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Most previous studies have focused on high-order harmonic generation beyond the ionization threshold;
mechanisms of below-threshold harmonics are less understood. We schematically study the harmonic
emission process in this region by numerically solving the time-dependent Schrödinger equation of an atom
in laser fields. We show that, besides the quantum path interference mechanism recently identified, the
effects induced by the Coulomb potential also have a critical impact on these harmonics. These
mechanisms can be distinguished in the structure of harmonic spectra by changing the laser wavelength
and peak intensity. We find that the long quantum orbits can influence lower-order harmonics at a higher
laser intensity. In addition, we show that the intensity-dependent steps of harmonic yield can disappear for
certain harmonic orders, due to the trapping in the Rydberg states before recombination, which can explain
recent experimental observations.
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The interaction of strong laser fields with atoms or
molecules can lead to high-order harmonic generation
(HHG), which can be applied as tabletop-coherent light
sources in a wide frequency range [1–4]. The generation
of these high-order harmonics can be understood by a
semiclassical three-step model: the electron’s tunneling
ionization, its acceleration in the laser electric field, and
its recombination with the ionic core [5,6]. In this scenario,
strong-field approximation (SFA) can identify the trajecto-
ries of the particular electron that contribute to some
specific harmonics and, thus, can give an intuitive under-
standing of the HHG process via the quantum path
interference [7].
Most previous studies have concentrated on the har-

monic generation beyond the ionization threshold. Less
attention has been paid to the below-threshold harmonics
(BTH), which were thought to be perturbative responses
to the external laser field [8]. Several experiments were
carried out for BTH in an elliptically polarized field
[9–11] in the 1990s. An anomalous ellipticity dependence
of harmonic yield was observed for a certain order of BTH.
A theoretical study based on the Coulomb-corrected SFA
was developed to partially explain the anomaly [12], but
this method cannot explain the atomic species dependence
observed in Ref. [11].
Very recently, Yost et al. [13] showed that high-repetition

BTH can be applied to generate the frequency comb in the
vacuum-ultraviolet range [14,15]. By exposing Xe into an
intense 1070-nm driving laser field at different intensities,
they observed interference in the harmonic yield of BTH,
which indicates that there are contributions of long quan-
tum orbits from electrons accelerated in the laser field for
about one optical cycle. Soon after, negative dispersion was
observed in BTH of a Keldysh-scaled system of Cs in a

3.6-μm laser [16], which also indicates nonperturbative
quantum orbits have an effect in this range. Moreover, the
different contributions from the generalized short and long
quantum orbits were clearly identified in near-threshold
harmonics from aligned molecules [17]. All of these
experimental observations suggest new mechanisms for
BTH beyond the perturbation theory.
Several theoretical studies for BTH have been carried out

[18–20]. The conventional three-step model for HHG is not
directly applicable to this region, though its generalization
can be used to qualitatively understand the process [17,20].
In the generalized model, the Coulomb potential is taken
into consideration during the acceleration process, and
electrons ionized around the maximum of the laser electric
field will contribute to BTH. When these electrons return to
the core after about one optical cycle, they may acquire
negative total energies; this can lead to the emission of a
photon with energy less than the ionization potential Ip.
The superposition of these long quantum orbits and short
orbits with a near-zero phase has been used to explain the
prominent intensity-dependent steps of these harmonics.
However, both experiment and ab initio calculations in
Ref. [13] observed less-pronounced steps for the ninth
harmonic in Xe, which suggests that competing mecha-
nisms, other than the quantum path interference, may exist.
One natural question is whether abundant excited states
have any effects on the generation of BTH.
In this Letter, we schematically investigate BTH by

numerically solving the time-dependent Schrödinger equa-
tion (TDSE) with a real Coulomb potential of atomic
hydrogen. Unlike the previous investigations of BTH,
where only the laser intensity was scanned, we vary both
the laser wavelength [21,22] and peak intensity to identify
possible mechanisms of BTH. We find that, besides the
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quantum path interference mechanism, resonance effects
[23–25], both in the photon absorption and photon emis-
sion step, also have a crucial impact on the generation of
BTH. The resonance mechanism reveals the influence of
the Coulomb potential on the harmonic generation. We can
identify different signatures of these two mechanisms
in BTH.
The details of the numerical solution to the TDSE can

be found in our previous work [26–28]. All spatial and
temporal parameters are varied to make sure all the
harmonic spectra are fully converged. In Fig. 1, we show
yields of harmonics up to order 15 at a peak intensity of
I0 ¼ 6 × 1012 W=cm2, with various wavelengths from
702 to 1080 nm (a 20-cycle sin2 pulse is used for each
wavelength λ). As seen from this Figure, the spectra from
fifth to eleventh order vary drastically with the change of λ
and show very complicated structures, which cannot be
explained solely by the quantum path interference. Indeed,
in the BTH region, the resonance effects with respect to the
excited states can also dramatically change the harmonic
yields. Besides the expected odd harmonics, emissions of
almost-fixed photon energies at all wavelengths can also be
observed in Fig. 1. The most prominent of such emissions
is at the photon energy of 0.375 a.u., which corresponds
to the bound-bound transition from 2p to 1s state. These
emissions are similar to the atomic line emission, recently
observed in experiments along with the harmonic gener-
ation [29–31]. When the bound state energy difference
approximately matches multiples of the photon energy,
the electrons can be pumped to 2p state through a multi-
photon absorption. This mechanism will be discussed in
the following paragraph as resonance absorption. For the
wavelengths for which the photon energies do not satisfy
the resonance condition, our studies show that the excita-
tion mechanism can be a quasistatic excitation (for details,
see Sec. A of the Supplemental Material [32]) since it is
insensitive to the wavelength and the laser ellipticity. The
ellipticity insensitiveness for this excitation mechanism
may be related to the experimentally observed abnormal

ellipticity dependence for a certain order of harmonic
[9–11]. Because this kind of excitation is quite weak
compared with multiphoton excitation, it will not influence
the signal of odd harmonics we discuss in the following,
where multiphoton absorption dominates.
Hereafter, we will focus on the fifth, seventh, and ninth

harmonics in Fig. 1. For better quantitative understanding
of the BTH spectra, we integrate the harmonic yield
within about one photon energy range for each harmonic.
In Fig. 2, we show the integrated yield of the fifth, seventh,
and ninth harmonics by changing the driving laser wave-
length from 702 to 820 nm at different peak intensities. One
can see that all three harmonics have a common feature,
i.e., two series of peaks with different intensity dependence.
Since the seventh harmonic has the clearest structures with
two series of peaks [marked as A and B in Fig. 2(b)], we
will first analyze this harmonic. Obviously, peak A barely
changes with the intensity, while peak B shifts to a shorter
wavelength as the peak intensity increases. These two
peaks can be explained by the two different mechanisms
mentioned above.
We first consider the multiphoton resonance absorption

mechanism with respect to excited states. It should be noted
that the multiphoton absorption (sensitive to the driving
laser wavelength) is much stronger than the quasistatic
excitation for the driving laser discussed here. When the
energy difference between two ac Stark-shifted bound
states matches Nω, the yield of neighboring harmonic
orders close to N can be significantly enhanced [23,24].
This enhancement is due to the higher probability of
electron absorption photons when a bound state acts as

FIG. 1 (color online). Harmonic spectra of hydrogen interacting
with an intense driving laser at a peak intensity I0 ¼ 6×
1012 W=cm2, with the laser wavelength changed from 702 to
1080 nm.
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FIG. 2 (color online). The integrated harmonic yield for (a) fifth,
(b) seventh, and (c) ninth harmonic as a function of the wave-
length at various peak intensities.
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an intermediate state. Thus, we denote this mechanism as
“resonance absorption,” to distinguish it from the “reso-
nance emission” mechanism that will be discussed later.
A multiphoton resonance absorption has features closely
related to the properties of dressed bound states in a laser
field. When the peak intensity increases, two main effects
emerge: On the one hand, the wavelength of the resonance
peak moves slightly because the energy difference between
two bound states is quite stable against the change of I0. On
the other hand, the width of the resonance peak becomes
broader due to the shorter lifetime of the excited states. In
the present Letter, the positions of the resonance peaks are
carefully identified for different intensities using the time-
dependent autocorrelation method [33]. It turns out that
most of the enhancement spots shown in Fig. 1 correspond
to a multiphoton resonance absorption between low-lying
excited states from jn ¼ 2i to jn ¼ 5i with respect to the
ground state. Peak A shown in Fig. 2 is one of them, which
can be identified as a six-photon resonance with the shifted
jn ¼ 2i state. When I0 becomes even higher, the spectrum
becomes so broad that there is practically no clear peak.
In addition, peak B moves towards this wavelength range
and further obscures the resonance peak A.
There are peaks in Fig. 1 that cannot be explained by

resonance with any state. Peak B marked in Fig. 2(b) is
one of them; it has a rather different behavior compared
with peak A. In the following, we will show that peak B is
related to the quantum path interference in BTH as recently
discussed [17,20]. In the SFA picture, the quantum path
interference is related to the channel closing number
defined by R ¼ ðUp þ IpÞ=ω [34], where Up ¼ I20=4ω

2

is the ponderomotive energy, Ip is the ionization energy,
and ω is the driving laser frequency. Gentle peaks will
emerge when R is a little smaller than an integer. The
harmonic yields in BTH cannot be accurately estimated by
the conventional SFA, while the concept of quantum orbits
in SFA can be generalized to understand the phenomenon.
For the case of BTH, the electrons with long quantum orbits
will return to the core after its excursion in the laser field
for about one optical cycle. From a simplified quantum path
interference model [35], the superposition of these long
orbits and the short orbits with a near-zero phase can lead
to interference peaks spaced by δR ≈ 1. These peaks are
similar to the gentle peaks in SFA caused by the super-
position of several trajectories. In Fig. 2, peak B at all
laser intensities satisfies R ≈ 8.8. In Fig. 1, there are at least
two other noticeable peaks relating to the quantum path
interference, which correspond, respectively, to R ≈ 9.8
(at about 867 nm, which is not obvious due to several
resonances nearby, marked as B0 in Fig. 1) and R ≈ 10.8 (at
about 950 nm, marked as B00 in Fig. 1). These observations
suggest that these peaks are mainly contributed to by the
interferences of generalized short-long quantum orbits in
the BTH region. We will come back to this point later for
further confirmation.

Now let us turn to the integrated yield of the fifth
harmonic shown in Fig. 2(a). Compared to the seventh
harmonic, the fifth harmonic has roughly similar patterns
in the resonance peak. However, one major difference for
the fifth order is that peak B, related to the quantum
path interference, is absent at peak intensities lower than
6 × 1012 W=cm2, but gradually emerges as I0 is further
increased. To understand this phenomenon, we assume that
for a lower laser intensity, the electrons with long quantum
orbit have a larger return energy. When the return energy is
not low enough to emit a photon corresponding to the fifth
harmonic, one cannot observe the quantum path interfer-
ence contribution in the harmonic spectra. Our assumption
can be confirmed by the semiclassical model introduced in
Ref. [20]. Here we use this model with a soft-core Coulomb
potential to qualitatively analyze the above phenomenon.
In Fig. 3(a), we show the semiclassical results for the lowest
return energy of electrons by changing the laser peak
intensity. As we can see, when the laser intensity increases,
the lowest return energy drops. The lowest return energy
is related to the lowest harmonic order to which the
long quantum orbit can contribute. This confirms our
assumption and explains why quantum path interference
at the fifth harmonic emerges at higher laser intensities.
To make this point more clear, we choose the electron with
the lowest return energy and show in Fig. 3(b) its energy
evolution with time after its ionization for three different
peak intensities. We can see that for a higher intensity, the
electron travels a longer time and returns to the core with
a lower energy. This semiclassical investigation further
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FIG. 3 (color online). (a) The lowest return energy as a function
of the laser intensity calculated from the semiclassical model.
(b) The evolution of the electron energy with time after ionization
at three different laser intensities (W=cm2). Each arrow indicates
the moment and the energy when this electron recombines with
the core.
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confirms that peak B in the seventh harmonic [see Fig. 2(b)]
indeed comes from the contribution of long quantum orbits.
Finally, we will look at the difference between the

seventh and ninth harmonics, as shown in Figs. 2(b) and
2(c), respectively. Generally speaking, the ninth harmonic
has structures qualitatively similar to those of the seventh,
except that the quantum path interference peak B in the
ninth order is much broader than that in the seventh order.
This is caused by the other resonance mechanism: reso-
nance in the recombination step. We call this mechanism
the resonance emission. To understand this mechanism, we
introduce a four-step model similar to that in Ref. [36]. In
that model, the role of the autoionizing state was inves-
tigated, while here we pay attention to all of the excited
states. The model can be described as follows: (1) ioniza-
tion, (2) propagation in different trajectories, (3) trapping in
the excited states when returning back to the core, and
(4) emission of a photon. The existence of the being-
trapped step can be verified through the harmonic spectra
shown in Sec. B of the Supplemental Material [32]. The
emitted photon energy shifted from the odd harmonics
down to the atomic emission energy when the harmonic
energy is slightly higher than the bound state energy. In the
three-step model, trajectories with different phases in the
propagation step cause the quantum path interference. For
the four-step model, another phase will be induced in the
trapping step. The additional phase is related to how long
the electron stays in the excited state. For the ninth
harmonic, many bound states can get involved at this
wavelength range, which can cause broadening of the
quantum path interference peak.
To illustrate this point, we investigate the intensity

dependence of both the seventh and ninth harmonics at
810 and 790 nm, as shown in Figs. 4(a) and 4(b),
respectively. For the 810 nm case, the ninth harmonic
energy is resonant with high-lying Rydberg states, while
the seventh harmonic is resonant with 2p state. The
electrons that generate the ninth harmonic will be trapped
in the high-lying Rydberg states, while those that generate
the seventh harmonic can be captured by the 2p state. For
the high-lying Rydberg states, a stable classical orbit can
form, as been confirmed in the atom stabilization study
[37]. In this kind of orbit, electrons can stay for a long time
and can accumulate a phase comparable to the phase
induced in the propagation step. However, the 2p state
is not stable in a strong laser field [23], and the recombi-
nation happens immediately with a small phase accumu-
lated (which can be ignored). Thus, for different excited
states, different phases will be accumulated. When the
phase is large enough, the interference structure can be
smoothed or can even disappear. The expected results can
be seen in Fig. 4(a); the yield of the ninth harmonic
increases with the laser intensity rather smoothly, while the
yield of the seventh shows prominent intensity-dependent
steps. When the wavelength is tuned to 790 nm in Fig. 4(b),

in which case no resonances with the high-lying Rydberg
states can be prescribed, one can observe intensity-
dependent steps in the harmonic yields of both the seventh
and ninth harmonics. Similar structures at 645 nm, as
well as a detailed verification, are shown in Sec. B of the
Supplemental Material [32].
The intensity-dependent structures recently observed

experimentally in Xe [13] are similar to the results of
810 nm here. After analyzing the energy levels of the Xe
atom (shown in Sec. C of the Supplemental Material [32]),
we think the smoothed ninth harmonic yield is also related
to the influence of high-lying Rydberg states.
In conclusion, we have schematically investigated the

BTH of atomic hydrogen with the Coulomb potential fully
taken into consideration. A quasistatic excitation mecha-
nism with weak signals is proposed, corresponding to
atomic line emission for an off-resonance driving laser. For
the odd harmonics usually investigated, two main mech-
anisms, including resonance mechanism and quantum
path interference, are investigated. The signatures of two
mechanisms have been identified by varying both the laser
wavelength and peak intensity. For the quantum path
interference mechanism, we find that for higher laser
intensities, the long orbits can influence lower order
harmonics. In the resonance mechanism, the BTH gener-
ation can be enhanced through resonance absorption. The
structure of quantum path interference can be destroyed by
the resonance emission if resonance happens with long-
lifetime Rydberg states. In general, both mechanisms
should be considered in order to understand the generation
of BTH. We believe the present study reveals the compli-
cated influence of the Coulomb potential in the harmonic
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generation, which will be instructive for future experimen-
tal studies. Our study also demonstrates the important roles
played by the Coulomb potential in strong-field processes,
especially in the low-energy regime.
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