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We perform ab initio simulations based on finite-temperature density functional theory in order to
determine the static and dynamic ion-ion structure factor in aluminum. We calculate the dynamic structure
factor via the intermediate scattering function and extract the dispersion relation for the collective
excitations. The results are compared with available experimental x-ray scattering data. Very good
agreement is obtained for the liquid metal domain. In addition we perform simulations for warm dense
aluminum in order to obtain the ion dynamics in this strongly correlated quantum regime. We determine the
sound velocity for both liquid and warm dense aluminum which can be checked experimentally using
narrow-bandwidth free electron laser radiation.
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A consistent description of dense charged particle
systems is one of the major challenges of statistical
mechanics [1]. While dilute Coulomb systems such as
low-density plasmas or electrolytes at low concentrations
can be treated appropriately within expansion techniques
(e.g., with respect to density or fugacity), the investigation
of dense plasmas has to deal with strong correlations and
quantum effects; i.e., perturbative treatments or expansions
with respect to small parameters are no longer applicable. A
prime example for such complex states is warm densematter
(WDM)—a dense plasma with strong ion-ion correlations
and at least partially degenerate electrons. This particular
state is of paramount importance for astrophysics, e.g., for
the interior of giant planets [2,3], and for inertial confine-
ment fusion research [4].
Besides the equation of state data and the transport

properties, the dynamic structure factor (DSF) Sð~k;ωÞ as
the spectral function of the density-density correlations in
the system is of fundamental importance. It is closely
connected with the dielectric function via the fluctuation-
dissipation theorem and, in principle, all other quantities
can be derived from the DSF. Furthermore, the differential
scattering cross section of x rays focused onto a charged
particle system (liquid metal, plasma, or WDM) is deter-
mined by the DSF of the electrons [5]. This part is accessible
via laboratory experiments using brilliant x-ray sources,
generated by powerful optical lasers [6] or free electron
lasers (FELs) [7]. The electron scattering spectrum has
pronounced features in a wide range of energies. For
instance, from the plasmon modes (having energies of
several eV) one can derive the plasma parameters electron
density ne and electron temperature Te using the detailed
balance and the plasmon dispersion relation [5,8,9].
The correlations in the ion system are usually described

via the static structure factor SiiðkÞ applying classical
integral equation techniques [10] or molecular dynamics
(MD) simulations [11]. The ion acoustic modes (having

energies of few 10 meV) can be resolved only using very
intensive and narrow bandwidth radiation as provided by
FELs [12]. The ion dynamics in WDM has been treated so
far using MD simulations with respect to classical pair
potentials [13] or applying orbital-free density functional
theory [14] to calculate the forces in each time step.
However, whether or not the ion dynamics in warm dense
matter is described adequately by these approximate
techniques remains an open question. In order to settle
this point, we present here ab initio results for the DSF of
the ions in liquid and, for the first time, also for warm dense
Al using finite-temperature density functional theory
molecular dynamics (DFT-MD) simulations.
The dynamic ion-ion structure factor Siið~k;ωÞ is defined

as the Fourier transform of the intermediate scattering
function Fiið~k; tÞ,

Fiið~k; tÞ ≔
1

N
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P

N
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−i~k~riðtÞ being the Fourier transformed
ion number density and N the number of ions. For the

calculation of Siið~k;ωÞ the ion movement is extracted from
DFT-MD simulations using the Vienna Ab-Initio
Simulation Package (VASP) [15–17]. For the inclusion of
exchange interactions and correlations we use the gener-
alized gradient approximation of Perdew, Burke and
Ernzerhof [18]. The electron wave functions are expanded
into plane waves up to a cutoff energy of 500 eV. For the
interaction between ions and electrons a projector aug-
mented-wave potential [19] is used, in which the ten inner
electrons of Al atoms are frozen, while the three valence
electrons are described in the DFT framework. All MD
simulations except one were carried out using 256 ions and
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ran for a minimum of 4400 time steps after equilibration.
The time steps used in the ion dynamics part of VASP are
3 fs for Al near the melting point and 0.7 fs in the warm
dense region. To control the temperature the algorithm of
Nosé [20] is used with a Nosé mass corresponding to a
temperature oscillation period of about 40 time steps. In all
simulations the standard deviation of the temperature is
between 5 and 10% of the mean value.
In general the form of the simulation box should

correspond to the solid lattice structure of the material in
question, allowing for possible solid-liquid transitions. The
lattice structure of aluminum is fcc; therefore, we spanned
the simulation box by using one short fcc vector að1; 0; 1Þ
and two long fcc vectors að2; 2; 0Þ and að0; 2; 2Þ. The
constant a is then chosen according to the desired density.
The sampling of the Brillouin zone was carried out at the
Baldereschi mean value point [21] corresponding to the fcc
simulation box. In the following only isotropic systems are
considered; we therefore report only quantities averaged
over the possible wave vectors with the same magnitude.
The convergence of the results has been checked with
regard to the number of particles, energy cutoff, Brillouin
zone sampling, and the number of time steps. In order to
check the accuracy of the method we determine the second
frequency moment Ω2 and compare with the theoretical
value of the one component plasma (OCP) model
ΩOCP

2 ð~kÞ ¼ kBTk2=m in Fig. 1. The frequency moments
are calculated from the intermediate scattering function
(1) via

Ωnð~kÞ ≔
Z

∞

−∞
Siið~k;ωÞωndω ¼ ð−iÞn ∂

nFiið~k; tÞ
∂tn

����
t¼0

: (3)

The results of the DFT-MD simulations are in very good
agreement with the OCP model (deviations less than 2 %

for k > 2 Å−1), thus validating the numerical treatment for
this challenging problem.
The static structure factor SiiðkÞ is given by the inter-

mediate scattering function (1) at time origin Fiið~k; 0Þ. In
Fig. 2 we compare our simulation results with available
data from x-ray diffraction experiments [22] at 1023 K.
Both are in very good agreement except for values at the
first peak—a behavior that has already been observed in
earlier MD simulations [23] for liquid metals near the
melting point; it is caused by the periodic boundary
conditions inducing additional order.
Ma et al. [24] recently measured the ion feature of shock-

compressed aluminum with an estimated ion density of
0.181 Å−3 (mass density of 8.1 g=cm3) and a temperature
of 10 eV (116 000 K) via x-ray Thomson scattering. This
allows us to compare experimental and ab initio structure
data in the WDM region as well. Due to the high computa-
tional efforts necessary at these conditions this particular
simulation was carried out with 64 ions in a box spanned by
three fcc vectors of equal length. According to Chihara [25]
the ion feature is given by

jfiðkÞ þ ρðkÞj2Siiðk;ωÞ; (4)

where fiðkÞ is the ion form factor and ρðkÞ the Fourier
transform of the electron screening cloud. Both quantities
are not accessible in our calculations; instead we approxi-
mate them by the atomic form factor [26]

fiðkÞ þ ρðkÞ ≈ faðkÞ: (5)

The resulting ion feature is in very good accordance with
experimental data for large k; see Fig. 3. Ma et al. argue that
only calculations taking into account the linear screening
caused by free electrons as well as the short range repulsion
which is due to bound electrons are able to reproduce their
experimental data. This was shown by solving the
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FIG. 1 (color online). Second frequency moments for alumi-
num from DFT-MD simulations (lines) compared with the OCP
values (crosses). Lower curve: 1023 K and 2.35 g=cm3, upper
curve: 40 600 K and 5.2 g=cm3.
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FIG. 2 (color online). Static structure factor SiiðkÞ at 1023 K
and 2.35 g=cm3 from x-ray diffraction experiments [22] (red
dashed line) and DFT-MD simulation (black solid line).
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Ornstein-Zernike equation within the hypernetted chain
closure with respect to a potential that includes screening
(Yukawa potential) and an appropriate but arbitrary short-
range repulsion term (HNC − Yþ SRR) [27]. This corre-
sponds to the results of our calculations, where the height of
the peak is underestimated due to the lack of a full quantum
mechanical description of the ten inner shell electrons.
Nevertheless, for the DSF of warm dense Al we investigate
a system of lower density and temperature where the
influence of Pauli blocking is expected to be smaller.
For the determination of Siið~k;ωÞ we first calculate the

intermediate scattering function Fiið~k; tÞ. This function still
exhibits some statistical fluctuations after decaying; there-
fore we first multiply it with a Gaussian window function
e−t

2=ð8t2maxÞ and then carry out the integration in Eq. (2) on
the interval [−tmax,tmax]. By this procedure we suppress the
unphysical statistical fluctuations and reduce truncation
effects. The value of tmax has to be chosen according to the
decay time of Fiið~k; tÞ and thus varies with the wave
number k.
To test this method first calculations were performed for

conditions matching those in the experiment of Scopigno
et al. [28]. They investigated liquid aluminum at a temper-
ature of 1000 K under ambient pressure. They did not
report on the probe density; we therefore use the linear
regression result from Ref. [29] leading to an average ion
number density n ¼ 0.0526 Å−3 (mass density of
2.3565 g=cm3). In the experiment the static structure factor
was not directly accessible and hence the normalization of
the data has been determined by fitting procedures. The
static structure factor in our calculations is by a factor of
1.65 greater than the values determined in Ref. [28].
In Fig. 4 we have used this factor to rescale the exper-
imental data and compare with our simulation results.
Since only wave vectors on the reciprocal lattice corre-
sponding to the periodic boundary conditions are allowed

we compare at those wave numbers that are closest to the
experimental ones.
An ab initio simulation for these conditions has already

been carried out by Alemany et al. [30]. Our simulation

FIG. 3 (color online). Ion feature at 10 eV and 8.1 g=cm3 from
DFT-MD simulations (solid line) compared with the x-ray
Thomson scattering data of Ma et al. [24] (dots).
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FIG. 4 (color online). DSF Siið~k;ωÞ at 1000 K and
2.3565 g=cm3. Dashed lines: experimental data from x-ray
scattering [28]. Solid lines with dots: DFT-MD of Alemany et al.
[30]. Solid lines: present DFT-MD. The lower wave numbers
always correspond to the present DFT-MD, while the upper ones
correspond to Ref. [28] and [30]. Each set of curves is shifted by a
constant offset of 0.5 PHz−1 with respect to the lower one.

FIG. 5 (color online). DSF Siið~k;ωÞ at 3.5 eV and 5.2 g=cm3

from DFT-MD simulation. The wave vectors at 3.5 and 7.3 Å−1
correspond to the positions of the peaks in the static structure
factor.
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uses a larger energy cutoff, a larger number of ions, a
smaller time step and a larger number of time steps—which
likely leads to more precise results. Alemany et al. report

on the fraction Siið~k;ωÞ=Siið~kÞ; therefore, in Fig. 4 we

scaled their data according to our Siið~kÞ values. At all points
our simulation and the experiment show very good agree-
ment. However, the position of the side peaks is slightly
lower in the simulation, a circumstance also present in the
calculations of Alemany et al.
For the investigation of the DSF of warm dense

aluminum we chose a temperature of 3.5 eV (40 600 K)
and an ion number density of n ¼ 0.116 Å−3 (mass density
of 5.2 g=cm3). In Fig. 5 we show results for the DSF at the
peaks of the static structure factor and in the collective
region. Compared to the case near the melting point the
collective modes are much more pronounced. This is a
consequence of the strong correlations inherent in WDM
states.
For the two cases studied in this work the dispersion

relation of the collective excitations has been determined
analyzing the position of the side peaks; see Fig. 6. The
peak positions depends on the choice of tmax in the window
function. Since there is no strict rule for the choice of tmax,
we include results from different choices of tmax in our
calculations.
The slope of the dispersion relation for small wave

vectors is the adiabatic sound velocity cs. We report also on
the dispersion relation of the longitudinal current

correlation spectra Jlð~k;ωÞ ¼ ω2=j~kj2Sð~k;ωÞ, where the
slope at small wave vectors gives the apparent sound
velocity cl. For all dispersion relations the corresponding
sound velocities have been determined via linear fits to the
dispersion relation at small wave vectors, see Table I.
For liquid aluminum at 1000 K an adiabatic sound

velocity of 4722 m=s can be estimated from experimental
data [31]. Our DFT-MD results for the sound velocities
agree within 6 %. Furthermore, we give first predictions for
the sound velocities in warm dense aluminum which are
about a factor two greater than those in the liquid metal
regime. Such a noticeable increase of cs has already been
found in orbital-free DFT-MD [14] at slightly different
conditions, and in DFT-MD results for warm dense hydro-
gen along the Jupiter isentrope as well [3].
In summary, ab initio simulations were shown to be a

reliable tool to describe the dynamics of liquid metals near
melting. We applied this method for the first time to
compute the ion dynamics in the WDM region with its
strong correlations and quantum effects. We have shown
that collective excitations play a dominant role there. From
the dispersion relations of these ion acoustic modes, the
sound velocities have been derived, being in good accor-
dance with experimental data. Results on the ion feature of
warm dense aluminum [24] show good agreement for the
large-k region and support the assumption that short range
repulsions between the ions have a strong influence on the
measured peak height. Our results are very encouraging for
a full ab initio description of the structural properties of
WDM, that should be based on an all-electron DFT
calculation.
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