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We show that the merging of the spin- and valley-split Landau levels at the chemical potential is an
intrinsic property of a strongly interacting two-dimensional electron system in silicon. Evidence for the
level merging is given by available experimental data.
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In a noninteracting fermion system with a continuous
spectrum, the occupation probability for a quantum state at a
fixed chemical potential and temperature is a function of the
single-particle energy only [1]. If the temperature tends to
zero, the energy interval separating the filled and empty
quantum states also tends to zero. For free particles, there
appears a Fermi surface in momentum space with dimension-
ality d − 1, where d is the dimensionality of the fermions.
In general, this reasoning is not true for interacting

fermions [2–8]. In this case, the single-particle energy
depends on electron distributions, and the occupation
numbers of quantum states at the chemical potential can
be different, falling within the range between zero and one.
A topological phase transition has been predicted at T ¼ 0

in strongly correlated Fermi systems and is related to the
emergence of a flat portion of the single-particle spectrum
εðpÞ at the chemical potential. This transition is associated
with the band flattening or swelling of the Fermi surface in
momentum space, which is preceded by an increasing
quasiparticle effective mass m that diverges at the quantum
critical point.
For an interacting fermion system with a discrete spec-

trum, one expects a similar effect—the appearance of
different fillings of quantum levels at the chemical potential.
Given that the energies of two quantum levels intersect each
other when varying an external parameter, these can be the
same as the chemical potential over a range of parameter
values; i.e., the levels can merge at the chemical potential
over this range [9]. The level merging implies that there is
attraction between the two partially filled quantum levels.
The merging interval is determined by a possibility of
redistributing quasiparticles between the levels. It is clear
that the effect of merging is in contrast to the simple crossing
of quantum levels at some value of the external parameter.
Here, we show that the merging of the spin- and valley-

split Landau levels at the chemical potential can be detected

near the quantum critical point in a clean strongly interact-
ing two-dimensional (2D) electron system in (100) silicon.
In this electron system subjected to perpendicular magnetic
fields, each Landau level is split into four quantum levels
due to the spin and valley splitting. It has been observed in
experiment that the quantum oscillation minima at filling
factor ν ¼ 4iþ 4 (where i ¼ 0; 1; 2;…) disappear below
some electron density n� depending on ν, while the minima
at ν ¼ 4iþ 2 persist down to appreciably lower densities
[10]. Although this behavior is consistent with the sharp
increase of the effective mass with decreasing electron
density ns [11], the dependence of the density n� on filling
factor (or magnetic field) turns out to be anomalously
strong and lacks explanation. We find that the anomalous
behavior of the density where the ν ¼ 4iþ 4 oscillation
minima vanish is described within the merging picture.
This gives evidence for the level merging in a 2D electron
system in silicon.
Imposition of the perpendicular magnetic field B on a

homogeneous 2D electron system is known to create two
subsystems of Landau levels numbered i and distinguished
by � projections of the electron spin on the field direction.
For the time being, the valley degeneracy is neglected for
the sake of simplicity. The energy levels ε�i in each set are
spaced by the cyclotron splitting ℏωc ¼ ℏeB=mc, and the
two sets of the Landau levels are shifted with respect to
each other by the spin splitting ΔZ ¼ gμBB, where m and
g are the values of mass and Lande factor renormalized by
electron interactions and μB ¼ eℏ=2mec is the Bohr mag-
neton. Disregarding the anticrossing effects, the Landau
levels with opposite spin directions should intersect with
changing electron density, as caused by the strong depend-
ence of the effective mass on ns, provided the g factor
depends weakly on ns. In particular, at high electron
densities, the cyclotron splitting usually exceeds the spin
splitting, whereas at low densities, the opposite case
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ℏωc < ΔZ should occur due to the sharply increasing
mass. Below, we obtain conditions when the level crossing
or level merging is possible.
Provided that the external magnetic field is fixed and

weak, many quantum levels are occupied, and the variation
of the electron density in a quantum level is small compared
to ns. The variation of the energy ελ is evaluated using the
Landau relation

δελ ¼
X

σ

Γλσδnσ; (1)

where Γλσ is the electron-electron interaction amplitude that
is a phenomenological ingredient of the Fermi liquid theory
[1]. Selecting the magnetic field at which the difference
between the neighboring Landau levels εþi and ε−iþ1

D ¼ εþi − ε−iþ1 ¼ ΔZðns; BÞ − ℏωcðns; BÞ (2)

zeroes at the filling factor ν ¼ nshc=eB ¼ 2iþ 2, we start
from the higher density where both levels ðiþ 1Þ− and
iþ are completely filled at ν ¼ N ¼ 2iþ 3, the difference
DðNÞ being negative. Removing the electrons from the
level ðiþ 1Þ− implies that the electron density decreases and
D increases. The above Landau relation reduces to the set

εþi − εþi ðNÞ ¼ −ðN − νÞn0Γþ−
i;iþ1;

ε−iþ1 − ε−iþ1ðNÞ ¼ −ðN − νÞn0Γ−−
iþ1;iþ1; (3)

where λ, σ ¼ iþ, ðiþ 1Þ− in the first equation, λ,
σ ¼ ðiþ 1Þ−, ðiþ 1Þ− in the second one, and n0 ¼
eB=hc is the level degeneracy. Upon subtracting the second
equation from the first, one has

εþi − ε−iþ1 ¼ DðNÞ þ ðN − νÞn0ðΓ−−
iþ1;iþ1 − Γþ−

i;iþ1Þ: (4)

The distance between the two levels vanishes as the level
ðiþ 1Þ− becomes empty, which corresponds to the relation

jDðNÞj ¼ n0ðΓ−−
iþ1;iþ1 − Γþ−

i;iþ1Þ: (5)

Let us presume that at ν ¼ 2iþ 2 the level crossing occurs;
i.e., the level iþ becomes empty and the level ðiþ 1Þ− is
completely filled. Then the set (3) should be replaced by

ε−iþ1 − ε−iþ1ðNÞ ¼ −ðN − νÞn0Γ−þ
iþ1;i

εþi − εþi ðNÞ ¼ −ðN − νÞn0Γþþ
i;i (6)

to yield

εþi − ε−iþ1 ¼ DðNÞ þ ðN − νÞn0ðΓ−þ
iþ1;i − Γþþ

i;i Þ: (7)

Equations (7) and (4) are compatible with one another,
favoring the level crossing, under the condition ΓðiÞ ¼
ðΓ−−

iþ1;iþ1 − Γþ−
i;iþ1Þ − ðΓ−þ

iþ1;i − Γþþ
i;i Þ ≤ 0.

In the opposite case

ΓðiÞ > 0; (8)

the single-particle levels attract to each other and merge at
the chemical potential μ, as described by the merging
equation ε−iþ1 ¼ εþi ¼ μ. Both levels exhibit partial occu-
pation with fractions of empty states 0 < fi < 1 and
0 < fiþ1 < 1 that obey the normalization condition
fi þ fiþ1 ¼ f ¼ N − ν. These fractions are determined
from the set of equations

ε−iþ1 − ε−iþ1ðNÞ ¼ −n0ðfiþ1Γ−−
iþ1;iþ1 þ fiΓ−þ

iþ1;iÞ
εþi − εþi ðNÞ ¼ −n0ðfiþ1Γþ−

i;iþ1 þ fiΓþþ
i;i Þ; (9)

which yields

εþi − ε−iþ1 ¼ DðNÞ þ fiþ1n0ðΓ−−
iþ1;iþ1 − Γþ−

i;iþ1Þ
þ fin0ðΓ−þ

iþ1;i − Γþþ
i;i Þ: (10)

Using the merging equation and the normalization con-
dition, we find

fi ¼
ðf − 1ÞðΓ−−

iþ1;iþ1 − Γþ−
i;iþ1Þ

ΓðiÞ

fiþ1 ¼ f −
ðf − 1ÞðΓ−−

iþ1;iþ1 − Γþ−
i;iþ1Þ

ΓðiÞ : (11)

The merging starts when the empty states appear in the
level εþi and ends when this level is completely emptied.
This corresponds to the increase of the fraction of empty
states f in the range between f ¼ 1 (or ν ¼ 2iþ 2) and
f ¼ min½1þ ΓðiÞ=ðΓ−−

iþ1;iþ1 − Γþ−
i;iþ1Þ; 2�. Outside of the

merging region, the conventional Landau level diagram
is realized. Note that the gap between the neighboring
Landau levels εþi and ε−iþ1 proves to be invisible in transport
and thermodynamic experiments. The upper boundary of
the merging region nmðBÞ is written

ℏωc − ΔZ ¼ 0: (12)

Below, we compare the results of the calculations
with the experimental data obtained in a strongly interact-
ing 2D electron system in (100) silicon. This electron
system is characterized by the presence of two valleys in
the spectrum so that each energy level ε�i is split into
two levels, as shown schematically in Fig. 1. One can easily
see that the valley splitting Δv promotes the merging
of quantum levels. The bigger the valley splitting the
higher the electron density at which the levels ðiþ 1Þ−
and iþ with different valley numbers should merge at the
chemical potential at filling factor ν ¼ 4iþ 4. The upper
boundary of the merging region nmðBÞ is determined by
the relation
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ℏωc − ΔZ − Δv ¼ 0; (13)

which is different from Eq. (12) by the presence of the
valley splitting. Since the electron density distributions
corresponding to two valleys are spaced by distance α in the
direction perpendicular to the Si-SiO2 interface, the inter-
valley charge transfer creates an incremental electric field.
In accordance with Eq. (10), we get ðΓ−−

iþ1;iþ1 − Γþ−
i;iþ1Þ ¼

ðΓþþ
i;i − Γ−þ

iþ1;iÞ ¼ 2πe2α=κ and ΓðiÞ ¼ 4πe2α=κ, where
κ is the dielectric constant. Although the distance α ∼
0.4 Å is small compared to the thickness of the 2D electron
system, which is about 50 Å at densities ns ≈ 1 ×
1011 cm−2 [12], the estimated interaction energy n0ΓðiÞ ∼
0.02 meV at B ≈ 1 T is comparable with the valley splitting
Δv ≈ 0.06 meV. The value of Δv is calculated using
the known formula Δv ≈ 0.015ðns þ 32ndepl=11Þ meV,
where ndepl ≈ 1 × 1011 cm−2 is the depletion layer density
and the densities are in units of 1011 cm−2 [12]. With the
strength of the merging effect being obviously determined
by ΓðiÞ, the appreciable interaction energy should lead
to a wide merging region at fixed filling factor ν ¼ 4iþ 4.
The lower boundary of the merging region of the neighbor-
ing Landau levels is given by the expression ℏωcþ
n0ΓðiÞ − ΔZ − Δv ¼ 0.
In the high-density limit, where the effect of electron-

electron interactions is negligible, the effective mass and
g factor are equal to mb ¼ 0.19me and g0 ¼ 2 so that the
cyclotron splitting significantly exceeds the spin splitting.
At low electron densities, where the interaction effects
are strong, the effective mass mðnsÞ is found to diverge
as mb=m≃ ðns − ncÞ=ns at the quantum critical point
close to the metal-insulator transition, which occurs at
nc ≃ 8 × 1010 cm−2, while the g factor stays close to g0,
being equal to g≃ 1.4g0 [13–17]. The Landau level fan
diagram for this electron system in perpendicular magnetic

fields is represented in Fig. 2. The quantum oscillation
minima at filling factor ν ¼ 4iþ 4 disappear below some
electron density n� depending on ν, while the minima at
ν ¼ 4iþ 2 persist down to appreciably lower densities
[10]. Although this behavior is consistent with the sharp
increase of the effective mass with decreasing ns, the
dependence of the density n� on filling factor (or B) turns
out to be anomalously strong and lacks explanation.
Particularly, this cannot be accounted by the impurity
broadening of quantum levels in terms of ωcτ ∼ 1 (where
τ is the elastic scattering time) in which case the drop of
mobility eτ=m at low electron densities is controlled by the
increasing mass [11].
Using the above expressions for m, g, and Δv, we

determine from Eq. (13) the expected upper boundary of
the merging region nmðBÞ, shown by the solid blue line in
Fig. 2. The calculated boundary is in agreement with the
experimental density n�ðBÞ at which the oscillation minima
at ν ¼ 4iþ 4 vanish. This fact gives evidence for the level
merging in a 2D electron system in silicon.
We now discuss the possibility that the description of the

high-field data n�ðBÞ improves within the merging picture
if one takes account of nonlinear (cubic) corrections to the
spectrum εðpÞ near the Fermi surface that lead naturally to
a decrease of the effective mass with magnetic field. The
cubic corrections should be important near the quantum
critical point since the linear term is strongly suppressed,
and the spectrum takes the form [5]

FIG. 1 (color online). Schematic diagram of merging of the
spin- and valley-split Landau levels at the chemical potential. The
occupied levels are indicated by dots. The fillings of the two
quantum levels at the chemical potential vary with changing
electron density.

FIG. 2 (color online). Positions of the Shubnikov-de Haas
oscillation minima in the (B, ns) plane (squares) and the expected
positions of the cyclotron and spin minima calculated according
to the formula ns ¼ νeB=hc (solid lines). The position of the
metal-insulator transition in B ¼ 0 is indicated. The calculated
merging boundary nmðBÞ is shown by the solid blue line for
β ¼ 0 and the dotted violet line for β ¼ 1 in Eq. (16). This makes
sense at filling factor ν ¼ 4iþ 4.
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εðpÞ − μ ¼ pFðp − pFÞ
m

þ β
ðp − pFÞ3
3mbpF

; (14)

where pF ¼ ℏðπnsÞ1=2 is the Fermi momentum and β > 0 is
a coefficient. The cubic correction corresponds to an addi-
tional term in the single-particle Hamiltonian in magnetic
fields. According to textbook rules, this term is written

Hadd ¼ β
½ðp − eA=cÞ2 − p2

F�3
24mbp4

F
; (15)

where A is the vector potential. The resulting correction
to the spectrum leads to a modification of Eq. (13) that
describes the upper boundary of the merging region. The
corrected equation reads

ℏωc − ΔZ − Δv ¼ −β
ðeBÞ3

3mbℏc3ðπnmÞ2
: (16)

Apparently, the right-hand side of Eq. (16) can be important
at high magnetic fields. Assuming that the coefficient β ¼ 1,
we estimate the influence of the correction and determine the
corrected dependence nmðBÞ, shown by the dotted violet line
in Fig. 2. One concludes that the experimental data for the
density n�ðBÞ at which the oscillation minima at ν ¼ 4iþ 4
disappear can be even better described within the concept of
merging by taking into account cubic corrections to the
spectrum at the Fermi surface near the quantum critical point.
In summary, we have shown that the merging of the spin-

and valley-split Landau levels at the chemical potential in a
clean strongly interacting 2D electron system in silicon is
confirmed by available experimental data.
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