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Complicated wave behavior observed in the cylindrical pair-ion (fullerene) experiments by Oohara and
co-workers are now identified to be low harmonic ion cyclotron waves combined with ion plasma
oscillations inherent to kinetic theory. The electrostatic dispersion equation derived is based on an
approximation for the current from the exact solutions of the characteristic cylindrical geometry form of the
Vlasov plasma equation in a uniform magnetized plasma cylinder surrounded by a larger metal boundary
outside a vacuum gap, which thus differs from that in unbounded plasmas. Positive and negative ions,
differing only in the sign of their charge, respond to a potential in the same time scale and cooperate to
reflect the enhanced kinetic orbital behaviors to the macroscopic propagation characteristics. In addition,
the experimental value of the Larmor radius (comparable to the discharge radius but small enough to make
the analytic approximation useful) makes higher harmonic ion cyclotron effects both observable and

calculable with the appropriate approximation for the kinetic theory.
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After the pioneering experimental studies on propagation
properties of electrostatic waves in symmetric pair-ion
plasmas [1-5] (singly charged positive and negative ful-
lerene ions), there have appeared a number of theoretical
works on various linear and nonlinear modes in pair-ion
plasmas [6—17]. However, basic propagation characteristics
observed in the experiments have not been adequately
explained yet. This is because those works are based on
fluid theories of unbounded plasmas in spite of kinetic
natures seen in the experimental data. One sees several
separated solutions, each extending over a frequency range
m& to (m £ 2)Q (with the exception of a low-frequency
branch going from 0 to €2), all of which indicates the strong
effect of kinetic cyclotron resonances. The significance of
pair-ion plasmas is that it is produced in laboratories and
provides new insights into phenomena in pair plasmas in
general. This holds both in the laboratory environment (due
to clear advantages of being free from the usual problem of
annihilation inherent to antimatter electron-positron
plasma), and under astrophysical environments with similar
pair (electron-positron) plasmas where antimatter plasma is
frequently found. A main feature of pair-ion plasmas is that
positive and negative ions respond to a potential in the same
time scale and expose the kinetic orbital effects to the level
of the macroscopic properties like propagation character-
istics. In this Letter, we develop a kinetic theory in a
cylindrical coordinate system to treat whole eigenmodes in
a unified manner. Exact solutions of the characteristic
equations of the linearized Vlasov equation lead to an
approximate kinetic dispersion equation. The dispersion
relations of the low and high frequency backward waves
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and some forward waves are terminated at certain wave
numbers k, due to the fact that the local solutions of
dispersion equation then become complex if k, is increased
and not due to the cyclotron damping. In a cylindrical
system, the cyclotron resonance damping is not effective
since particles are unlikely to come back to the same phase
of the wave after one cyclotron period. The essential feature
of the results presented here is that standard classic kinetic
theory is still enough to explain the puzzling experimental
results that remained elusive in spite of many attempts, yet
stressing that pair-ion plasma is a new kind.

For a plasma confined in a cylindrical vessel immersed in
a constant magnetic field B in the axial z direction, we
solve the Vlasov equation in cylindrical coordinates
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where Q, = ¢,B/m,c and a denotes the species as @ = =+,
and the continuity and the Poisson equations

OE(r, 1)
V. {T+ ;4nn0aea/vF,,(r, v, t)dv} =0. (2

The equilibrium is Fo(V) = Foo(vy,v.), v3 = 02 + v},
and we choose F, to be Maxwellian. Now we introduce a

© 2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevLett.112.105001
http://dx.doi.org/10.1103/PhysRevLett.112.105001
http://dx.doi.org/10.1103/PhysRevLett.112.105001
http://dx.doi.org/10.1103/PhysRevLett.112.105001

PRL 112, 105001 (2014)

PHYSICAL REVIEW LETTERS

week ending
14 MARCH 2014

fluctuation f, through F,(r,v,t) = F ,o(v 1 ,v.) + fo(r,v,1),
and linearize Eq. (1) to get
e (0 1000 00), g
dt Ordv,  ro0dvy 0z 0v.)

where d/dt is the total derivative. Equation (3) is integrated
along the characteristic orbit in the phase space which is
defined by dr/dt=wv, d0/dt=vy/r, dz/dt=v,,
dv./dt =0, dv,/dt = v}/r + Q,vg, and dvy/dt =—vgv,/
r—Qav, Since we have three invariants, E = v2+

v3 =13, L = ver + (Q,/2)r?, and v,, we may introduce
a variable ¢(¢) through v, = v, cos@ and vy = v, sin@.
Equations for ¢(7) and 6(r) then reduce to dg/dt =
—(vy /r)sing — Q,, df/dt = —dp/dt — Q,, where r(t) =
ri[—esing(t) + (sin’p(t) + 2x)'/?] is derived from the
invariant L(x = LQ,/v%) and r, is the Larmor radius
defined by r;, = v, /|Q,| and € = |Q,|/Q,. Since r(t) is
non-negative, k > 0. The ¢(7) and 6(z) are

(1) = Po — Qut — esin”"[cos (1) /5 (k)]
_ il cos D(1)
=2 V2[1 +x+ es(x) sin®(1)] @
0(t) = 0y + esin™ [cos (1) /s(k)]. )
where (1) = @y — Qut, s(k) =1+ 2k, Py = ¢(0),
Py = o + sin” [COS(%/S( )], 6o = 6(0), and 6y = 6,—
(@o—@o). The z(r) and r(r) are integrated as

Z<t) = v+ Zp,

r(t) = rp\/2[1 + k + es(k) sin ®(1)] + 7
(6)

= rpp(k) siny(1) + 7o,
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where # =k r; p(k)J2(Q(x)) =k, r; /2. In the following
we only consider the case of # = 0 since the oscillation
potential observed in the experiment is maximum at
the center. Then £(z) no longer has a contribution in
the integration over the time and it may be neglected
in Eq. (8). Next, the -current estimated through

{ (kj_l") i‘n/2
S, (B)S(€ -

where (1) = cos™![q(k) cos (®(2)/2 + en/4)], p(k) =

2[1 +k+ s(x)], q(x)=2s(x)/pk), ro=r(0), F
ro — /1 + &+ es(k) singy and z5 = z(0).

Since the exact solutions in Egs. (5) and (6) are
unfortunately not directly applicable to integrating
Eq. (3) along the orbit (as was the case for Cartesian
geometry) we now use the following approximation.
Noting s(x) > 1 and |cos¢/s(k)| <1, 6(t) is approxi-
mated as O(r) =0y + eS(k) cos ®(¢), where S(k)=
sin"![1/s(x)]. In a similar way using the conditions
g(x) <1 and |g(k)cosy(r)| <1 in Eq. (6), we may
approximate w(f) as w(t) =n/2+ Q(k) cos[®(r)/2+
en/4], where Q(k) = sin"!g(k), leading to

r(t) = rpp(k) siny(t) = r; p(x) cos{ Q(k) cos[®(7)/2

+en/4]}
= ryp(K){Jo[Q(x)] + 2212,, | cos[n(®(1)
+en/2)]}. (7)

Here, J, is the Bessel function of the first kind and positive
definite since Q(x) is smaller than the first zero of J,,. In the
following we retain only J, and J, since J,, with n > 2 is
negligible compared with J, and J,.

Now (¥, @) at ¢’ are represented by (r, 0) at t as ¥ = r+
2r, p()J2(Q(k))[sin(Q,7 + @) —sing], &' =60+ &(2),
where 7=1'—1t, £(r) =-Q,7/2+tan"![g(z)] —tan~'[g(0)],
and ¢(7) = [(1 + k) tan(,7/2 + ) + s(x)]/x. The usual
convenient assumption in kinetic theory of uniform density
N4 1s also made here so that the calculation of the plasma
current can go forward; in the end the justification for
this is whether the result is in acceptable agreement with
experiment. Introducing the Fourier-Hankel transform

$(r.0.2.0)=3 "k > pbe(k ik, @)J o (ky r)explit (0+x/2)+
i(k,z—wt)] where k, = (kl cosp,k, sinp), Eq. (3) is
expressed as

1 8Fa0 . w—kzﬂzaFao aFao
I (k
UJ_(?UJ_—FI( V) 8 Zav Z J_r
[m +my —my —m; + m4])€im7r/2€i(m1+m2—m3—m4)(p
¢))
[
Je(rik, @) =>"eq [Vfar(r.k, ,v,w)dv is substituted

into Eq. (2) to give the electric displacement as

K, K, O\ /E,
D:<—iKJ_2 KJ_ O)(Eg), (9)
0 0 K./\E,
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where for the Maxwellian F ),
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d,(m)=1,(n)e™, n=4kir:/4, W() is the plasma
dispersion function defined by W(¢) = (1/v2x) [.[1/
(x = O)]exp(=x*/2)dx, {5, = (@ = 2mQ,)/(k.vr,), and
we have used [§°uJ,(au)J,(fu)e du = (1/2)1,(ap/
2)6_((12+[}2)/4’ Zan(’?)z =1, ann( )e 7=1. Now
Eq. (2) (i.e., the Poisson equation) reads

10 0 £?
KJ_{ o [Ejf(kj_r>:| —Jf<kﬂ)}—k§Ksz<kﬂ):0,

where k| is determined by
KiK, + kK. =0. (10)

The dispersion relation is determined by the boundary
condition. Since the plasma is detached from the wall, the
boundary conditions are that the normal displacement and
tangential electric fields are continuous at the plasma
boundary, yielding

¢out ( )
¢ out ( )

for which we put £ = 0. Outside the plasma the potential is
a solution of the Laplace equation V2., = 0 with the
condition ¢, (R) =0 at the wall r=R, that is
Poulk.r) = A[Ko(k R)Io(k.r) = Io(k.R)Ko(k.r)], where
K, and I, are the modified Bessel functions. Thus, the
waves are determined by solving Egs. (10) and (11) for
which the plasma is assumed to be Q, =Q_ =Q,
vry = vr- = vy, ®3 = o> =w,, and the ion Debye
lengths A1 = A2 = A2 = v}/w3,.

The parameters used here are the same as those in the
experiment, the density ny = 1 x 103 cm™ of the fullerene
plasma with m; = 720m,, (w,/2x = 78.2 kHz), the mag-
netic field B =0.2 T (/27 = 4.2 kHz), the temperature
T, =7T_=03eV (in the experiment 7T, ~7T_~
0.3-0.5 eV), the plasma radius r, = 1.5 cm, and the vessel
radius R =4 cm, respectively. Thus, 1= 0.04 cm,
rp = 0.75 cm, and vy = 200 m/s.

Dispersion equations.—For the plasma satisfying the
inequality w, > Q > k_ vy, we may rely on the asymptotic

!
Jf(klr*) —fKJ_z _ k

Kk —=
+ LJL”(’Q.”*) Iy

(1D

expansion of the plasma dispersion function in Egs. (10)
and (11), and we obtain

2

V=127 2 dufColm.x)+ Ci(mx)}, (12)

m=—0o0

2
1-G(k, k)= e Z d,Ci(m,x),  (13)

m=—00

where k*>=k3 +k2, x = 0/Q, Cy(m,x) =2m(2m+ 1)/
X2 — (2m + 1)) + 6m(2m + 1)k2r2 /[x* = (2m + 1)?]?,
Colmx) =22 /[ — (2m 2] +2(2m 212 /1 - (2m 2P,
and G(kiﬂkz) = (kz / kL)(d)gut(kzr*)/(i)out(kzr*))x
(Jo(kyr,)/Jy(kor,)). Equations (12) and (13) give an
alternative dispersion equation

Z d,Co(m,x).  (14)

m=—0oo

1
E[k§+k2 (k. k,

In the following we solve Egs. (13) or (14) to get w =
w(k, k,) and substitute the result into Eq. (12) to get the
relation between k, and k;, numerically. The coefficient
d,,(n) is rapidly decreasing with m and increasing with 7,
the higher order resonances become effective for larger
n. The reason we retain up to the second order expansion of
the plasma dispersion function is because it plays a definite
role in the vicinity of the resonance. In the experiment the
Larmor radius is comparable to the half of the vessel radius,
implying the waves of higher m are excitable.

The novel cylindrical analysis developed here, especially
in its various approximations, proves to agree remarkably
well with the experimental results. This can be more clearly
seen when one develops these approximations in detail, the
topic to which we now turn.

Wave solutions under various approximations.—In the
experiment, two branches of backward waves exist in the
low and intermediate frequency ranges although the low-
frequency backward wave is clearly observed only when
waves are excited by a grid exciter.

Low-frequency waves @ < Q: Eq. (16): Since the back-
ward wave in 0 < @ < Q is supposed to be a coupled mode
of the thermal and ion cyclotron modes, we eliminate k%
from Egs. (12) and (13) and retain terms with resonances in
this frequency range to obtain

k2

=0, (15

. dl{ 2 ek ]_kgaz

-1 (x*=1)? 2
where G = G/(1 — G). As is expected when the parallel

wave number is small, so the k2A? term in Eq. (15) can be
dropped, yielding

w? = (b;Q%/b,)){1 £ /1 — dok?r? b,/ b3}, (16)
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where by = dok?r7 — Gd,(1 —3k2r3) and b, = dok>r?
2Gd 1- This is substltuted into Eq. (12) to fix the relatlon
between k, and k_. The solution, Eq. (16), is depicted by
the purple curves in Fig. 1: the solutions with 4 and — signs
are backward and forward, respectively. In Fig. 1 the
dots are experimental data given in Fig. 6 of [4]: the blue
dots are for the waves excited by a cylindrical exciter and
the red ones are by a grid exciter. Since the difference is
observed only for the low-frequency waves, the experi-
mental data by the grid exciter are plotted only for the low-
frequency backward and forward waves. The solution,
Eq. (16), fits the data by the cylindrical exciter for the
parameters mentioned above. The dispersion curves are
terminated at k,/2z ~ 0.05 where the solution, Eq. (16),
becomes complex. The k; is almost constant around
k,r,~1.035 and less than the first zero of the eigenfunc-
tion Jo(k r). The data by the grid exciter are reproduced by
the same solution, Eq. (16), but now with 7= 0.1 eV and
k,r,~?2.653 which is between the first and the second
zeros of the eigenfunction. For both cases G(k,,k,) > 0,
implying the low-frequency backward and forward waves
do not induce surface charges.

Intermediate frequency backward wave 2Q < o < 4Q:
Eq. (18): These waves are regarded to be from single
dispersion curve. However, based on our dispersion equa-
tions [(13) and (14)], the experimental data are supposed
to consist of two branches, one from Eq. (14) and the
other from Eq. (13). First we consider Eq. (14), which is
written as

64d2k 64d,K2r

BETIER (17)

1
5 [ + K16l =Y d,Co(m.x)
m#+2 (

The solution of Eq. (17) is approximated by

1/2
} , (18)

where by =}, .1,d,Cy(m,4). Equation (18) is substi-
tuted into Eq. (12) to get the sets of k, and k. The solution,
Eq. (18), is depicted in Fig. 1 by a brown curve. In the
experiment, the long wave part of the dispersion relation is
not observed, while Eq. (18), unlike Eq. (16), does not
provide an upper limit on k, (usually a “nose” in an @ vs k,
plot), beyond which the frequency values are complex. It
might be due to the rough approximation used above. The
kr, value is around 3.863 between the first and second
zeros of the eigenfunction and G(k, k) > 0.

Intermediate frequency 3Q < w < 5Q: Eq. (20): In the
frequency range 3Q < w < 5Q, Eq. (13) reads

o’ 16 64d,k*r?
Q (k2 + k2 G)A?/2 — by

kw 60d1k2r3
(1-G = Y d,Ci(m.x)+ ERETE

m#-3,2

(19)

40} 4
_______________ -
P 2
E {0 . G—
= b M 1 Eq.(16)
k
% sol gl e 0.02 0.04 0.06 0.08 0.10 0.12

10

> Eq.(16)

0.00 0.05 0.10 0.15 0.20
ky/2m (cm ™)

FIG. 1. (color) The dispersion relations of the axially propa-
gating waves of £ = 0. The details are in the text. The enlarged
figure of the dispersion relations of the low-frequency backward
or forward waves is embedded. The labels on the theory curves
give the equation number and the horizontal dotted lines
indicate the cyclotron resonance frequencies w/2z = mQ/2x,
m=1,2,....

and the solution is approximately given by

2

=25+ {(1 }1/2, (20)

where by =), 3,d,Ci(m,5). The solution, Eq. (20),
with the — sign, is depicted in Fig. 1 by a green curve. The
dispersion relation of this wave is terminated at the wave
number at k. /2x = 0.08 for the backward wave beyond
which G(k |, k.) > 1 sothat 1 — G becomes negative and w
becomes complex. The k,r, value is around 1.452 for
which b, is neglected; that is, the effects of the remote
resonances are neglected. For large k|, b, is not neglected
and the similar solution is obtained when k| r, ~ 7.275 for
which the eigenfunction has two nodes. This is because
G(k,,k,) has to be negative and the real solution of
Eq. (20) exists only for large values of & r,.

A fragment of the forward wave dispersion relation
around w/2x ~ 5Q is given by the solution Eq. (20) with
the + sign and is shown in green in Fig 1. The branch is
terminated at k,/2z = 0.04 and k,r, ~ 1.313.

60d, k212
—G)K3A2/2—b,

Ion cyclotron wave: The frequency range is
Q < w < 3Q, for which we solve Eq. (13):
kixlz 6d1k re
(1-G =Y d,C (m.x) o @b

m#0,1

where the term 2d, /(x> — 1) is neglected since this term is
dominated over by the second term of the right-hand side.
The solution is given by
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o " 6d,k2ry 12
Q- (1-G)kK322/2—-bsf

(22)

where bs =}, 0 d,,C;(m, 1). The solution is depicted in
Fig. 1 by an orange curve. The k,r, is 0.39 and
G(ky,k,)>0.

High frequency wave: In the high frequency range
o> Q, Eq. (13) gives G(k,,k.) =1 which determines
the relation between k,; and k,. Then we solve Eq. (14) in
which we keep only the term of m = 0 to give

2

k
0* =2dy——— w>,. (23)
K +k2r

This is the ion plasma wave in a cylindrical system and
depicted in Fig. 1 by a black curve. Certainly k r, is less
than the first zero of the eigenfunction. Note that in Ref. [4]
the density estimated from the dispersion relation @ =
\/Ewp is 3.3 x 10% although the value measured by the
probe is 1 x 108. This discrepancy is resolved by using our
derived expression which fits the experimental data
with n = 1 x 108.

High frequency cyclotron waves: In the frequency range
o > 5Q, Eq. (13) does not give real solutions for the ion
cyclotron harmonic waves. However, in the experiment
there is a tiny fragment of the dispersion curve of the
backward wave at @ ~ 7Q. Appropriate approximations to
display these features have yet to be found.

Summary.—We have analyzed the propagation charac-
teristics of electrostatic waves in a homogeneous pair-ion
plasma in a cylindrical system and shown based on a kinetic
theory that the observed waves are identified to be ion
cyclotron harmonic waves in the intermediate frequency
range and a coupled wave of ion cyclotron mode and ion
thermal mode in the low-frequency range. The noticeable
Larmor radius is crucial for higher harmonic cyclotron
resonances to play definite roles in the dispersion equations
and makes the first few harmonic ion cyclotron waves
observable. Thus, in order to explain experiments, a kinetic
theory is needed together with cyclotron and cylindrical
effects. However, the story may still be one sided and
incomplete, because the same may hold for trapping which

cannot be ruled out [18,19], and a complete picture can
only be delivered by treating all these aspects
simultaneously.
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