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The total, triplet, and pair contributions to the entropy with increasing tetrahedrality are mapped out for
the Stillinger-Weber liquids to demonstrate the qualitative and quantitative differences between triplet-
dominated, tetrahedral liquids and pair-dominated, simple liquids with regard to supercooling and
crystallization. The heat capacity anomaly of tetrahedral liquids originates in local ordering due to both pair
and triplet correlations. The results suggest that structural correlations can be directly related to
thermodynamic anomalies, phase changes, and self-assembly in other atomic and colloidal fluids.

DOI: 10.1103/PhysRevLett.112.147801 PACS numbers: 61.20.-p, 64.70.D-, 65.20.-w

The behavior of complex fluids, including the self-
assembly processes underlying the formation of ordered
structures, is strongly influenced by multiparticle correla-
tions though the relationships between structural correla-
tions and thermodynamics are not well understood [1–3]. In
contrast, phase transformations and liquid-state behavior of
simple fluids are dominated by pair correlations and are
relatively well characterized. Here we address the changing
relationships between structural correlations and thermo-
dynamics that underlie the transformation of a simple liquid
into a complex, tetrahedral liquid dominated by triplet
correlations, driven by a systematic variation of the degree
of anisotropy of the interparticle interactions. Tetrahedral
fluids are among the simplest of complex fluids and include
a number of important systems, such as water, ionic melts
(SiO2,BeF2), covalently bonded liquids (C, Si), metalloids
(Ge, Sn), and dispersions of patchy colloids [4–13]. They
show a density-driven shift from four-coordinate, local
order at low densities to random, close-packing arrange-
ments at high densities. Depending on the degree of
energetic preference for local tetrahedral order, they display
several differences in comparison to simple liquids, includ-
ing density and related response function anomalies,
negative volume changes on melting, crystalline polymor-
phism, and polyamorphism [10,14–18]. Our motivation
here is to understand the competition between pair and
triplet correlations that underlies the transformation of a
simple liquid into a complex, tetrahedral liquid, using the
multiparticle correlation expansion for the entropy to
translate the information on pair and triplet correlations
into thermodynamic signatures associated with liquid state
behavior and phase transformations [19–24]. As a model
system, we use the Stillinger-Weber family of liquids that
captures much of the complex phenomenology of tetrahe-
dral liquids, especially with regard to water and silicon
[5,15–18,25–30]. We show that as a function of tetrahe-
drality, the liquid state can be subdivided into pair- and

triplet-dominated regimes, separated by a narrow, glass-
forming region where orientational disorder within the first
neighbor shell is significant. The three regimes show
qualitatively different thermodynamic behavior on super-
cooling, with the low-tetrahedrality liquids conforming to
the temperature scaling and melting rules expected of
simple liquids, while the triplet-dominated systems show
a characteristic heat capacity anomaly reflecting local
ordering due to pair and triplet correlations prior to
crystallization.
The total entropy of a monoatomic, homogeneous, and

isotropic fluid can be written using the multiparticle
correlation expansion as S ¼ Sid þ S2 þ S3 þ…, where
Sn is the contribution due to the n-particle correlations
[19–24,31,32]. Sid is the entropy of the ideal gas at the same
temperature and density and is given in units of kB per
particle by Sid ¼ 5=2 − lnðρΛ3Þ, where ρ is the fluid
density, Λ is the thermal de Broglie wavelength, kB is the
Boltzmann constant, and N is the number of particles. The
pair entropy (S2) per particle in units of kB is defined by

S2 ¼ −2πρ
Z

∞

0

½gð2ÞðrÞ ln gð2ÞðrÞ − gð2ÞðrÞ þ 1�r2dr; (1)

where gð2ÞðrÞ is the radial distribution function as a function
of the pair spacing r. The triplet correlation, gð3Þðr; s; tÞ,
between three particles located at positions r1, r2, and r3 is
written as a function of three relative distances,
r ¼ jrj ¼ jr2 − r1j, s ¼ jsj ¼ jr3 − r1j, and t ¼ js − rj
[33–35]. The irreducible part of the triplet correlation
function, gð3Þðr; s; tÞ is

δgð3Þðr; s; tÞ ¼ gð3Þðr; s; tÞ=½gð2ÞðrÞgð2ÞðsÞgð2ÞðtÞ�: (2)

The triplet entropy (S3) per particle in units of kB is
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S3 ¼−ρ2

6

Z Z
gð3Þðr; s; tÞ log ½δgð3Þðr;s; tÞ�drds

þ ρ2

6

Z Z �
gð3Þðr;s; tÞ− gð2ÞðrÞgð2ÞðsÞ− gð2ÞðsÞgð2ÞðtÞ

− gð2ÞðrÞgð2ÞðtÞþ gð2ÞðrÞþ gð2ÞðsÞþ gð2ÞðtÞ− 1

�
drds:

(3)

The Stillinger-Weber (SW) interaction potential is the
sum of an isotropic two-body (ϕ2) and an anisotropic
three-body (ϕ3) term favoring local tetrahedral order,
U ¼ P

pairϕ2 þ λ
P

tripletϕ3, where the first and second
terms represent sums over unique pairs and unique triplets,
respectively. The pair potential is

ϕ2ðrijÞ ¼ Aϵ

�
B

�
σ

rij

�
4 − 1

�
exp

�
σ

rij − aσ

�
(4)

and the three-body interaction term is

ϕ3ðrij; rik; θijkÞ ¼ ϵðcos θijk − cos θ0Þ2

× exp

�
γσ

rij − aσ

�
exp

�
γσ

rik − aσ

�
: (5)

The parameter values were A ¼ 7.049556277,
B ¼ 0.6022245584, γ ¼ 1.2, a ¼ 1.8, θ0 ¼ 109.47° with
the tetrahedral parameter λ, varied over the range from 15 to
30. Several tetrahedral liquids can be modeled as SW
fluids, such as silicon (λ ¼ 21), germanium (λ ¼ 20), tin
(λ ¼ 18.5), and water [λ ¼ 23.15 or monoatomic water
(mW) model] [5,15–18]. The simulations were performed
using the mass m ¼ 18 a.m.u., distance σ ¼ 2.3925 Å
and energy ϵ ¼ 3116.0686 K of the monatomic water
model (mW). The LAMMPS simulation package was used
for molecular dynamics simulations [18]. Computational
details are given in the Supplemental Material [36]. Unless
otherwise stated, all quantities are reported in reduced units
based on the well depth (ϵ) and length scale (σ) parameters
of the two-body term (ϕ2).
The three-body term in the SW potential enhances three-

body correlations relative to pair correlations and increases
the magnitude of S3 relative to S2. In the tetrahedrality-
temperature (λT) plane at a given pressure, the S2 ¼ S3
curve separates pair-dominated liquids from triplet-
dominated liquids. Figure 1 shows S2 and S3 as a function
of λ at different temperatures; triplet-dominated behavior
shifts to higher tetrahedralities with increasing temperature.
We juxtapose the S2 ¼ S3 curve for the stable liquid regime
against the previously mapped out phase diagram and
anomalous regimes at zero pressure [15,17,18]. The crys-
talline phases show sharp transitions from body-centered
cubic (bcc) (λ < 18), to a β-tin structure near the pseu-
doeutectic (λ ¼ 18.75) to a cubic diamond or tetrahedral
structure (λ > 18.75). The density (ρ) anomaly, corre-
sponding to a negative thermal expansion coefficient, is

observable in the intermediate tetrahedrality regime,
19 < λ < 26.5. The heat capacity (Cp) anomaly corre-
sponds to a sharp increase in heat capacity on isobaric
cooling. The line representing the heat capacity anomaly
corresponds to maxima in CpðTÞ obtained in fast cooling
ramps, or, alternatively, the metastability limit of the liquid
in longer, equilibrium runs. The locus of the heat capacity
maxima lies approximately 30%–40% below the melting
line of the tetrahedral crystal from λ > 21.5 to high tetra-
hedralities. The S2 ¼ S3 curve runs approximately parallel
to the melting line of the tetrahedral crystal, at a temper-
ature approximately 15%–20% above the melting line.
Pair-dominated SW liquids crystallize to form bcc struc-
tures, indicating the relatively soft, short-range pair repul-
sion [37]. The triplet-dominated liquids crystallize to form
a tetrahedral, diamond structure while a narrow intermedi-
ate tetrahedrality regime (18 < λ < 20) tends to vitrify. The
transformation of the liquid to a triplet-dominated fluid
seems to strongly favor formation of a tetrahedral crystal, as
well as the existence of a heat capacity anomaly.
For systems with specific degrees of tetrahedrality, Fig. 2

shows the triplet correlation functions, gð3Þðr; r; sÞ, for
isosceles triangle configurations for which s2 ¼
2r2ð1 − cos θÞ. The pair-dominated λ ¼ 16 system displays
a strong peak at 60°, consistent with locally icosahedral
configurations seen in simple liquids. Close to the eutectic
(λ ¼ 18), the orientational disorder within the first neighbor
shell is striking with peaks at 60°, 75°, and 100°, and must
be associated with the strong glass-forming propensities in
this regime. Once the eutectic is crossed, even for a low
tetrahedrality system like germanium with λ ¼ 20, the
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FIG. 1 (color online). (a) Phase diagram of the Stillinger-Weber
liquids in the tetrahedrality-temperature (λ − T) plane at zero
pressure. The locus of points at which S2 ¼ S3 is shown with
open squares. The locus of temperatures of maximum and
minimum density are shown in red (Δ) and pink (∇), respectively.
The line of heat capacity maxima is shown with black, filled
circles. (b) Variation of S2 and S3 along isotherms with
T ¼ 0.135, 0.093, and 0.077. We exclude λ values for which
convergence problems are observed at low temperatures [36].
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orientational preference within the first neighbor shell is
clearly centered at θ ¼ 109.5°. The formation of a second
neighbor shell at about 1.8σ is notable and becomes more
pronounced with increasing tetrahedrality, as does the
orientational preference for the tetrahedral angle. The triplet
correlation functions therefore highlight three qualitatively
distinct regimes of local structural order and associated
crystallization behavior: (i) pair-dominated liquids crystal-
lizing into bcc structures; (ii) a narrow eutectic regime with
significant first neighbor-shell disorder and strong glass-
forming propensities, and (iii) a triplet-dominated regime
which crystallizes into a tetrahedral lattice.
We now compare the temperature-dependent behavior of

liquids on the low- and high-tetrahedrality sides of the
eutectic, using the λ ¼ 16 and λ ¼ 23.15 systems as repre-
sentative examples. The λ ¼ 23.15 system is thewell-studied
monoatomic water (mW) model [17,25–27,29,30,38,39].
Each system is cooled isobarically from a relatively high
temperature to the lower limit of liquid state stability when
homogeneous nucleation takes place. The total entropy (S) of
the fluid is determined by Widom insertion at a relatively
high temperature, followed by thermodynamic integration
along an isobar [36]. The thermodynamic excess entropy at a
state point (T, P, ρ) along the isobar is defined relative to the
ideal gas at the same temperature (T) and density (ρ).
Convergence of pair and triplet entropies with respect to
simulation length, and the bin width and range associated
with integration has been checked. Since error bars for
entropic quantities cannot be directly estimated, in keeping
with earlier studies [22,23,32], we show convergence with
integration range and estimate that the errors in S2 and S3 are

less than 0.05kB [36]. Figure 3 compares Se, S2, and S3
for the λ ¼ 16 and λ ¼ 23.15 liquids along the P ¼
3.2269 × 10−5 isobar. Figure 4 compares the total
isobaric heat capacity, Cp ¼Tð∂S=∂TÞP with the pair,
C2¼Tð∂S2=∂TÞP, and triplet, C3 ¼ Tð∂S3=∂TÞP, contri-
butions. A useful correction to the pair entropy was derived
earlier for state points where compressibility is low and δgðnÞ

for n > 2 is close to unity [32]. We derive an analogous
expression, Se ≈ S2 þ S3 − ð1=3Þ, and test its accuracy
along the P ¼ 3.2269 × 10−5 isobar for the λ ¼ 16 and
λ ¼ 23.15 systems. The numerical values of various entropic
quantities, along with the thermal expansion coefficient (α)
and the isothermal compressibility (κT) are tabulated in the
Supplemental Material [36].
We first consider isobaric cooling of the pair-dominated

λ ¼ 16 SW liquid. Density functional theory for inverse
power law fluids predicts a T−2=5 temperature dependence
of Se, as well as a value of Se ≈ −4kB at freezing [40,41].
The λ ¼ 16 liquid satisfies the T−2=5 scaling over the
temperature range from T ¼ 0.18 to T thr ¼ 0.035, where
T thr represents the threshold temperature below which the
liquid crystallizes during the simulation run [36]. The
values of Se at Tm and T thr are −4.7kB and −5.4kB,
respectively, consistent with results for other simple liquids
[3,42–46]. The total isobaric heat capacity, Cp, shows a
small rise on supercooling from 3.5kB to 4kB. There is no
accompanying rise in compressibility or thermal expan-
sivity, unlike in the case of tetrahedral liquids. We now
consider the pair and triplet contributions to the fluid
entropy. At high temperatures, the dominant contribution
to Se is from S2 and Se ≈ S2 þ S3 − ð1=3Þ. Close to and
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FIG. 3 (color online). The excess (Se),
pair (S2), and triplet (S3) entropies as a
function of temperature (T) at P ¼ 1 atm
for (a) λ ¼ 16 and (b) λ ¼ 23.15. Data
for state points at which S3 does not
converge within 5σ are shown with open,
rather than filled, symbols.
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FIG. 2 (color online). Triplet correlation functions gð3Þðr; r; sÞ for isosceles triangle configurations for SW liquids at T ¼ 0.077 with
tetrahedrality values of (a) λ ¼ 16, (b) λ ¼ 18, and (c) λ ¼ 20. Contour plots have axes labeled by r (in units of σ) and θ, such that
s2 ¼ 2r2 − 2r2cosðθÞ with the scale shown on the side. Zero values of gð3Þ are due to either excluded volume effects, boundary
conditions, or the triangle inequality.
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below solid-liquid coexistence at Tm, this approximation
breaks down and the convergence of S3 with a range of
integration slows down significantly due to long-range
correlations in δgð3Þ, resulting in an apparent steep decrease
in S3 on supercooling [36]. The long-range triplet correla-
tions may reflect intermediate-range bond orientational
ordering prior to crystallization, as suggested in recent
studies of simple liquids [47]. We note that Se itself does
not show any steep decrease on supercooling, suggesting
that the liquid as a whole must be strongly frustrated and Sn
contributions for n > 3must be positive at low temperatures.
The behavior of the triplet-dominated, λ ¼ 23.15 (mW

water) system contrasts significantly with the pair-
dominated system [Figs. 3(b) and 4(b)]. The T−2=5 scaling
ofSe is seen only at high temperatures and theSe values atTm
and T thr do not conform to those seen for simple liquids.
At high temperatures, the Cp values of the λ ¼ 16 and
λ ¼ 23.15 systems are comparable. The anomalous rise in
Cp on isobaric cooling is, however, very pronounced with
a value of 5kB at Tm and 10kB at T thr. The S2 and S3
contributions for the tetrahedral liquid arewell converged for
0.0675 < T < 0.18 and S2 þ S3 ≥ Se, except close to T thr.
The sharp rise in CpðTÞ is closely tracked by C2ðTÞ
and C3ðTÞ. The approximation Se≈S2þS3− ð1=3Þ works
fairlywell for this systemover the entire range of temperature
studied, even close to the mestastability limit of the crystal.
The reasons for this unexpected difference between tetrahe-
dral and pair-dominated liquids requires further study, but
we speculate that this may be because there is no difference
in local order between the tetrahedral liquid and the corre-
sponding crystal. To summarize, pair and triplet contribu-
tions to the entropy and heat capacity in tetrahedral liquids
closely track the corresponding thermodynamic quantities,
in contrast to the triplet contributions for pair-dominated
liquids. The structural reorganization and the associated
thermodynamic features (e.g., heat capacity anomaly) on
supercooling of tetrahedral liquids is therefore qualitatively
different from that seen in pair-dominated systems.
The locus of state points for which pair and triplet

correlations to the entropy are equal serves to demarcate
the liquid regime of the Stillinger-Weber systems into pair-
and triplet-dominated regimes. Using the triplet correlation
functions, we show that the nature of local order within the
first neighbor shell is a critical factor in determining the
behavior on supercooling. The pair- and triplet-dominated
liquids crystallize into body-centered cubic and diamond
structures, respectively, while a narrow range of intermediate

tetrahedrality with strong disorder within the first neighbor
shell is associated with strong, glass-forming propensities.
The low-tetrahedrality liquids behave essentially as simple
liquids in terms of the temperature dependence of the excess
entropy, conformity to freezing rules, and a very weak rise in
heat capacity on approaching the metastability limit of the
liquid. The triplet-dominated liquids show a characteristic
anomalous rise in heat capacity on isobaric cooling that can
be attributed almost entirely to the collective reorganization
of the liquid structure due to increasing strength of pair and
triplet correlations. In contrast, the pair-dominated liquids
show increasing long-range triplet correlations on approach-
ing crystallization but no sharp rise in either the pair or
thermodynamic heat capacities. Our study complements
other recent work on supercooling and crystallization path-
ways of water and silicon, using the Stillinger-Weber as well
as other atomistic models, in that we focus on the direct
effect of structural correlations on calorimetric signatures of
liquid-state behavior. We note that information on triplet
correlations is potentially accessible from isobaric pressure
derivatives of the structure factor [48]. Preliminary results
for triplet O-O-O correlations in pair-additive, rigid-body
models of water show a strong resemblance to the mWwater
model studied here, suggesting that our results are relevant
for experimental systems [49].
In this Letter, we have shown that there are both

qualitative and quantitative differences between tetrahedral
and simple liquids in structural reorganization and associated
thermodynamic signatures preceding crystallization. Using
the multiparticle correlation expansion of the fluid entropy, it
is established that enhanced triplet correlations and the heat
capacity anomaly of tetrahedral liquids are directly related.
The implications for supercooling and crystallization
kinetics of several important tetrahedral liquids, such as
water, silicon, germanium, and silica, are significant and can
be experimentally investigated using x-ray or neutron scat-
tering. Triplet correlations are expected to be important in
various colloidal fluids that self-assemble to form low-
density, ordered structures, such as diamond lattices
[12,50–53]. Experimental tools such as confocal video
microscopy can be used to directly compute triplet correla-
tion functions for colloidal fluids from which entropic
changes associated with self-assembly can be obtained.
While this study focuses on the connections between struc-
tural correlations and excess entropy, the implications of
enhancing triplet correlations for dynamics can be explored
using mode-coupling theory [54] or excess entropy scaling
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of dynamical properties [10,55]. The results of this study
should therefore be of relevance to experimentalists and
theoreticians working on simple and complex fluids, soft
materials, and self-assembly of colloids and nanoparticles.
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