PRL 112, 150501 (2014)

PHYSICAL REVIEW LETTERS

week ending

18 APRIL 2014

£

Extracting Entanglement from Identical Particles

N. Killoran, M. Cramer, and M. B. Plenio
Institut fiir Theoretische Physik, Albert-Einstein-Allee 11, Universitit Ulm, D-89069 Ulm, Germany
(Received 22 January 2014; published 15 April 2014)

Identical particles and entanglement are both fundamental components of quantum mechanics.
However, when identical particles are condensed in a single spatial mode, the standard notions of
entanglement, based on clearly identifiable subsystems, break down. This has led many to conclude that
such systems have limited value for quantum information tasks, compared to distinguishable particle
systems. To the contrary, we show that any entanglement formally appearing amongst the identical
particles, including entanglement due purely to symmetrization, can be extracted into an entangled state of
independent modes, which can then be applied to any task. In fact, the entanglement of the mode system
is in one-to-one correspondence with the entanglement between the inaccessible identical particles. This
settles the long-standing debate about the resource capabilities of such states, in particular spin-squeezed
states of Bose-Einstein condensates, while also revealing a new perspective on how and when entanglement
is generated in passive optical networks. Our results thus reveal new fundamental connections between

entanglement, squeezing, and indistinguishability.
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Identical particles are essentially axiomatic in quantum
mechanics [1]. Entanglement is another fundamental quan-
tum concept, which serves, within the local operations and
classical communication (LOCC) paradigm, as a valuable
resource for quantum information tasks [2]. However, the
notion of entanglement for identical particles is trouble-
some because one can have subsystems which cannot be
operationally distinguished. For instance, what is a mean-
ingful definition of entanglement when identical particles
occupy the same spatial mode? How can we make sense of
entanglement between subsystems that are not operation-
ally accessible?

Experimental progress in Bose-Einstein condensates
(BECs), related to multiparticle entanglement, has magni-
fied the existing debate [3—19]. In such experiments, spin-
squeezed states [20], useful in high-precision metrology
[21,22], are generated. Taking individual particles as
subsystems, such states are highly entangled. In fact,
due to symmetrization, all correlated states of identical
particles are strongly multiparticle entangled [23,24]. But
since our access to the designated subsystems is funda-
mentally restricted by indistinguishability, what is the use
of this entanglement? Many authors share the viewpoint
that such entanglement is a mathematical artifact, and not
fully legitimate [3,11,16,25-37]. Entanglement that results
purely from symmetrization has variously been described
as unphysical [31,33], inaccessible [3,27], and not a
resource (in the standard quantum information sense)
[3,11,27,30,33-36]. One can avoid this illusion by modi-
fying the definition of entangled states [11,25-30,32,36], or
by defining entanglement relative to the subsystem struc-
ture of observables, not states [31,33,34,38-40]. While
correlated states of identical particles may indeed be useful
for metrology [41,42], the notion of multiparticle entangle-
ment in such systems is seemingly flawed.

0031-9007/14/112(15)/150501(6)

PACS numbers: 03.67.Bg, 03.75.Gg, 05.30.Jp, 42.50.Ex

150501-1

In this Letter, we reexamine systems of indistinguishable
particles, resurrecting legitimate meaning for their entan-
glement structure. Using intuition similar to Ref. [43],
entanglement should be given meaning only when it can
be extracted onto distinguishable registers via operations
which themselves do not contribute any entanglement.
Such entanglement can then be applied to standard quan-
tum information tasks. Remarkably, we show that this
extractable entanglement exactly corresponds with the
entanglement one would find within a naive multiparticle
description. Specifically, identical particle entanglement
can be transferred, with unit probability, onto independent
modes using elementary operations. Thus, symmetrization
entanglement is a fundamental, ubiquitous, and readily
extractable resource for standard quantum information
tasks. Our results demonstrate the usefulness of single-
mode BECs for many tasks beyond metrology, and reveal
new insight on how and when entanglement is generated
in passive optical networks.

Suppose we have N identical particles in the same spatial
mode. We focus on BECs, because they are the largest
source of debate in the literature, but these ideas also
apply to other scenarios, such as photons with polari-
zation degrees of freedom (see Ref. [13] for a related
fermionic example). Let each particle have two internal
states (for convenience, called “spin down” or “spin up”),
so that individual particles have a two-dimensional Hilbert
space H = span{|0), [1)}. Formally, we can describe the
state of the N-particle system within the Hilbert space
Hy = H®N. Implicit here is a specific pseudolabeling of
the particles: particle p is associated with the pth Hilbert
space in the decomposition. For identical particles, these
pseudolabels cannot be distinguished experimentally and
have ambiguous physical meaning.
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Mathematically, however, this “first quantization” basis
gives sufficient structure to consider entanglement. For
N > 1, we can imagine partitioning this space into disjoint
subsystems containing fixed numbers of particles. In the
decomposition Hy = H®", each particle is its own sub-
system. On the other extreme, we can consider a biparti-
tion, grouping the first Ny particles into one subsystem
and the remaining Ny into another, giving Hy =
H®Vx @ H®Nr = :'Hy ® Hy. Here we will focus mainly
on bipartite entanglement; extensions to multipartite sce-
narios are analogous (e.g., see Supplemental Material [44]).
Alternatively, we can use a “second quantization” basis
that more accurately describes the accessible degrees of
freedom. For N identical particles in mode A, the sym-
metric states {|n, N — n)} enumerate composite states that
have n spin-down and N — n spin-up particles. These can
be obtained by symmetrizing single-particle states:

|n,N— n>A = S[|0>1-"|O>n|1>n+l"‘|1>N]’ (1)

N
n
where S generates a sum over all unique permutations with
n spin-down particles out of N and (V) is the normalization.
These states form an orthonormal basis for the symmetric
subspace on which all physical states live. The symmetric
subspace can also be generated using creation operators:
a0y s =vEk+1k+1,0), and &} |k, 1), =T+ 1k, [+1) 4.

Mode splitting.—In the typical setting, bipartite entan-
glement is defined relative to two parties with independent,
accessible subsystems. In contrast, in the full N-particle
state space, the subsystems which appear to be entangled
are inherently inaccessible. Intuitively, we might imagine
getting at this entanglement by somehow splitting the
particles up into physically distinguishable modes. For
instance, we could let a BEC cloud spread until it separates
into distinct clusters, or we could use a more tunable
operation such as tunneling into neighboring modes. The
occupied output modes then provide some physically
accessible degrees of freedom, and we can safely speak
of entanglement between these modes.

But there are a few obvious concerns. First, we will still
not have any access to the particle pseudolabels that
characterize the original state’s entanglement. If we find
that there is a single particle in output mode C, we can use
this information to distinguish this particle in future experi-
ments. But relative to the original pseudolabeling, “the
particle in mode C” remains some symmetric superposition
of all identical particles from the initial state. So although
one can consider mode entanglement in the output state,
how is this related to the entanglement defined relative to
the pseudolabels? The second issue is the mode-splitting
process itself. Since we start with one mode and end with
more than one, we have essentially performed a nonlocal
operation. How do we know that entanglement between the
output modes was not created by the splitting operation
itself? Finally, for massive particles, there is the issue of
superselection rules [43], whereby superpositions of local

particle numbers cannot be measured. How might this
affect the entanglement we can extract?

To explore these issues, we consider the example of a
beam splitter transformation from optics. For BECs, this is
equivalent to a tunneling operation where particles can leak
from mode A into a neighboring mode B via a Hamiltonian
of the form H ~>,_,(bia; + a.b,). We denote the
modes posttunneling by C and D. Suppose we initially
have the 3-particle state |¢;,) 4 = |2, 1), a symmetric state
with 2 spin down and 1 spin up particles. Because of
symmetrization, this state is entangled in the pseudolabel
basis (for any nontrivial bipartition). We then apply a
splitting transformation & — ré} + td, (k =0, 1); this
operation, which is insensitive to the internal degrees of
freedom, transfers single particles from mode A into C(D)
with amplitude r(7). The other mode B initially has no
particles. The final state is

2.1)¢

|¢out>cn =7 0, O>D

+V3r1—=[2,0)¢[0, 1) + V2|1, 1)¢|1,0)p)]

1
V3
+ \/§n2¢1§ [0, 192, 00p + V2|1, 001, 1]

+£30,0)¢[2, 1)p. 2)

We have ordered the output state with respect to different
possibilities for local particle numbers. In the first or last
case (all particles in one mode), the output state is the same
as the input state, with no mode entanglement. For the other
cases, there is clearly entanglement between the output
modes. Even if we project onto fixed local particle numbers
to respect superselection rules [43], we have, on average,
nonzero entanglement in the output state. This entangle-
ment is now a valid resource in the LOCC paradigm.
Evidently, correlated single-mode states have some many-
body coherence properties [37] that may lead to mode
entanglement after splitting. In fact, we recognize a con-
ceptual connection with the widely known notion from
continuous-variable optics ([45-48]) that beam splitters
transform nonclassical states (e.g., squeezed states) into
mode entangled states.

But how does this output mode entanglement relate to
the input state’s apparent pseudolabel entanglement? For
concreteness, suppose we group particles 1 and 2 into
subsystem X and particle 3 into subsystem Y. To classify
the entanglement, we put |¢;,) into Schmidt form:

2,1)s = %(|0>1|0>2|1>3 +10)1[1)2]0)5 + [1)1]0),[0)5)

=%Qmmmwﬂﬂ%wmm4%)
:i(2,0>x 0, 1)y + V2|1, 1)¢[1,0)y). 3)

V3

In the last line we have rewritten the states within the
fictitious subsystems X and Y in second-quantized form.

150501-2



PRL 112, 150501 (2014)

PHYSICAL REVIEW LETTERS

week ending
18 APRIL 2014

We now make the crucial observation that Eq. (3) is
algebraically equivalent to the mode-split state in Eq. (2)
for the case where (N¢,Np) = (Nx,Ny)=(2,1), as
considered in this example. In fact, we can establish a
general equivalence.

Schmidt equivalence of particle and mode states.—Take
any single-mode basis state |n, N — n),, and fix a biparti-
tion into (Ny, Ny) particles. Consider the same state after it
has been split by any transformation & — ré} + td}, with
k=0, 1, and |7]> + |r|> = 1, followed by projection onto
local particle numbers (N¢, Np). If (N¢, Np) = (Ny, Ny)
or (Ny, N), then the Schmidt form of the input state (in the
given particle bipartition) is equivalent to the Schmidt form
of the output state (in the mode bipartition).

Proof.—The Schmidt form of the final state,
which we denote by |n, N —n) .y, can be straight-
forwardly but laboriously obtained by writing the input

N B d\oTndlﬂN—n)
A= n>A o n!(N—n)!

state as

&}; - ré, + td}, then projecting onto terms with fixed

local particle numbers (N¢, Np), i.e., those with prefactor
~rNeVo: see Supplemental Material [44]. Once normal-
ized, this automatically yields the Schmidt form:
[N =1) (e Np) = 2= Ancany [ Une) ¢ [Uny, ) s Where the local
states of mode K = C, D are second quantization basis
states: |u,, ) = |ng.Ng — ng )k, and the sum is over all
valid (n¢, np) such that ne + np = n. The Schmidt

coefficients are calculated to be 4, ,, = /(" CC)(I,\; lf)’) /).

0,0),, transforming

In first quantization, we begin with Eq. (1). We subdivide
this state into parts X, Y, where X contains the pseudolabels
1,...,Nx and Y the rest (in fact, by symmetrization, the
specific order will not matter). After symmetrizing, we
collect terms that have the same number ny of spin-down
states within X; Y will contain the remaining ny = n — ny.
For every pair (ny, ny), both parts have a symmetrized
form:

n,N—n>A =

> Sl iSlv,)). @)

ny-+tny=n

%d_
S =z

where |v, ) = [0),...]0), |1}, ;i---|1)y, and analogously

for Y. Comparing to Eq. (1), we see that Slv, )=

(IZZZNHZ,Nz—nZ)Z for Z=X, Y. Since the states
|nz,N; —nz), are orthonormal, this is the Schmidt
Nx\(N N .
(n;()(nyy)/(n) Thus, if

(N¢,Np) = (Nx,Ny) or (Ny, Ny), then the particle
Schmidt form and the mode Schmidt form are in one-to-
one correspondence. n

This equivalence has strong consequences. The single-
mode state |n, N —n), and its two-mode equivalents
[n, N = 1)y, n,) notonly have the exact same entanglement
structure, but the former states can be easily mapped to

form, with coefficients 4, , =

the latter. This holds as well for arbitrary superpositions
|pYa =D, Paln, N —n),, since the entanglement proper-
ties within any bipartition are completely determined by the
coefficients {¢,} and the Schmidt structure of the basis
vectors. By linearity, the algebraic correspondence also
holds for mixed states. Thus, by enacting the isomorphism
[n, N = n)p=>[n, N — n)(y.n,) Y0, [with  (N¢,Np) =
(Nyx,Ny)], we can map any single-mode state into its
two-mode version, where the entanglement structure is
not only preserved, but is readily accessible. To emphasize,
although we cannot individually access the identical par-
ticles, their overall state is, in fact, accessible, since it can be
mapped faithfully onto distinguishable mode subsystems.
We will call any protocol that achieves the isomorphism
[n, N = n)st=>|n, N — n) (v n,) V1, ideal mode splitting.

Mode splitting does not fit in the framework of LOCC,
and the process appears to “create” entanglement (this is a
well-known property of beam splitters). By the above
isomorphism, the structure and amount of mode entangle-
ment, for fixed local particle numbers, are completely
determined from the input state. Thus, mode splitting is
a mechanism for faithfully transferring correlations from
inaccessible identical particles onto accessible modes. If the
splitting is sufficiently passive (we give formal conditions
below), all mode entanglement comes from the initial state,
and no more entanglement can be generated than what
appears from the N-particle decomposition. Finally, it is not
a practical problem if a nonideal mode splitting creates
extra entanglement (e.g., by having a nonvacuum state in
input mode B); such entanglement is nevertheless a useful
resource. However, we cannot interpret such entanglement
as coming solely from the input state.

Probabilistic mode splitting and mode mixing.—Along
with tunneling or beam splitting, what other operations
achieve the desired isomorphism? Besides the basic ability
to coherently map one mode into two, there are three other
important components. First, to put particle and mode
entanglement on the same footing (in terms of subsystem
size), and to exclude superpositions of different local
particle numbers from consideration, we must project onto
fixed particle numbers for each output mode. Second, the
operation should not introduce any extra particles. Finally,
the process should not (de-)excite the particles, so that the
total number of excitations will be preserved. The reason-
ing for the latter two requirements is similar: such oper-
ations could lead to entanglement in the output mode when
none is apparent in the input partitioning. Consider the
initial state |N,0),, which has no pseudolabel entangle-
ment. If the output system contains a spin-up particle
(either externally added or internally excited), then output
states of the form |M, 1)y, y,) could appear, which are
mode entangled for all N¢, Np #0. Obviously this
entanglement is not representative of the initial state’s
entanglement structure.

These basic requirements are necessary and sufficient to
give the desired isomorphism—at least probabilistically—
ensuring that the splitting itself does not contribute any
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entanglement [49]. To show this, we consider the slightly
more general situation of mode mixing, from the input
space Hi, = span{|n, Nog — 1)y, vy} to the output space
Hou = span{|n, Ncp — ) vy }» Where the basis states
encompass all combinations with fixed global particle
numbers Ny + Ng = Nag, N¢c + Np = N¢p- This extra
generality will be useful for our deterministic mode-
splitting protocol later. For particle excitation, we use
the operators J == doa} +byb] and J&yp = ¢0e] +dod;.
The conjugate operators Jxy, == (75, )" model deexcitation.
We denote the parameters (Nu,Np;Nc,Np) by the
shorthand {N}.

Theorem 1. Necessary and sufficient conditions for mode
mixing.—Let M :'H;, — H,, be a linear particle-preserving
map, with Npyg = Ncp = N. Then M has the effect
M{n.N=n)y, ny) :ZNC+ND:NC{N}|n’N_n>(NC,ND)Vn’
where each C{N} € C, if and only if M commutes with
particle excitation and deexcitation, in the sense that
MJig = TEpM.

Proof—If M commutes with J*, then, by
direct calculation, the matrix elements M,{nNn} =
(m,N —m|y.nyyMIn,N —n)y, n,) must satisfy the
recurrence relation

(n+1)(N—-n)

)
M m+ (N =m)

_ v}
m+1,n+1 — Mms"

)

As well, M will commute with the operator JJ *, which
leads to MM [n(N=n+1)—m(N—m+1)] =0. The
bracketed term has roots m =n and m =N —n+ 1.
Combining this with the recurrence relation, we conclude
that each submatrix MV} is a multiple of the identity:

M) = C{N}5,. 6)

The overall map has the form M =} ,\\M N} where

each MV} satisfies Eq. (6), and the sum is over all ways
to split up the N particles in both the input and output
modes. Thus, M gives the desired isomorphism with some
probability amplitude C{N}. Conversely, it is easy to check
that any M with this final form commutes with the (de-)
excitation operator. m

The coefficients C{N} play the same role as the beam
splitter—parameter combinations (3, +/3r%f, etc.) in
Eq. (2); with suitable normalization, |C{N}|> is the
probability that states with initial particle numbers (N4,
Ng) are mapped to states with output numbers (N¢, Np).
Crucially, these coefficients depend on the local particle
counts, not on the states themselves. Following such maps
with local particle measurements Ne¢ ® Np, we can
probabilistically realize the desired isomorphism for any
subsystem sizes. As foreshadowed by the example, any
unitary operation &z - réz + td, IA)Z — —1C; + r*(Ai};,
k=0, 1, leads to probabilistic mode mixing. In the
multimode situation, this generalizes to polarization-
independent passive optical networks. Theorem 1 can

also be formulated on the N-particle state space; see
Supplemental Material [44].

Extraction protocol.—Here we outline how one can
extract identical-particle entanglement with unit probability
using an asymptotic protocol. Take an arbitrary N-particle
state in mode A, |pin)a = DN oPuln,N—n),, and a
desired bipartition size (Nx, Ny). The protocol goes as
follows: (i) Apply any nontrivial mode-mixing operation
M; (i) Measure local particle numbers NC ® ND. If
(N¢,Np) = (Nx, Ny) or (Ny, Ny), then the output state
is [ou)cp = 2on-o Puln, N = 1)y, v,)- Otherwise, repeat
step (i) with updated particle numbers (N',,Np) =
(N¢, Np). For this protocol to work, we must show that
at any iteration, with local particle counts (N, Np),
we have a nonzero probability to reach the desired goal
(Ny, Ny) within a bounded number of steps. In fact, any

nontrivial beam splitter has C; = C(N,,Ng;N,0) =

(W) (=) £0 and € = C(N,0;Ny. Ny) =

(9,)r"xeNr #0. Thus, with only two iterations, we

can guarantee an overall probability |C;C,|*> # 0 of achiev-
ing the desired isomorphism. Asymptotically, we can
faithfully extract any desired entangled state. We empha-
size that during the extraction protocol, intermediate states
could have quantitatively more entanglement than the final
state. One should not interpret this as meaning that the
protocol does not extract all available entanglement.
Rather, we remember that the entanglement content is
relative to the choice of bipartition of the initial state; for
every choice, this protocol faithfully extracts the corre-
sponding entangled state.

Relation to spin squeezing.—These results reveal new
operational meaning for single-mode spin-squeezed states.
Squeezing information can be used to bound the expected
mode entanglement, even without performing the splitting.
Using only a few simple collective spin measurements
[12], we can obtain the two-particle reduced state p,,
which is the same for every pseudolabel pair. We can then
bound the output state’s entanglement using any monoga-
mous measure &:

5(,0(3;])) 2 g(l’cl :D) 2 ZE(pC, :D_,-) = NDg(pCI 1D, )7 (7)
J

where the first relation follows from tracing out all qubits
in C but Cy, the second represents monogamy, and the third
is from symmetry; a similar inequality holds for Np<>Nc.
For a broad class of spin-squeezed states created by standard
methods, there is a quantitative relationship between the
spin-squeezing parameter &2 < 1 and the concurrence [50]
for any p,, [51-54]. We can leverage this to bound the
tangle [55,56] (generalized concurrence), a measure which
quantifies the usefulness of a state for bipartite channel

discrimination [57]: 7(pc.p) = max{NC,ND}[}V_—_‘ff]z. Thus,
spin-squeezed states, and the squeezing parameter £2, acquire
new operational meaning thanks to our results.
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Conclusion—We have shown that identical-particle
entanglement can be easily and faithfully extracted and
used as a resource for standard quantum information tasks.
Practically, such entanglement is naturally occurring and
quite robust [58—60]. In optics, the idea to use nonclassical
states and beam splitters to create entanglement has appeared
many times. However, because the second quantization
formalism is dominant, and because the particle super-
selection rules are not relevant for photons, the connection
between entanglement in a discrete identical particle basis
and beam-splitter generated entanglement was not previ-
ously uncovered. For massive particles, it is perhaps more
natural to begin with the N-particle state space, but the notion
of splitting and mixing modes is not as prevalent. Our results
illuminate new connections between entanglement, squeez-
ing, and indistinguishability in both scenarios.
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Humboldt Foundation, the EU Integrating Project SIQS
and the EU STREP EQUAM. We acknowledge Géza Téth
for helpful discussions.
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