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We report a high-accuracy measurement of the differential static scalar polarizability Δα0 of
the 5s 2S1=2 − 4d 2D5=2 transition of the 88Srþ ion. The high accuracy is obtained by comparing the
micromotion-induced positive scalar Stark shift to the negative time-dilation shift. Measurement of the trap
drive frequency where these shifts cancel is used to determine Δα0 without the need to determine
the electric field. Δα0 is a critical parameter for the operation of frequency standards as it determines the
blackbody radiation frequency shift coefficient, the largest source of uncertainty in the 88Srþ ion clock.
The measured value of Δα0 is −4.7938ð71Þ × 10−40 Jm2=V2. Taking into account the dynamic correction,
the blackbody shift at 300 K is 0.247 99(37) Hz. The contribution of the blackbody shift coefficient to the
uncertainty of the ion standard has been reduced by a factor of 24, from 2 × 10−17 to 8.3 × 10−19.
The revised total uncertainty of our reference standard is 1.2 × 10−17, limited by the blackbody field
evaluation. An additional benefit of the low uncertainty of Δα0 is the ability to suppress, by a factor of
about 200, the net micromotion frequency shifts.
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Optical atomic clocks have made phenomenal advances
during the past 15 years, with several systems [1–8]
surpassing by at least 1 order of magnitude the stability
and precision of state-of-the-art cesium fountain clocks that
currently define the SI second [9]. Optical clocks offer new
possibilities for advancing applied and fundamental sci-
ence, such as timekeeping, GPS navigation, geodesy, space
exploration, and tests of fundamental physics [10–13].
Present-day performances of optical clocks combined with
their fast-paced improvements make a strong case in favor
of an eventual redefinition of the second with an optical
standard [7,14,15].
The lowest fractional frequency uncertainties reported to

date are 8.6 × 10−18 for an 27Alþ ion clock [1], and recently
6.4 × 10−18 for a 87Sr optical lattice clock [8]. Except for
the 27Alþ ion, and other group III ion candidates that
benefit from a very small blackbody radiation (BBR) shift
coefficient [16], most other ion and neutral atom clock
transitions are currently limited in accuracy by the uncer-
tainty of the BBR shift [8,17–19].
The frequency shift in Hz, ΔνBBR, caused by the

interaction of the clock transition with the BBR field
hE2iT is given by [20,21]

ΔνBBR ¼ −
1

2h
hE2iTΔα0ð1þ ηÞ; (1)

where hE2iT ¼ 8π5ðkBTÞ4=½15ϵ0ðhcÞ3�. Here kB is
Boltzmann’s constant, T the BBR field temperature, ϵ0
the vacuum permittivity, h Planck’s constant, and c the
speed of light. For T ¼ 300 K, hE2iT ≃ ð831.943 V=mÞ2.

Δα0 ¼ α0ðeÞ − α0ðgÞ is the differential static scalar polar-
izability of the clock transition. e and g refer to the excited
and ground states, respectively. η is a temperature-
dependent dynamic correction to Δα0 that accounts for
the response of the atomic levels to the BBR spectrum.
We recently reported a fractional frequency uncertainty

of 2.3 × 10−17 for the 5s 2S1=2 − 4d 2D5=2 transition of
88Srþ [5,17]. Despite state-of-the-art atomic structure
calculations [22], the value of Δα0, with a fractional
uncertainty contribution of 2 × 10−17, remains the main
contributor to the uncertainty budget of 88Srþ [17]. The
only viable approach at present to reduce this uncertainty is
to make a high-accuracy experimental measurement of
Δα0. For 88Srþ, ηð300 KÞ ¼ −0.009 51ð15Þ is both small
and accurately known from the atomic structure calcula-
tions [21,22]. It contributes a fractional uncertainty of
8.4 × 10−20. Consequently, only the static part of the
differential polarizability Δα0 requires experimental inves-
tigation to reach levels of ≲10−18 on the BBR shift
coefficient evaluation for a known value of T.
Experiments to measure Δα0 were recently conducted

for Yb [18] and Sr [19] neutral atom clock systems. The
approach used was to measure the frequency shift of the
clock transition caused by applying dc electric fields using
precision parallel-plate capacitors. This type of measure-
ment is not adapted to ions located in trapping fields.
Measurement of Δα0 in single-ion standards has been

performed by displacing the ion from trap center with a dc
electric field. The ion is then subjected to the rf fields of the
trapping potential and the clock transition experiences
time-dilation and scalar Stark shifts. This method was used
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to measure polarizabilities in 138Baþ [23] and 171Ybþ [24]
with uncertainties of 8% and 20%, respectively. A difficulty
with this type of measurement is the evaluation of the
electric field with high accuracy.
Our measurement method is based on the observation

that the quadratic scalar Stark shift and the time-dilation
shift caused by micromotion are correlated and have
opposite signs for the S −D transition of 88Srþ [17].
This is only possible for transitions with Δα0 < 0, for
example, the 2S1=2 − 2D5=2 transitions of 40Caþ [25], 43Caþ
[26], 88Srþ [22], 138Baþ [27], and 225Raþ [27]. For this
class of transitions, the trap drive frequencyΩ0 at which the
two micromotion-related effects cancel each other is
determined by Δα0. In first-order approximation, the
relation is [17,28]

Ω2
0 ≃ −

hν0
Δα0

�
e
mc

�
2

; (2)

where ν0 is the clock frequency in Hz [5,29], e the
elementary charge, and m the mass of 88Srþ. The method
does not depend on the electric field strength. Here, with a
measurement of Ω0, we improve Δα0 by a factor of 24
compared to the best atomic structure calculations [22]. To
our knowledge, the result reported here is currently the
most accurate measurement of a differential static scalar
polarizability of an ion clock transition.
Ω0 was measured by comparing two 88Srþ ion trap

systems, one used as a reference and the other used as a
test trap to study the change in micromotion shifts with trap
frequency. The reference system is an ion trap of the end cap
design with an evaluated uncertainty of 10 mHz or 2.3 ×
10−17 in fractional frequency units [17]. It was operatedwith
a constant rf frequency and under the same conditions as
those of the evaluation in Ref. [17] to provide a very
reproducible ion frequency reference for the comparison.
Before each measurement run, the ion micromotion was
minimized. As a result, the fractional time-dilation and Stark
shifts, when considered separately, were ≲3.4ð4Þ × 10−17.
These correlated shifts are reduced by a factor of 180 at the
trap frequency of Ω=2π ¼ 14.39 MHz, yielding net micro-
motion shifts of 2 × 10−19. An ion temperature of 1.5(5) mK
was measured, in agreement with previous results [17].
The test system is a Paul-type quadrupole ion trap with a

single optical access port [30]. It has uncompensated frac-
tional micromotion shifts of ≈7 × 10−14 that were used for
the purpose of the present study. The shifts are attributed to
ion displacement caused by stray electric fields from the
electrode surfaces and residual trap imperfections. The
micromotion shifts cannotbecompletelyminimizedbecause
adjustmentof the ionposition is onlypossible along the trapz
axis in the current design. Nevertheless, for optimum
reproducibility of the ion position in the trap, micromotion
wasminimized along the cooling laser beamdirection before
eachmeasurement. The ion temperaturewas 1.8(9)mK. The

test trap was operated with frequencies between 13.5 and
15.0 MHz to cover the zero-crossing frequency of 14.39
(25) MHz predicted by theory [17]. The rf trap voltage
amplitude V0 was adjusted to maintain constant ion secular
frequencies (trap restoring forces) throughout the measure-
ments [31]. V0 was measured with a 1% reproducibility
using a high-voltage probe and an oscilloscope. The relation
between V0 and the secular frequencies was established
with a measurement of the secular frequencies at a trap
frequency of 14.429 MHz: ωx=2π ¼ 1.165ð5Þ MHz,
ωy=2π ¼ 1.193ð5Þ MHz, and ωz=2π ¼ 2.419ð5Þ MHz.
The two traps were operated from common solid-state

laser sources: a 422 nm laser for cooling on the 2S1=2 −
2P1=2 transition, a 1092 nm repumper laser to prevent decay
from the 2P1=2 state to the 2D3=2 state, a 674 nm laser to
probe the S–D clock transition [32], and a 1033 nm laser
tuned to the 2D5=2 − 2P3=2 transition to return the ion to the
ground state before the start of each interrogation cycle.
Independent acousto-optic modulators were used to fre-
quency shift the 674 nm radiation into resonance with each
ion. The difference between the acousto-optic modulator
frequencies then gave the offset between the two ion trap
systems. The laser pulses were synchronized, but the
frequency locks to the clock transition line centers were
independent. The line centers were measured using three
pairs of symmetric Zeeman components to cancel the linear
Zeeman, the electric quadrupole, and the tensor Stark
shifts [17,33].
Figure 1 shows the comparison data of the two ion

frequency standards as a function of the rf drive frequency
of the test trap. The data were recorded over a six-week
period in a random order. There is no indication of a change
in stray electric fields during the experiments. The uncer-
tainty assigned to each point in Fig. 1 has two components.
The first is the measurement uncertainty given by the Allan
deviation of the comparison data. The second is caused by
the 1% uncertainty in setting the trap voltage V0. Variations
in V0 modify the micromotion levels, thus causing an
additional uncertainty in the frequency difference between
the two ion standards.
To make an accurate measurement of Ω0, the frequency

offset between the two ions must be evaluated. The detailed
analysis given in Ref. [17] is used for both systems. It
applies without change to the reference trap except for a
lower uncertainty on the BBR shift obtained with the
measurement of Δα0 reported here. For the test trap, the net
micromotion shift must be excluded from the evaluation as
it is the effect being measured.
The dominant uncertainty in the evaluation of the

frequency offset between the two ions is from the BBR
shift. Other shifts are negligible in the current study
compared to the trap comparison measurement uncertainty
of 50 mHz.
The vacuum chamber temperatures were measured with

calibrated thermistors during the experiments. The thermal
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model presented in Ref. [17] was used for the reference trap.
For the test trap, the BBR field is determined by the vacuum
chamber wall temperature, with a negligible contribution
from electrode heating as a result of the small electrode
capacitance and the trap construction. The uncertainty of this
assumption is estimated to be 1.5 °C. The average frequency
difference between the trapped ions caused by the BBR
shift isΔνBBRðtestÞ − ΔνBBRðreferenceÞ ¼ 5ð7Þ mHz.Each
point in Fig. 1 was corrected for the BBR shift difference
evaluated during its measurement.
The data of Fig. 1 give Ω0=2π ¼ 14.404ð10Þ MHz. We

need to consider the ion motion in the test trap in some
detail to further determine Δα0 from Ω0 with a higher
accuracy than is possible from Eq. (2). Micromotion at the
trap drive frequencyΩ is the dominant component. There is
also motion at the harmonics nΩ and thermal motion
sidebands at the radial and axial secular frequencies. A
calculated spectrum for the operating conditions of the test
trap obtained by solving the equation of motion to high
order is shown in Fig. 2 [34,35]. The important features for
our analysis, caused by ion displacement, are at Ω and 2 Ω.
The other features below the mHz level are negligible. Note
that there is no dc Stark shift component because the
stationary stray electric field is exactly canceled by the rf
trap when the ion is at its equilibrium position (see the
Supplemental Material [36]).

A general expression for the net micromotion shiftΔνμ is
a sum over the trap drive harmonics of motion due to the
scalar Stark shift and the time-dilation shift,

Δνμ ¼ −
ν0
2

X
i

X∞
n¼1

�
Δα0
hν0

þ 1

n2

�
e

mΩc

�
2
�
hE2

i ðnΩÞi; (3)

where i is a summation index over r and z, for, respectively,
motion in the radial and axial directions in the trap.
hE2

i ðnΩÞi is the mean-squared electric field at the fre-
quency nΩ. The first term in square brackets is proportional
to the scalar Stark shift and the second term is proportional
to the time-dilation shift.
The hE2

i ðnΩÞi field intensities are calculated by solving
the equation of motion when a dc electric field displaces the
ion from the center of the quadrupole potential. The
second-order solution in Ω gives (see the Supplemental
Material [36])

ρi ≡ hE2
i ð2ΩÞi

hE2
i ðΩÞi

¼
�

4qi
ai − 16

�
2

; (4)

where ai and qi are the so-called Mathieu parameters. In an
ideal quadrupole potential, they are given by az ¼ −2ar ¼
−16eU0=mΩ2d2 and qz ¼ −2qr ¼ 8eV0=mΩ2d2, where d
is a characteristic length that depends on trap geometry
[24,31,35]. U0 is a static voltage applied between the ring
and end cap electrodes.
Solving Eq. (3) to second order in Ω for Δνμ ¼ 0, we

obtain

FIG. 2 (color online). Calculated spectrum of the driven and
secular motion frequency shifts of the 88Srþ clock transition in
the test trap. For clarity, only the axial secular motion is
shown. The simulation parameters are Ω=2π ¼ 14.404 MHz,
T ion ¼ 1.8 mK, Erms ¼ 9.84 kV=m, and ωz=2π ¼ 2.419 MHz.
The Stark and time-dilation spectra are intentionally split to show
their relative contributions, with the positive Stark components
shifted left and the negative time-dilation components shifted
right. The dashed line shows the 50 mHz (1 × 10−16) uncertainty
level of the data.

FIG. 1 (color online). Frequency difference between two ion
standards as a function of the rf drive frequency of the trap with
high micromotion levels (test trap). The curve is a fit to the data
using the polynomial aðf − f0Þ2 þ bðf − f0Þ to determine the
trap frequency f0 ¼ Ω0=2π and the slope b at the zero crossing.
The fit gives f0 ¼ 14.404ð10Þ MHz and b ¼ 4.86ð13Þ Hz=MHz.
f0 is used to determine Δα0 and b the mean-squared electric field
hE2i. The narrow vertical band and the shaded area delimited by
dashed lines illustrate the uncertainty of, respectively, the current
experimental work and a theoretical result [22]. The statistical
uncertainty of the frequency comparison at the zero crossing is
50 mHz.
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Δα0 ¼ −
hν0
Ω2

0

�
e
mc

�
2
�ð1þ ρz=4Þ þ ξð1þ ρr=4Þ

ð1þ ρzÞ þ ξð1þ ρrÞ
�
; (5)

where ξ≡ hE2
rðΩÞi=hE2

zðΩÞi. Equation (5) is accurate at
the 30 ppm level compared to a higher-order solution. The
term in square brackets indicates that the first-order result
of Eq. (2) overestimates Δα0 by ≈0.6% for our exper-
imental conditions.
The test trap Mathieu parameters are required for ρr and

ρz. The trap was operated with U0 ¼ 0, which gives
ar ¼ az ¼ 0. qr and qz were obtained from the secular
frequencies. Applying a small correction due to the
frequency response of the V0 measurements, we obtain
qr ¼ ðqx þ qyÞ=2 ¼ −0.2283ð18Þ and qz ¼ 0.4521ð26Þ at
14.404 MHz. The uncertainties depend on contributions
from the secular frequencies, the 1% reproducibility of V0,
and, for qr, an additional uncertainty from the nondege-
neracy of qx and qy. Using Eq. (4), we find ρr ¼
0.003 26ð5Þ and ρz ¼ 0.012 77ð15Þ.
The parameter ξ depends on the direction of the electric

field. If β defines the angle between the trap z axis and the
total electric field at the ion EðtÞ ¼ ErðtÞr̂þ EzðtÞẑ, we
have tan2β ¼ hE2

ri=hE2
zi. Using Eq. (4), we get to second

order

ξ ¼
�
1þ ρz
1þ ρr

�
tan2β: (6)

The electric field direction was determined from a tensor
Stark shift measurement made with the magnetic field
aligned with the trap axis. In this case, β can be determined
from the slope with respect to m2

J0 of the tensor Stark
shift [17]

∂ðΔνtensorÞ
∂m2

J0
¼ −

3α2
40h

ð3cos2β − 1ÞhE2i; (7)

where α2 is the 2D5=2 level tensor polarizability [22]. The
variation withm2

J0 is readily obtained with our method used
to lock to the S–D line center since the frequencies of three
pairs of Zeeman components connecting to different upper
state magnetic sublevels mJ0 are measured [17,33]. hE2i ¼
hE ·Ei ¼ ½9.84ð13Þ kV=m�2 is obtained from the slope at
the x intercept of the trap comparison data of Fig. 1. Taking
into account the alignment uncertainty of the magnetic field
with the trap axis, the tensor Stark shift measurement gave
β ¼ 43ð4Þ° and ξ ¼ 0.88ð24Þ.
Using the measured values ofΩ0, ρr, ρz, and ξ in Eq. (5),

we find Δα0 ¼ −4.7938ð71Þ × 10−40 Jm2=V2. Table I
gives the uncertainty budget of Δα0. Because of correlation
effects, the uncertainty contributions of ρr and ρz are
reported as a single value. The parameter labeled
“Other” combines smaller contributions. The limiting
factor in the determination of Δα0 is the uncertainty of
Ω0, which is caused primarily by the statistical uncertainty

of the trap comparison measurements. The measurement of
Δα0 reported here is in excellent agreement with the value
−4.83ð17Þ × 10−40 Jm2=V2 obtained by atomic structure
calculations [22].
Using the experimental value of Δα0 and the dynamic

correction η ¼ −0.009 51ð15Þ in Eq. (1), we obtain a BBR
shift coefficient of 0.247 99(37) Hz at 300 K. The con-
tribution of the BBR coefficient to the 88Srþ ion standard
uncertainty has been reduced from a previously limiting
value of 2 × 10−17 to 8.3 × 10−19. An immediate benefit of
the lower uncertainty is a reduction by a factor of 2 of the
evaluation of the reference trap system to 1.2 × 10−17,
limited by the evaluation of the BBR field [17]. With a
modest improvement to the BBR field temperature uncer-
tainty of 1.5 °C, the total fractional uncertainty will reach
into the 10−18 level. For example, an effective BBR
temperature uncertainty of 0.2 °C would give a 88Srþ ion
uncertainty evaluation of 3 × 10−18.
The work reported here provides a significant improve-

ment in the BBR shift coefficient uncertainty of the 88Srþ
ion and allows for a reduction of the micromotion shifts in
the reference trap by a factor of 200, down to the 10−19

level, by choosing the appropriate trap drive frequency. The
electric quadrupole shift cancellation method, reported in
previous work [17,33], allows a reduction of the electric
quadrupole and tensor Stark shifts to the 10−19 level or
lower. By combining the results reported here with the
methods outlined in Refs. [17,33], the 88Srþ ion standard
has a clear potential for an extremely low and robust
uncertainty evaluation.
In summary, we have reported a high-accuracy meas-

urement of the differential static scalar polarizabilityΔα0 of
the 5s 2S1=2 − 4d 2D5=2 transition of 88Srþ. The measure-
ment method was based on the comparison of two ion
standards, one in a reference trap and the other in a test trap
with large micromotion shifts. At a special drive frequency
Ω0 of the test trap, the micromotion-induced scalar Stark
and time-dilation shifts cancel each other. Δα0 was deter-
mined fromΩ0 using a second-order solution to include the
effect of motion harmonics. The Δα0 fractional uncertainty
obtained is 0.15%. Using Δα0 and the dynamic correction,

TABLE I. Δα0 uncertainty budget.

Parameter Value
Δα0 uncertainty
ð10−43 Jm2=V2Þ

Ω0 14.404(10) MHz 6.65
ξ 0.88(24) 2.38
ΔBBRa 5(7) mHz 0.97
ρz 0.012 77(15) 0.34
ρr 0.003 26(5) b

Other 0.18
Total 7.14
aΔBBR ¼ ΔνBBRðtestÞ − ΔνBBRðreferenceÞ.
bContribution of ρr included with ρz.
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the BBR shift coefficient was determined with an uncer-
tainty of 0.37 mHz, giving a contribution of 8.3 × 10−19 to
the evaluation of the 88Srþ ion standard at 300 K.

The authors thank M. S. Safronova for fruitful
discussions regarding the dynamic correction coefficient,
and W. Pakulski and B. Hoger for technical support.
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