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High quality factor whispering-gallery-mode microresonators are ideally suited for nonlinear optical
interactions. We analyze, experimentally and theoretically, a variety of χð3Þ nonlinear interactions in silica
microspheres, consisting of third harmonic generation and Raman assisted third order sum-frequency
generation in the visible. A tunable, room temperature, cw multicolor emission in silica microspherical
whispering-gallery-mode microresonators has been achieved by controlling the cavity mode dispersion and
exciting nonequatorial modes for efficient frequency conversion.
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Whispering-gallery-mode resonators (WGMR) play an
extremely important role in modern optics, being funda-
mental not only in many laser devices, but also as tools for
very accurate frequency measurements and for nonlinear
optics experiments as frequency conversion [1,2]. The
extraordinary high quality factors, up to 1011, and the
small volume modes make them an ideal device for shaping
and enhancing light-matter interactions [3,4]. Nonlinear
wave generation at low power continuous wave (cw) is still
one of the biggest challenges in nonlinear optics.
Whispering-gallery-mode microresonators (WGMR) can
be exploited for cw nonlinear frequency conversion due to
their properties mentioned above. However, the high
circulating intensities inside the WGMR are not a sufficient
condition for efficient harmonic generation, parametric and
hyperparametric oscillations: it requires fulfilling phase and
mode matching and energy conservation conditions [5–12].
In the case of WGMR made of silica glass, which

exhibits inversion of symmetry, second order nonlinear
interactions are forbidden. Here, the elemental nonlinear
interaction is due to third order susceptibility χð3Þ effects, in
which four photons are coupled. Previous work in this area,
however, focuses on toroidal WGMR where most of the
excitable modes are constrained to be the equatorial ones
[13] or highly nonlinear materials [5,14]. Efficient gen-
eration of visible light via third order sum-frequency
generation (TSFG) or four wave mixing (FWM), and third
harmonic generation (THG) in silica microspheres has not
been effectively explored up to now. In this Letter we
demonstrate tunable optical harmonic generation with
extremely narrow linewidth in silica microspheres. The

selection rules for silica microspherical WGMR have been
obtained systematically taking into account spatial, radial,
and angular mode overlaps and material and resonator
dispersion profiles. This research is aimed to develop a
room-temperature cw miniaturized visible laser source,
tunable and narrow lined to study the possibility of using
optical hyperparametrical oscillations for nonclassical light
generation [15] and for developing interdisciplinary appli-
cations such as lab-on-a-chip biosensors.
In the most general case of TSFG, three different waves

interact with a nonlinear medium to generate a fourth wave
of different frequency (ωTSFG ¼ ω1 þ ω2 þ ω3). If the three
input frequencies are degenerate, it will result in THG. In
this case the energy conservation requiresωTHG ¼ 3ω1. The
additional phase matching condition requires nðωTHGÞ ¼
nðωpÞ, which in general can be fulfilled, as linear and
nonlinear dispersion can be compensated for by the dense
distribution of degenerate WGMs with different polar
numberm and decreasing effective index neff ¼ m=kR [16].
In a WGMR, an additional boundary condition leads to a

strict value for the resonant frequency, which may be in
conflict with the strict energy conservation, meaning that
ωTSFG (or ωTHG) is out of resonance. The total TSFG power
PT emitted is proportional to the overlap of the WGM
eigenfunctions [Eq. (1)] [17]. These eigenfunctions are
characterized by radial, azimuthal, and polar numbers, n, l,
m and they are expressed, in spherical geometry, as a
product of the spherical Bessel function jlðknrÞ and
spherical harmonics Ylmðθ;φÞ.
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Microspheres can be easily fabricated directly on the tip
of a standard telecom fiber. In order to obtain microspheres
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below the fiber diameter we melt the end of a half-tapered
fiber, obtained by heating and stretching the fiber itself until
it breaks. For this purpose we used a fiber fusion splicer.
Using a sequence of arc discharges we fabricated spheres
down to about 25 μm in diameter controlling their size
down to about 1% of their diameter [18]. The residual fiber
stem is mounted on a translation stage with piezoelectric
actuators and a positioning resolution of 20 nm.
The experimental setup is shown in Fig. 1. The light

from a tunable diode laser (TDL) is amplified with an
erbium-doped fiber amplifier (EDFA) and after passing a
polarization controller is coupled to the WGMR by means
of a tapered fiber, also produced in-house. The laser is
tuned into a resonance from high to low frequencies, which
results in thermal self-locking [19] of the WGMR mode to
the pump laser. THG and TSFG signals were detected on an
optical spectrum analyzer (OSA) or a spectrometer by
collecting with a multimode fiber (MMF, 50 μm core,
0.2 NA), without coupling optics, the light scattered from
the microsphere. Though the taper is not mode matched
in the visible, a small portion of the signal is also coupled to
the taper output and monitored on an OSA. A 3 dB splitter

with one arm ending on a detector connected to an
oscilloscope allows locating the resonance positions while
scanning the laser.
In order to fulfill the energy conservation condition we

had to select the proper sizes for the microspheres. The
geometrical dispersion for the fundamental WGM can be
obtained by semi-analytical calculations [20]. We included
linear material dispersion and calculated the optimum size
of the spherical WGMR in which the dispersion is
compensated, and the frequency mismatch Δν ¼ 3νp −
νTHG is close to zero. Indeed, Fig. 2 shows the calculated
linear dispersion for THG for the fundamental WGM
modes defined as ΔνWGM ¼ ðνWGMp − νWGMTH=3Þ, i.e.,
the difference between the resonance position at the pump
frequency and the closest resonance around the correspond-
ing TH frequency divided by three. The dispersion curve is
calculated in the range 25 –40 μm for the sphere ray. We
considered this range as a good compromise for keeping a
high-Q (around 107: in fact the Q value decreases with
microsphere size because of scattering [21]) and having at
the same time high power density (cavity buildup factor and
mode areas both decrease with R, so the intensity decreases
with R2 [22]). Then, taking into account that the pump
wavelength bandwidth is limited by the erbium gain band
(1530–1570 nm), we obtained a set of ray ranges for which
we have an optimal match (ΔνWGM ¼ 0). Figure 2 shows
an oscillatory behavior of Δν vs microsphere size, and
therefore there are only certain ideal sphere diameters for
which Δν is less than the sum of their individual linewidths
[17]. We focused our experiment on the range between 28
and 29 μm.
The inset graph in Fig. 3(a) shows a typical emission

spectrum with the THG signal occurring at 519.6 nm for a
resonant pump wavelength of 1556.95 nm in a microsphere

Fig. 1 (color online). Scheme of the experimental setup.
TDL: Tunable diode laser; EDFA: Erbium doped fiber amplified;
Att: Attenuator; S: Splitter (95:5), DET: photodiode detector;
MMF: multimode fiber; OSA: Optical Spectrum Analyzer; Scope:
Oscilloscope.
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Fig. 2 Difference between the resonance position at the pump frequency (in the range of the erbium gain bandwidth) and the closest
resonance around the corresponding TH frequency (divided by 3). The dispersion is calculated for the fundamental WGMs only and
shows a set of ranges for which we have an optimal match (ΔνWGM ¼ 0).
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of 57� 1 μm in diameter. We collected the THG signal
scattered by the WGMR with a MMF (without coupling
optics) for the pump power dependence measurements. The
scattered visible light shows a cubic dependence on the
launched pump power, as shown in Fig. 3(a) [TH power
versus 5% of the launched power measured after the splitter
(see Fig. 1)]. Tuning the THG signal is possible by varying
the pump wavelength in the range of the erbium band gain
of the EDFA. In Fig. 3(b) we show three different TH
wavelengths obtained in different microspheres by chang-
ing the pump wavelengths. The measured THG wave-
lengths showed a deviation comparable with the resolution
of the optical spectrometer. In these cases, THG was
observed without SRS (or FWM), demonstrating that under
phase-matching conditions THG is enhanced in compari-
son with other nonlinear phenomena. In fact, TH power
scales with ðQpÞ3QTH=V2, whereas other nonlinear com-
peting phenomena scale with lower powers of Q=V [23]
and SRS scales with QpQsRS=V.
Our experiments were performed with a maximum

launched pump power (Pp) of about 80 mW, and the

corresponding maximum THG signal (PTH) was about
1 μW for scattered [see the inset graph of Fig. 3(a)] and
about 0.1 μW for fiber guided THG signal (the taper is not
phase matched in the visible). Thus, our maximum con-
version efficiency η ðPTH=PpÞ is in excess of 10−5 (10−6 for
fiber guided TH signal). This value represents an increase
of 6 orders of magnitude over that reported in a ring
resonator [24]. The inset picture of Fig. 3(a) shows a THG
signal codirectional with the pump (light in the taper is
coming from the left), as expected [25].
For high pump powers, other nonlinear processes are

observed in the IR region, such as stimulated Raman
scattering (SRS) and cascaded SRS. Lasing through SRS
and cascaded SRS exhibit a clear threshold [5,22,26] and a
linear behavior with the pump power. In the presence of
these phenomena, we have also observed TSFG in the
visible, obtaining multicolor emission by tuning the pump
wavelength: red, orange, yellow, and green. Figure 4 shows
the measured spectra for each different color and the
corresponding microscope picture of the microsphere.
In the inset pictures of Fig. 4, the TSFG signals are

standing waves, since the sum involves only SRS fields. In
these cases, the pump was high enough to generate several
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Fig. 3 (color online). (a) Measured power of the generated TH
signal versus the 5% of the pump power, under 1556.9 nm
pumping (log-log scale), revealing a cubic dependency as
expected for THG. The red line corresponds to the linear fit
(slope 3.1� 0.12, R ¼ 0.99). The inset graph shows the emission
spectrum indicating THG at 519.6 nm when pumping at
1556.9 nm, whereas the inset picture was taken during the
spectral measurements. (b) Measured TH signal for different
pump wavelengths in the erbium band gain of the EDFA.

Fig. 4 (color online). Emission spectra indicating third order
sum frequency generation among the pump wavelength and the
cascaded Raman lines. (a) Left: at 1568.4 nm pump wavelength,
emission at 537.24 nm; right: at 1567 nm pump wavelength,
with emission at 578.76 nm; (b) Left: at 1553 nm pump
wavelength, emitting at 592 nm; right: at 1568.4 nm pump
wavelength, with emission at 625 nm. The spectra shown in (a)
have been taken with an OSA, and in (b) with a handheld
spectrometer. The inset pictures show standing waves.
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orders of Stokes Raman lines and Raman combs. TSFG and
THG can also happen simultaneously. Figure 5 shows the
spectrum with two lines, one at 519.2 and one at 531.5 nm,
the THG signal of the pump laser and the TSFG signal of
the pump laser and a Raman line (ωTSFG ¼ 2ωp þ ωSRS).
In this case, the TSFG is a traveling wave, since the
nonlinear polarization involves the pump laser (inset of
Fig. 5). The lines are separated by 13 THz.
As can be clearly seen from all the above inset pictures,

we have experimentally observed that higher order polar
modes (l − jmj > 1) have to be excited, with the coupling
taper placed far from the equatorial plane (see inset of
Fig. 3) in a region corresponding to the intensity peaks of
these modes [16]. These modes not only allow the phase
matching conditions to be fulfilled and compensate
dispersion, as previously stated, but they also provide
improved mode matching which is also required for
efficient TSFG/THG. We recall that TSFG power is
proportional to the overlap of the WGM eigenfunctions
[see Eq. (1)] and, for the degenerate case of THG, the total
power is proportional to the overlap of the cubic power of
the pump field with the corresponding TH field. Figure 6
shows the intensity distribution in a microsphere with a
radius of 29 μm for the pumpmode [Fig. 6(a)] and the THG
mode [Fig. 6(b)]; and the overlap [Fig. 6(c)] between the
nonlinear polarization and electric field distribution of the
THG for a specific example of a well matched mode. A
good overlap in the regions corresponding to the fields
“inversion point” is observed. The simulations of the
optical modes have been done following the Mie theory
with a homemade program. The pump mode is the first
order mode at 1567 nm (np ¼ 1, lp ¼ 159,mp ¼ 150), and
the THGmode is the first order mode at 522 nm (nTHG ¼ 1,
lTHG ¼ 497, mTHG ¼ 450). This case satisfies the quantum

rules for angular momentum composition [2] and repre-
sents a perfect phase match, since the coherence length of
a WGM resonance for THG is infinite for mTHG ¼
3mpðlcoh ¼ πR=jmTHG − 3mpjÞ, and it has the largest
angular overlap (lTHG ∼ 3lp) [17].
In conclusion, we observed fiber coupled THG and TSFG

in silica microspherical WGMR for several pump wave-
lengths within the erbium band gain of the EDFA. Cavity
mode dispersion was controlled by choosing suitable sizes
of the silica microspheres. Phase matching was improved
by exciting high order modes coincident with a particular
THG and/ or TSFG frequency. In this case, there is a good
spatial overlap of the resonances at the pump frequency
and THG frequency. The THG and pump photons are in the
states jnTHG lTHGmTHGi and jnp lp mpi, respectively, and
satisfied lTHG ∼ 3lp and mTHG ¼ 3mp. With this work, we
have illustrated the great potential of WGMR as frequency
converters for cw compact, room temperature, narrow
linewidth, and tunable sources for lab-on-a-chip biosensors,
spectroscopic applications, and the possibility of generation
of nonclassical light.
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