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We present a theoretical study of two-color ionization of hydrogen with keV photons at intensities
ranging from 1016 to 1018 W=cm2. We consider the atom in interaction with a superposition of two
electromagnetic pulses centered around two frequencies that differ by a few atomic units and we present in
detail the case of the frequencies 55 and 50 a.u. We present the electron energy spectra, angular
distributions, and ionization rates based on nonperturbative and perturbative calculations. Although the
ejected electron energy distribution is dominated by one-photon ionization from each pulse, we are able to
identify the contribution of stimulated Compton scattering, a process in which one photon is absorbed
while the other is emitted, the photon energy difference being transferred to the electron. This leads to low-
energy electrons, and we show in particular that it is of crucial importance to consider the retardation effects
on the ionization rates and the electron angular distributions. The relative propagation direction of the two
fields also plays an important role; in the case of counterpropagating fields, the ionization by stimulated
Compton scattering is dominated by A2 and competes with one-photon ionization at high intensities.
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The rapid development of free-electron lasers (XFELs)
delivering x rays of high intensity and femtosecond (fs)
pulse duration [1–4] opens the pathway to study quantum
effects in the x-ray regime. The XFELs are expected to
provide intensities of about 1017-1019 W=cm2, where the
observation of nonlinear processes with keV photons
becomes feasible. For example, the nonlinear atomic
response to intense x rays has been identified in neon
[5], at a photon energy of 1 keVand an intensity of the order
of 1017 W=cm2. More recently, deep inner shell multi-
photon ionization of xenon, at a photon energy of 5.5 keV,
has been observed at the SACLA facility in Japan [6]. A
major advance in this domain is the extension of optical
wave-mixing techniques to the x-ray domain. Controlled
delay two-color x-ray fs pulses with a relative delay ranging
from 0 to 40 fs and photon energies close to 1.5 keV have
been produced [7], with a color separation of the order
of 30 eV.
In addition to the fundamental applications of two-color

pulses in time-domain spectroscopy, their use yields
information on less-studied two-photon processes. We
show in the following that the electron energy distributions
in the ionization of a ground state hydrogen atom, due to
the interaction with the superposition of two pulses of
electromagnetic radiation, reveal a peak corresponding to
an ionization process where the bound electron absorbs the
photon energy difference. This process is energetically
allowed provided that the atomic ionization potential is
smaller than the color separation, We identify this

contribution as due to stimulated Compton scattering
(SCS). Compton scattering is one of the ionization mech-
anisms of atoms, explained by the simultaneous absorption
of one photon and the spontaneous emission of a lower-
energy photon. In our case, the presence of photons with a
frequency lower than the absorbed one stimulates the
emission at this particular frequency. It is worthwhile to
note that our context differs from that first proposed by
Schrödinger [8], Kapitza and Dirac [9], also referred to as
SCS, which addresses the particular case of electron beams
in interaction with standing light waves. Here, we describe
the scattering of a two-color pulse of electromagnetic
radiation by a bound electron.
The numerical results presented in this Letter for the

electron energy and angular distributions in two-color
ionization of hydrogen correspond to photon energies close
to 1.5 keVand intensities of the order of 1016-1018 W=cm2.
Our results are obtained by resolving the time-dependent
Schrödinger equation (TDSE) [10]. It is worth noting that,
at the photon energies ω and the intensities considered here,
the ratio of the ponderomotive energy (the quiver energy of
the electron in the electromagnetic field, Up ¼ I=4ω2) and
the photon energy is much less than 1. At the same time, the
value of the Keldysh parameter [11], given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ip=2Up
p

(where Ip is the atomic ionization potential), is much
greater than 1, unfavorable for tunnel ionization. Given the
values of these two parameters, it makes sense to compare
our results with lowest order perturbation theory (LOPT)
calculations.
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At first sight, retardation effects are not expected to play
an important role for a few keV photons. Nevertheless,
theory and experiment reveal a different situation in the
photoionization of atoms and more complex systems
[12,13]. In our recent theoretical studies devoted to
retardation effects in the one- and two-photon ionization
of hydrogen [10,14,15] in the context of a one-color pulse,
we have shown the influence of retardation effects on
electron angular distributions. A similar situation was
found in Rayleigh scattering [16]. In this Letter, we show
that in SCS, as in the usual Compton scattering [17,18],
these effects cannot be neglected and that, more than this,
they have important consequences on two-color ionization
rates. More precisely, we show that by choosing appropri-
ately the relative orientation of the photon beams, the rate
for ionization by SCS can be increased by orders of
magnitude.
As the two approaches mentioned before (TDSE and

LOPT) have been shown to be efficient and complementary
[15] to study retardation effects in the keV range for the
one-color case, we appreciate that they are also sufficiently
versatile to be extended to the present context.
In the Coulomb gauge the exact nonrelativistic

Hamiltonian of the one-electron atom with fixed nucleus
interacting with the external electromagnetic field
described by the vector potential A can be written (in
atomic units) as

H ¼ Hat þAðr; tÞ · Pþ 1

2
A2ðr; tÞ; ∇ ·A ¼ 0; (1)

with P the momentum operator and Hat ¼ 1
2
P2 þ VðrÞ the

atomic Hamiltonian, where VðrÞ is the atomic potential. In
the two-color case, considering that the two fields (1 and 2)
are both linearly polarized along the same direction, taken
as the z axis, the vector potential is the sum of two terms of
the form

Aiðr; tÞ ¼ Aiðt − αni · rÞez; i ¼ 1; 2: (2)

α is the fine-structure constant (α ¼ 1=c) and ni is the
propagating direction of the field i, which verifies
the orthogonality condition ni · ez ¼ 0. In order to describe
radiation pulses, each function Ai has to be nonvanishing
over a finite interval (equal to the total duration of the pulse)
of its independent variable; as in our previous works
[10,15], we choose a cos2 envelope for the shape of the
pulses.
The numerical integration of the TDSE treating exactly

the position dependence of Aiðr; tÞ is too demanding.
Supposing that the region of small distances gives the
dominant contribution to the response of the atom exposed
to the x-ray pulse, it is justified to approximate the function
Aiðt − αni · rÞ by the first two terms of its power series in
ni · r,

Aiðt − αni · rÞ ≈ AiðtÞ þ αFiðtÞni · r; (3)

where FiðtÞ≡−A: iðtÞ. The necessary condition of validity
of this approximation is αωi < 1 or, equivalently, ωi <
3.73 keV in the case of hydrogen. The approach fully
neglects relativistic effects ofOð1=c2Þ, which is reasonable
for the photon energies considered here.
With the approximation (3) and the notation

AðtÞ≡ A1ðtÞ þ A2ðtÞ, the Hamiltonian becomes

H ≈Hat þHð1Þ
DA þHð1Þ

RET þHð2Þ
RET ≡ ~H: (4)

The terms Hð1Þ
DA ¼ AðtÞPz and Hð1Þ

RET ¼ αFaðtÞxPz þ
αFbðtÞyPz both originate from A · P in Eq. (1), while

Hð2Þ
RET ¼ αFaðtÞAðtÞxþ αFbðtÞAðtÞy comes from the

approximation of A2. Taking the propagation direction
of the first pulse alongOx and denoting the azimuthal angle
of the second pulse direction by β, one has FaðtÞ ¼ F1ðtÞ þ
F2ðtÞ cos β and FbðtÞ ¼ F2ðtÞ sin β. In dipole approxima-

tion (DA), the Hamiltonian reduces to HDA ¼ Hat þHð1Þ
DA.

We integrate the TDSE with the Hamiltonian ~H given in
Eq. (4) using a spectral method. Once the wave function
ψðr; tÞ, the solution of the TDSE, is known at the end of the
pulse, the photoelectron distributions are extracted from it.
See Ref. [10] for details regarding the numerical resolution
of the TDSE.
Referring now to LOPT based on the exact Hamiltonian

(1) for the case of two monochromatic fields (photon
energies ω1 and ω2) , the A · P contribution in first order is
responsible for one-photon transitions while A2, taken in
first order, and the A · P term, taken in second order,
contribute to two-photon transitions. Figure 1 shows a
schematic representation of the SCS. The left-hand part of
the figure corresponds to the second-order path diagrams of
perturbation theory, involving the termA · P. On path 1 the
absorption of the frequency ω1 from the ground state is
followed by the emission of the frequency ω2; path 2
represents the same virtual transition but in the reverse
order. The figure also shows schematically the transition
associated with A2. All three paths lead to the ionization of
Hð1sÞ with a final electron energy close to ω1 − ω2 − Ip,
where Ip is the ionization potential (0.5 a.u. in the case of
hydrogen). The matrix element of A2 vanishing in DA, its
contribution reveals unambiguously the presence of retar-
dation effects.
Figure 2 shows electron spectra for the case

ω1 ¼ 55 a.u., ω2 ¼ 50 a.u. with the two fields propagating
in the same direction (β ¼ 0, upper panel) and in opposite
directions (β ¼ π, lower panel). The pulses are superposed
in time and their duration is 6π a.u. (165 cycles for field 1
and 150 cycles for field 2). We choose a common peak
intensity I1 ¼ I2 ¼ I0, where I0 ≈ 3.51 × 1016 W=cm2. As
mentioned in the figure caption, the TDSE is numerically
integrated in four cases: (i) with the Hamiltonian (4), and
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within different approximations; (ii) with the dipole
approximation; (iii) neglecting the last term in Eq. (4);
and (iv) neglecting the A · P terms in Eq. (4). The four
corresponding curves are labeled TDSE (full), TDSE (DA),
TDSE (A.P), and TDSE (A2), respectively.
Each panel displays three dominant peaks: the highest

ones, close to 50 and 55 a.u., are associated with one-
photon absorption (photon energy ω1 or ω2). Here we are
interested in the peak located at 4.5 a.u. in which we
identify the contribution of SCS. Before describing it, we
note that the first two mentioned peaks are dominated by
the DA contribution, the nondipole corrections, due to
Hð1Þ

RET , playing a minor role. Consequently, the three curves
corresponding to cases (i)–(iii) almost coincide (in both
panels) over a large energy interval around the peaks due to
one-photon ionization.
Concerning the structure centered at 4.5 a.u., it is of

particular interest to note that, for β ¼ 0, the contributions
coming from DA (independent of β) and A2 are of the same
order of magnitude, while for β ¼ π, the contribution ofA2

clearly dominates: compared to the previous case, it has
increased by more than 2 orders of magnitude. The curves
TDSE (DA) and TDSE (A.P) are very close to each other
around this peak in both panels, meaning that retardation
corrections to the A.P contribution are small (similarly to
the case of one-photon ionization). When passing from the
upper panel to the lower panel, one sees that TDSE (full)
and TDSE (A2) curves detach from the others and become
practically superimposed. In both cases the retardation
cannot be neglected. The relative importance of A2

compared to DA is related to a partial cancellation of
the contribution of the two absorption paths shown in the
left-hand part of the diagram 1; this has been demonstrated
in the context of Compton scattering in earlier calculations
[17]. We note the structure close to threshold, which is also
present in the one-color case [10], and it is due to the laser
bandwidth.
Nondipole terms introduce new angular couplings in the

partial wave decomposition of the wave function; in
particular, the term associated with A2 couples states with
l0 ¼ l� 1 and m0 ¼ m� 1. Their presence is reflected in
the ejected electron angular distributions. Figure 3 shows
electron angular distributions for the case β ¼ 0, corre-
sponding to the region of the peak at 4.5 a.u. in the electron
energy spectrum shown in the upper panel of Fig. 2. The
differential probability was integrated within energies
ranging from 2.3 to 6 a.u. The figure clearly shows that
the shape of the angular distributions calculated with the
full Hamiltonian and in DA totally differ, due to the
influence of the term A2. In the case where the electron
is ejected in the plane perpendicular to the propagation
direction of the fields (φe ¼ π=2, see figure), the DA
angular distribution dominates, the contribution of A2

being zero for symmetry reasons.
At the pulse durations used here, we have found that SCS

densities of probabilities extracted from the TDSE are
approximately proportional to the pulse duration. Also,
these densities vary quadratically with the intensity, as
expected in the perturbative regime. Therefore, at longer
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FIG. 1 (color online). A schematic diagram of the two-photon
hydrogen ionization involving the absorption of photon ω1

and the emission of photon ω2. The horizontal dashed line
represents the hydrogen ionization threshold. Left: Virtual
transitions due to the second-order couplings via the operator
A · P. Right: Direct first-order transition due to the coupling via
the operator A2.
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FIG. 2 (color online). Photoelectron spectra calculated with a
peak intensity of 3.51 × 1016 W=cm2 for two pulses propagating
in the same direction (upper panel) and two counterpropagating
pulses (lower panel). Four different approximations for the
resolution of the TDSE are shown; see the text.
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pulses durations, the main features of the spectra presented
above are expected to remain unchanged, except for an
overall increase of the ionization yields. The predictions of
LOPT are easily obtained from the corresponding non-
relativistic matrix element including retardation [19]. In
particular, the A2 contribution [14,20] comes from

Oðp;KÞ≡mec
ffiffiffiffi

p
p hp − ∣eiK·r∣1si; (5)

with p the asymptoticmomentumof the ejected electron and
K ¼ κ1 − κ2 (κ1 and κ2 the photon momenta) the photon
momentum transfer. The advantage of the perturbative
approach is that the matrix element above has an exact
analytical expression [19], as does the total cross section,
obtainedbyintegratingover theelectrondirection. Incontrast
to the TDSE approach, a power series expansion of the
exponential eiK·r [i.e., the equivalent of Eq. (3) in the LOPT
approach] is not used to calculate the above matrix element.
In the case of two monochromatic electromagnetic plane

waves, Fig. 4 presents the total ionization rate for SCS
calculated in perturbation theory, based on the contributions
of both A2 and A · P terms, the latter taken in DA. One
frequencyisfixedatω1 ¼ 55 a.u.,whileω2 takesvaluesfrom
50 to 54.25 a.u. The intensity was taken equal to the atomic
unit I0. Three propagation directions of the field 2 were
considered: β ¼ 0, β ¼ π=2, and β ¼ π. The inclusion of
A · Ponlymatters, however, forβ ¼ 0.Wehave checked that

the ionization rates extracted from the TDSE calculations
agreewellwithLOPTvalues; this is illustrated inFig.4for the
particular cases of β ¼ π=2 and DA. The figure clearly
exhibits the strong dependence of the ionization rate on
the propagation angle β; in particular, the ionization prob-
ability is lowest forβ ¼ 0.UsingLOPT, it is easy to show that
the contribution of A2 to the ionization rate scales as
K2 ∝ ω2

1 þ ω2
2 − 2ω1ω2 cos β. Owing to the values of ω1

andω2, this simple relation explainswhy the signal increases
sharplywhen β is varied from0 to π. Figure 4 also shows that
the two-color ionization rate increases by several orders of
magnitude when ω2 becomes close to ω1. On the basis of
these findings, we have performed TDSE calculations
for ω1 ¼ 55 a.u., ω2 ¼ 53.5 a.u., and an intensity of
1018 W=cm2, and we have found that, indeed, the two-color
ionizationcompeteswithone-photon ionization in thecaseof
perpendicular propagationdirections andevendominates for
counterpropagating fields.
In conclusion, we have identified the presence of the

SCS process in the electron energy and angular spectra
associated with two-color ionization of hydrogen with keV
photons using TDSE, at electron energies close to the
difference of energies of the two photons. The results show
that (i) the term A2 (a retardation contribution) competes
with or even dominates the second-order contribution of
A · P, (ii) retardation effects are even stronger in the
electron angular distributions, which is of particular interest
from an experimental point of view, and (iii) as the angle
between the propagation directions of the fields increases
from 0 to π, SCS becomes more important. These effects
are reflected in the ionization rates and angular distribu-
tions. At high intensity, SCS may dominate over one-
photon ionization in the case of perpendicular propagation,
then most of the ionization occurs within the field crossing
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FIG. 3 (color online). Angular distributions of the electrons
ejected by SCS [with energies around the maximum located at
4.5 a.u. (see Fig. 2)], for β ¼ 0 (fields propagating in the same
direction) versus the polar angle θe of the electron momentum for
three different values of the azimuthal angle φe. The labels full,
DA, and A2 refer to TDSE calculations based on different
approximations, as in Fig. 2; see the text.
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region. It is, therefore, of high interest to investigate two-
color ionization processes at XFELs.
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