratio αdec ∼ 19� 10 (see
[15,27] for further references). Including the contributions
from decays of axionic topological defects,

Ωah2 ¼ ðαdec þ 1Þ × 2.07 × ðfa;12Þ7=6 ðscenario AÞ.
ð27Þ

Constraints.—Figure 1 shows a summary of the con-
straintson theCDMaxionparameterspaceHI–fa, showinga
completerangeforfa uptothePlanckscale.Shadedinyellow
areall regionsexcludedbeforetheBICEPmeasurement(with
the omission of the WMAP upper limit on r; the axion dark
matter experiment (ADMX) cavity axion search exclusion
band is from[29]; limits specific toparticular scenarios, likea
second order phase transition during inflation [30] or black-
hole superradiance [31], are not indicated). Axions could
have been 100% of CDM in the white region on the left
(scenarioB)andinoneof thenarrowcoloredhorizontalbands
on the bottom right, which represent theΩa ¼ Ωc condition
for the four examples of axionic string-wall decays men-
tioned above (scenario A). The BICEP2 reported measure-
ment of r is indicated by the green vertical band.
The main constraint on scenario B comes from non-

adiabatic fluctuations in the axion field, which are con-
strained by WMAP measurements. The power spectrum of
axion perturbations Δ2

aðkÞ ¼ hjδρa=ρaj2i is given by
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Δ2
aðkÞ ¼

c2ðθiÞH2
I

π2θ2i f
2
a
; ð28Þ

where cðθÞ ¼ 1þ ðθ=2Þ½f0ðθÞ=fðθÞ� is an anharmonicity
correction factor according to [24]. Hence,

Δ2
aðk0Þ

Δ2
Rðk0Þ

¼ c2ðθiÞH2
I

π2Δ2
Rðk0Þθ2i f2a

¼ α0ðk0Þ
1 − α0ðk0Þ

; ð29Þ

where the axion adiabaticity α0ðk0Þ is constrained to [1]

α0 < 0.039 at 95% CL. ð30Þ

Using the value of Δ2
Rðk0Þ in Eq. (2) and the BICEP2 result

for HI in Eq. (7), this bound can be rephrased as

θifa;12 > 3.8 × 106cðθiÞ: ð31Þ

Combined with Eq. (24), this leads to the bounds

θi < 0.99 × 10−17; fa > 3.9 × 1035 GeV: ð32Þ

The latter is much larger than the Planck scale and therefore
scenario B is excluded (on purely logical grounds, by
arguments based on black hole superradiance [31]).
Scenario A extends over the region fa < HI=2π, which

for the BICEP2 value of HI corresponds to

fa < 1.8 × 1013 GeV; ma > 0.34 μeV: ð33Þ

In this scenario, the axion energy density does not depend
on the tensor-to-scalar ratio r. The preferred PQ scale and
mass for CDM axions depend on the contribution αdec from
decays of axionic strings and walls. We find them to be

fa ¼ ½ð8.7� 0.2Þ × 1010 GeV�ðαdec þ 1Þ−6=7; ð34Þ

ma ¼ ð71� 2 μeVÞðαdec þ 1Þ6=7: ð35Þ

SinceΩah2 ≤ Ωmis
a h2 ≤ Ωch2, the numerical coefficients

also represent a cosmological upper limit on fa and lower
limit on ma.

P. G. was supported in part by NSF Grant No. PHY-
1068111.

Note added.—Very recently, two papers appeared on
similar topics [32,33].
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