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Because of the recent development of thin film and artificial superstructure growth techniques, it is
possible to control the dimensionality of the system, smoothly between two and three dimensions. In this
Letter we unveil the dimensional crossover of emergent topological phenomena in correlated topological
materials. In particular, by focusing on the thin film of pyrochlore iridate antiferromagnets grown along the
[111] direction, we demonstrate that the thin film can have a giant anomalous Hall conductance,
proportional to the thickness of the film, even though there is no Hall effect in 3D bulk material. Moreover,
in the case of ultrathin films, a quantized anomalous Hall conductance can be observed, despite the fact that
the system is an antiferromagnet. In addition, we uncover the emergence of a new topological phase, the
nontrivial topological properties of which are hidden in the bulk insulator and manifest only in thin films.
This shows that the thin film of correlated topological materials is a new platform to search for unexplored
novel topological phenomena.
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Two quintessential ingredients governing the topological
invariant of an insulator are the dimensionality and the
symmetry of the system [1–4]. For instance, in two-
dimensional electronic systems with broken time reversal
symmetry (TRS), band insulators can be classified by the
quantized Hall conductance, which generally has the form
σxy ¼ ðe2=hÞN, where e is the elementary charge and h is
the Planck constant [5]. Since N can be any integer, there
are an infinite number of ways to distinguishing band
insulators. However, when 2D and 3D electronic systems
obey TRS, there are only two different ways to discern
band insulators, which are based on the Z2 topological
index [6–11]. On the other hand, if 3D electronic systems
break TRS, all band insulators are topologically equivalent
unless additional crystalline symmetries are imposed.
Considering such an intimate relationship between the
topological property of band insulators and the dimension-
ality (and also the symmetry), one natural question is how
the dimensional crossover from the 2D to 3D limit occurs in
a thin film structure. In fact, it has recently been proposed
that in systems with TRS, that if we make a thin film by
stacking 2D topological insulators, the topological nature
of the film dramatically changes depending on the parity of
the number of stacked 2D layers. Such an oscillating
topological property of the film eventually gives rise to
a topologically nontrivial insulator in the 3D bulk
limit [12].
The main purpose of this Letter is to establish a

fundamental relationship between the dimensionality and
the topological properties of pyrochlore iridates, R2Ir2O7

(R ¼ rare earth elements). In pyrochlore iridates, due to the
interplay between spin-orbit coupling and electron corre-
lation, new topological phases can appear [13,14]. For
instance, a Weyl semimetal (Weyl SM), which has Fermi

points [Weyl points (WP)] with a 3D Dirac-like dispersion
relation around them, is proposed [15,16]. Because of the
nontrivial topological properties of Weyl points, a Weyl SM
has Fermi arcs on the surface, and can show an anomalous
Hall effect (AHE) and a chiral magnetic effect [17,18].
Here we show that thin films of pyrochlore iridates grown
along the [111] direction can show a giant AHE. In
particular, in the case of ultrathin films, quantized AHE
can be observed; the maximum magnitude of the anoma-
lous Hall conductance is proportional to the thickness of the
film. Moreover, we demonstrate the existence of a hidden
topological phase between the Weyl SM and the fully
gapped antiferromagnetic insulator (AFI) in thick films
close to the bulk limit. Contrary to the common belief that
Weyl SM turns directly into a trivial AFI as the strength of
the local Coulomb interaction (U) increases, we show that
the topological properties of the Weyl SM transfer to its
neighboring gapped insulator for a finite range of U and
bring about a new topological state, as summarized in
Fig. 2(c).
3D bulk properties.—The pyrochlore lattice can be

viewed as a face-centered cubic lattice with a tetrahedral
unit cell, as shown in Fig. 1(a). In pyrochlore iridates, a Ir4þ
ion sits on every corner of a tetrahedron. Recent theoretical
and experimental studies have shown that an antiferromag-
netic state with the AIAO-type local spin configuration can
appear in this system forU > Uc1 [15,19–25]. In the AIAO
state, four spins residing on a tetrahedron always point to,
or away from, the center of the tetrahedron as shown in
Fig. 1(b). The AIAO AFM supports two different types of
ground states depending on U, i.e., a Weyl SM and an AFI,
as described in Fig. 1(c). In fact, the Weyl SM phase has
topological stability because each WP carries an integer
chiral charge. Therefore a gapped insulator can be obtained

PRL 112, 246402 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending
20 JUNE 2014

0031-9007=14=112(24)=246402(5) 246402-1 © 2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.112.246402
http://dx.doi.org/10.1103/PhysRevLett.112.246402
http://dx.doi.org/10.1103/PhysRevLett.112.246402
http://dx.doi.org/10.1103/PhysRevLett.112.246402


only when every WP is pair annihilated, by colliding with
another WP with opposite chiral charge at U ¼ Uc2.
To consistently describe the evolution of the ground state

of the 3D bulk, as well as thin films, we numerically study a
lattice Hamiltonian proposed in Ref. [19], i.e., H ¼ H0þ
ðU=2ÞPiðni − 1Þ2, where H0¼

P
hi;jic

†
i ðt1þ it2~dij · ~σÞcjþ

P
hhi;jiic

†
i ðt01þ i½t02 ~Rijþ t03 ~Dij� · ~σÞcj. Here t1;2 (t01;2;3) indi-

cates the hopping amplitude between nearest-neighbor
(next–nearest neighbor) sites. H0 is a simple but realistic
Hamiltonian capturing various hopping processes between
the doublets, with the total angular momentum Jeff ¼ 1=2
represented by the Pauli matrices σ1;2;3. The real vectors
~dij, ~Rij, and ~Dij describe ~σ dependent hopping terms.
Recent theoretical studies of H [19–21] have shown that
when the nonmagnetic ground state is a semimetal with
quadratic band crossing at the Fermi level (quadratic SM)
[19,20,26,27], the Coulomb interaction U can give rise to
the AIAO AFM, consistent with the first-principle calcu-
lations and experiments. Considering this, we choose the
parameters of H in a way that the quadratic SM becomes
the nonmagnetic ground state, and we use the AIAO AFM
as a mean-field ground state. In the AIAO state, since the
magnitude of the local spin moment j ~mj≡m in each site is
proportional to U, we can use m as a control parameter
governing the phase diagram, including the Weyl SM
(0 < m < mc1) and the gapped insulator (m > mc1). The
Weyl SM has four pairs of WPs, and each pair of WPs with
opposite chiral charges is aligned along the [111] or its
symmetry-equivalent directions, as shown in Fig. 1(d).
Moreover, the distance between each pair increases as m
increases, and finally a pair annihilation occurs atm ¼ mc1.
It is worth noting that a recent theoretical study on a 2D
bilayer of pyrochlore iridates has shown that the AIAO state

can exist as the ground state even in a strictly 2D limit [28].
Therefore it is reasonable to assume the AIAO magnetic
state for thin films, and to describe the dimensional
crossover between 2D and 3D limits for a fixed spin
configuration.
Hall conductance of Weyl SM and cubic symmetry.—In

Weyl SMs, each WP behaves like a fictitious magnetic
monopole producing Berry curvature [15]. Because the
anomalous Hall conductivity (σxy) is proportional to
the integral of the Berry curvature in the momentum space,
theWeyl SM can show an intrinsic AHE. For example, for a
Weyl SM with only a pair of WPs at �k0 ¼ ð0; 0;�k0Þ,
σxy ¼ ðe2=hÞð2k0=2πÞ, where 2k0 is the distance between
two WPs [15,29,30]. To understand the relation between
the AHE and the distribution of WPs, it is convenient to
introduce a Chern vector ~C ¼ ðCx; Cy; CzÞ, which is
defined as σij ¼ ðe2=2πhÞϵijkCk, where ϵijk is the fully
antisymmetric tensor with ϵ123 ¼ 1 [29,31]. Therefore, for
a pair of WPs located at �k0 ¼ ð0; 0;�k0Þ, the corre-
sponding Chern vector is ~C ¼ ð0; 0; 2k0Þ. In the case of the
Weyl SM in pyrochlore iridates, there are four pairs of
WPs, due to the cubic symmetry. Since a Chern vector ~C
can be assigned to each pair of WPs, there are in total four
Chern vectors ~C1;2;3;4 with � 1

2
~C1;2;3;4 corresponding to the

location of the WPs. However, since all WPs are related by
the cubic symmetry,

P
4
i¼1

~Ci ¼ 0. Therefore the total Hall
current should be zero in the 3D bulk. However, it should
be stressed that although the net Chern vector is zero, the
Weyl SM is still topologically nontrivial because there exist
finite Chern vectors that are antiferromagnetically aligned.
Once the cubic symmetry is broken, the incomplete
cancellation of Chern vectors can generate nontrivial
responses, which is the fundamental origin of emergent
topological phenomena in thin films.
Topological properties of [111] thin films.—Viewed

along the [111] direction (“z direction” hereafter), the
pyrochlore lattice is made of vertically stacked bilayers,
composed of neighboring kagome and triangular layers
[Fig. 2(a)]. Because of such a peculiar lattice structure, the
[111] plane provides a natural direction for film growth. In
the following, we examine how the topological properties of
thin films evolve as the number of bilayers (Nb) increases, by
computing the Hall conductanceGxy numerically. Since the
finite thickness of the film induces a small gap at WPs, bulk
states in general do not touch the Fermi level for anym > 0;
hence, Gxy is expected to be quantized. However, the
nontrivial topological property of the bulk states supports
surface states (SSs) in the gap, which disturb the quantiza-
tion ofGxy in films. To understand the interplay between the
bulk and surface states, we also compute the maximum
Hall conductance Gmax

xy by imposing the half-filling con-
dition at each momentum k locally and adding the Berry
curvature of locally half-filled bands over the entire
Brillouin zone (BZ). Because the Fermi level can be in
the gap locally in eachk in this case,Gmax

xy can be quantized.

(a)

(b)

(c)

(d)

FIG. 1 (color online). (a) Structure of the pyrochlore lattice.
(b) Local spin structure of the all-in–all-out (AIAO) antiferro-
magnet (AFM). (c) Schematic 3D bulk phase diagram as a
function of local Coulomb interaction U. (d) Distribution of eight
Weyl points for the Weyl SM phase. All eight WPs are aligned
along the [111] or its symmetry-equivalent directions. Here a red
(blue) dot indicates a WP with the chiral charge þ1 (−1).
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As shown in Fig. 2(c), the phase diagram of thin films
has unexpected rich structures. At first, when
0 < m < mc1, Gmax

xy ¼ Lzσxy (Lz ¼ Nbaz is the length of
the film) increases monotonically as m increases, and
eventually reaches the maximum value of Gmax

xy ¼
ðe2=hÞNb near m ¼ mc1. To understand this, let us note
that the change of Gmax

xy describes a topological phase
transition induced by an accidental gap closing. In fact, a
gapless WP of the bulk Weyl SM turns into a group of 2D
gapped Dirac points (GDPs) in films, because kz becomes
discrete due to the finite size effect. By changing m,
whenever an accidental gap closing occurs at a GDP,
Gmax

xy shows a discontinuous change of ΔGmax
xy ¼

�ðe2=hÞ [32]. Therefore, to understand the nontrivial
variation of Gmax

xy , it is necessary to figure out the gap-
closing condition at a GDP under the open boundary
condition (BC) relevant to thin films. After straightforward
calculations, one can show that the energy of the con-
duction band minimum (Ec) and the valence band maxi-
mum (Ev) of a GDP is Ec=v ¼ �εðnÞ þ α, where

εðnÞ ¼ υðnþ 1=2Þπ=Lz (n ¼ 0; 1; 2;…) with the velocity
υ, and α is a constant. (See Supplemental Material [33].)
Since the variation of the parameter α merely induces an
overall shift of the energy spectrum near each GDP, the gap
is fixed irrespective of α. Hence a gap closing cannot be
achieved at a single GDP by varying α. However, when a
pair of WPs are coupled due to the open BC, the energy
spectra for GDPs show completely different behavior. For
such a pair of WPs, Ec;v are Ec1=v1 ¼ �ε0ðnÞ þ αþ β and
Ec2=v2 ¼ �ε0ðnÞ − αþ β, respectively. Here ε0ðnÞ ¼
2nπ=Lz and α, β are constants. Note that although the
gap of each GDP is fixed, the relative energy between two
GDPs (for example, Ec1 − Ev2) depends on a parameter α;
hence, a gap closing is possible by tuning α. It is worth
noting that in [111] films, there is always a pair of WPs
aligned along the z direction. Under the open BC, these two
WPs are coupled and projected to the center of the surface
BZ, while the other six WPs are projected to six other
independent momentum points. Therefore successive gap
closing is possible only at the Γ point leading to monotonic
stepwise increment of Gmax

xy . Since the largest Hall con-
ductance achievable through a pair of WPs is equal to
ðe2=hÞNb, this limits the upper bound forGmax

xy . Contrary to
Gmax

xy , the quantized Gxy can be observed only in ultrathin
films with Nb < 4 due to SS, as shown in Fig. 2(b).
However, the overall change ofGxy followsGmax

xy , and giant
Gxy can be observed near m ¼ mc1.
The hidden topological phase.—Another intriguing

aspect of Fig. 2(c) is that a finite AHE can be observed
even beyond the bulk quantum critical point (mc1). Since
bulk states are fully gapped for m > mc1, the variation of
Gmax

xy is possible only if the film supports intrinsic SSs
connecting the bulk valence and conduction bands. To
understand such a nontrivial variation of Gmax

xy , let us first
describe the surface spectrum of a thick film, which has
kagome lattice on both the top and bottom surfaces. As
shown in Fig. 3(a), when 0 < m < mc1, there are three
pairs of Fermi arcs in the surface BZ whose end points
correspond to the projection of bulk WPs to the surface. As
m increases, the size of the Fermi arcs increases until they
hit the BZ boundary at m ¼ mc1, signaling a Lifshitz

(a)

(c)

(b)

FIG. 2 (color online). (a) Lattice structure of [111] thin films.
(b) The detailed changes of Gxy (blue) and Gmax

xy (red). For
Nb ¼ 1, Gxy and Gmax

xy are the same. The vertical dotted line
indicates the critical point mc1. (c) Evolution of the phase
diagram of [111] thin films as the number of bilayers Nb
increases. The top (bottom) surface of each film is terminated
by a triangular (kagome) layer. The dotted lines schematically
describe the change of maximum anomalous Hall conductance
Gmax

xy of the system.

(a) (b) (c) (d)

FIG. 3 (color online). Fermi surface shape due to localized in-
gap states. Here the film is composed of 20 bilayers with an
additional kagome layer on the top; hence, it has kagome layers
on both the top and bottom surfaces. The red (blue) lines indicate
the states at EF localized on the top (bottom) surfaces, and there is
no surface state in the green region. For 0 < m < mc2, the surface
states maintain the chiral nature, suppressing backscatterings.
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transition [Fig. 3(b)]. When m > mc1, the Fermi surface
turns into two different closed loops centered at the corners
of the BZ, respectively [Fig. 3(c)]. It is worth noting that the
surface spectrum persists in the gap even when m > mc1,
which eventually disappears when m > mc2 [Fig. 3(d)].
On the other hand, when the unit bilayers are stacked

along the z direction, the top and bottom surfaces have
different lattice structures [Fig. 4(b)]. One interesting
property of the surface terminated by a triangular lattice
is that there are additional localized SSs, which are not of
topological origin [33]. In fact, because of the lattice
geometry, many localized states that are confined around
each hexagonal plaquette of the lattice can appear in the
pyrochlore lattice [36]. Such lattice geometry–induced
localized states can induce remarkable physical conse-
quences, such as the emergence of a flat band with a large
Chern number when a suitable spin-orbit coupling is added
to the Hamiltonian [37]. In pyrochlore iridate thin films, the
geometry-induced SS induces the coupling between the
valence and conduction bands when m > mc1, as shown in
Fig. 4(b). Here, the two in-gap states crossing near the
momentum K2 are SSs localized on the top and bottom
surfaces, respectively. By comparing Figs. 4(a) and 4(b),
one can see that the SS smoothly connected to the valence
band is nothing but the SS of topological origin related with
the Weyl SM, whereas the other SS connected to the
conduction band is a lattice geometry–induced SS. Such a
crossing between two SSs induces a huge change in Gxy
and Gmax

xy , finally leading to the trivial AFI at m ¼ mc2,
beyond which two SSs decouple and Gmax

xy vanishes.
Discussion.—As described above, thin films of pyro-

chlore iridates offer a unique opportunity, which has
various aspects. (i) This is the first realistic AFM showing
the quantized AHE due to the scalar spin chirality without
the uniform magnetization [38]. The antiferromagnetic
phase has two degenerate ground states, i.e., the AIAO
state and its time-reversed partner. Because the Hall
conductances of these two phases have the opposite sign,

metallic conducting channels can appear at domain walls.
(ii) The bulk-surface correspondence of the hidden topo-
logical phase belongs to a new class; i.e., the SSs carry
large Chern numbers, which in principle can be propor-
tional to the thickness Lz ¼ Nbaz of the film, while the 3D
bulk system (Lz → ∞) is not topological, with zero Chern
number. This apparently contradictory behavior is
explained by the fact that exponentially small overlap,
i.e., ∼ expð−Lz=ξÞ (ξ ∼ ta=EG is the correlation length
determined by the transfer integral t, the band gap EG, and
the lattice constant a), between the SSs on the top and
bottom produces the Chern numbers; hence, this carries the
information about the bulk. In the limit of Lz → ∞, this
overlap can be neglected and the Chern number vanishes.
Recent experiments on Nd2ðIr1−xRhxÞ2O7 have shown

that conducting channels localized at domain walls exist in
both the insulating and semimetallic samples [39,40]. Our
study clearly shows that the SSs associated with the
antiferromagnetically aligned Chern vectors can appear
in both the insulating and Weyl semimetallic phases,
consistent with the experiment. Although the domain wall
is different from the open surface of films in a strict sense,
the emerging metallic states share the same topological
origin [41].
We conclude with a discussion about fluctuation effects.

There is a lot of experimental evidence supporting the
AIAO state in R2Ir2O7 (R ¼ Nd, Eu, Y) [23–25]. These
materials have the insulating ground state because the local
momentm is large enough to induce the pair annihilation of
WPs. Hence, in bulk materials, the Weyl SM can be
observed only near the vicinity of the metal-insulator
transition temperature where m is small. However, in thin
films, due to the enhanced fluctuation effects induced by
the finite thickness, m can be reduced significantly. (See
Supplemental Material [33].) Therefore fabricating thin
films is a promising way to observe the exotic properties of
the Weyl SM in pyrochlore iridates.
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