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We introduce a nonlinear optical approach to transform spatial information stored in evanescent waves
into propagating ones: we study analytically the use of partially degenerate four-wave mixing in thin
metallic film to map a band of evanescent waves at a given frequency into a propagating-wave band at a
different one. The relatively low efficiency of this process is compensated by setting the pump beam,
mediating this transformation, to be a surface plasmon polariton, whose field enhancement increases the
nonlinear interaction strength. This setting can be utilized for nonresonant plasmon-assisted super-
resolution applications that support transverse-electric polarization, in contrast to linear plasmonic imaging
(such as superlens) that can only transfer transverse-magnetic waves.
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The fast developing fields of nanoscience and nano-
technology have generated a demand for the visualization
of deep subwavelength targets in the visible and IR
wavelength range—well beyond the Abbe diffraction limit
[1]. Significant progress was reported using surface plas-
mon polaritons (SPPs), the modes of a metal-dielectric
surface [2,3], which can achieve a very short wavelength
and tight mode confinement. In his pioneering work,
Pendry [4] explored the concepts of a perfect lens and a
superlens, relying on surface modes in metal and negative-
index material which, later on, were followed by a number
of experimental realizations. While a truly perfect lens
made of negative-index material has not been realized yet, a
superlens at near UV was demonstrated experimentally
using a 35 nm silver slab [5]. The flat optical transfer
function (OTF) of the superlens, which is necessary for
successful imaging, was obtained at the operation wave-
lengths that match the SPP resonance and only at TM
polarization. Moreover, while showing resolution enhance-
ment, the evanescent information enhanced by SPPs was
recorded in the near field, making this method unusable for
standard optical microscopes.
A more advanced superresolution method, termed

“hyperlens,” was proposed [6,7] and realized soon there-
after [8,9]. Exploiting a radially bent structured metama-
terial, it was able to squeeze the evanescent wave vectors
into the propagating window, thereby magnifying the
object beyond the diffraction limit. While providing far-
field imaging, detectable by conventional microscopy, the
hyperlens is still restricted to the SPP resonance wavelength
and limited to TM polarization.
A somewhat different approach [10], based on a struc-

turally modified superlens, relies on folding an evanescent
band into the propagating region, thereby enabling one-
dimensional objects nearly 2 times below the diffraction
limit to be successfully resolved.

Electromagnetic waves on metallic surface were also
shown to both contribute to and benefit from nonlinear
optical effects. For example, second harmonic generation
from a silver mirror was first demonstrated in 1965 [11],
whereas the role of plasmons was explored later in 1974
[12]. Third harmonic generation from metal interfaces, on
the other hand, albeit being first detected in 1969 [13], has
been studied with plasmonic field only recently. Using
partially degenerate four-wave mixing (PDFWM) in gold,
intriguing phenomena and applications such as nonlinear
excitation of surface plasmons [14], nonlinear negative
refraction [15], and nonlinear dark-field microscope [16]
were demonstrated experimentally.
The basic idea behind those observations is the relax-

ation of the phase-matching condition (a key element in
most nonlinear wave mixing) along the direction normal to
the interface, enabled by the small penetration depth of the
electromagnetic field into the metals. This provides an
additional degree of freedom for the wave vectors partici-
pating in this interaction.
In this Letter, we exploit this partial phase matching

along a metal-dielectric interface to introduce a new
approach for delivering spatial information stored in
evanescent waves: we map a large band of evanescent
waves into a propagating waves band by PDFWM. The
relatively low efficiency of this process is compensated by
setting the pump beam to be SPP, whose field enhancement
increases the nonlinear interaction strength. This setting
can map an evanescent wave to a propagating one at both
polarizations (with different OTF), giving rise to plas-
monic-assisted superresolution applications at TE polari-
zation. This differs significantly from linear plasmonic
imaging (such as the superlens) transferring only
TM waves.
Partially degenerate FWM [17] is a third-order nonlinear

process involving a pump field contributing two photons
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for each interaction and a signal field stimulating the
codirectional emission of the photon at ω2. As a result,
an additional photon at a frequency ωFWM emerges. In this
work, we set the pump field to be a surface plasmon; hence,
it will be referred to as E⃗plðω1Þ, where the signal field is
E⃗sigðω2Þ and the newly generated field is E⃗ðωFWMÞ.
Assuming that all the mixing waves are plane waves
(including nonhomogeneous evanescent waves), the
FWM field is generated by the nonlinear polarization,
which acquires the form

PNL
i ðωFWM; k⃗NLÞ ¼ χð3ÞijklðωFWM;ω1;ω1;−ω2ÞEpl;jðω1; k⃗plÞ

× Epl;kðω1; k⃗plÞE�
sig;lðω2; k⃗sigÞ þ c:c:;

(1)

where the complex conjugate field presentation indicates
stimulated photon generation and the indices (i, j, k, l)
correspond to the x-y-z Cartesian axes. The conservation of
energy and momentum determines ωFWM and k⃗FWM:

ωFWM ¼ 2ω1 − ω2; (2)

k⃗FWM ¼ 2k⃗1 − k⃗2: (3)

Assuming nondepleted signal and pump fields, the non-
linear wave equation for the newly generated frequency
ωFWM decouples from those of the pump and signal fields,
with the nonlinear polarization acting as a source term
(Ref. [17]):

�
∇ × ð∇×Þ − ω2

FWMεðωFWMÞ
c2

�
E⃗ðωFWMÞ

¼ ω2
FWM

ε0c2
P⃗NLðωFWMÞ: (4)

The above nonhomogeneous equation is linear and there-
fore phasor representation of the FWM fields can be used;
hence, we omit the complex conjugate terms of the fields
from our calculations.
Generally, an efficient nonlinear conversion in a bulk of

nonlinear medium requires conservation of momentum
[Eq. (3)], which typically conflicts with the medium’s
linear dispersion relations. Hence, it is difficult to obtain
full phase-matching conditions, especially in dispersive
media. However, for a thin film of a nonlinear medium,
with thickness L much smaller than the wavelength, the
accumulated mismatch in the normal to the film direction is
negligible (▵kL ≪ π, ▵k being the momentum mismatch
normal to the interface). Therefore, the requirement of
matching wave vector components normal to the film is
relaxed. This scenario is termed the “partially phase-
matched process” and, interestingly, enables any wave
vector combination on the left-hand side of Eq. (3) to
result in a nonlinear polarization with a corresponding
wave vector k⃗FWM, which is determined solely by Eq. (3).

At the same time, the new FWM field that is coupled out of
the nonlinear source will propagate with a wave vector
having a tangential component equal to k⃗FWM and a normal
component determined by the medium’s linear dispersion
relation [18]. Such a field constitutes a homogeneous
solution of Eq. (4) and could be propagating or evanescent.
While the partial phase matching is generally valid for both
dimensions of the interface, in this Letter we limit ourselves
to surface plasmon and signal wave vectors, k⃗1 and k⃗2,
lying in the same plane of incidence.
Such a partially phase matched PDFWM process is best

represented in ω-k space, where the conserved (ω, k∥)
quantities (∥ means parallel to the interface) form a line
segment in ω-k space: the pump field point (ω1, k1;∥) lies in
the middle of the line segment defined by its end points (ω2,
k2;∥) and (ωFWM, kFWM;∥). Figure 1(a) depicts a schematic
representation of some recent observations utilizing partially
phase matched PDFWM [15,19,20]. Partial phase matching
was also demonstrated in multilayer graphene [21–23].
Interestingly, the partial phase-matching condition can be

exploited to map an evanescent wave vector at frequencyω2

to a propagating one at the newly generated frequency
ωFWM. Furthermore, as this process is not limited to a single
wave vector, it allows to duplicate a band from the
evanescent region in k space, k2;x > k2;0 at ω2 into the
propagating band −kFWM;0 < kFWM;x < kFWM;0 at ωFWM
with one-to-one mapping (where k2;0 ¼ ω2=c, kFWM;0 ¼
ωFWM=c, and c is the speed of light in air). Namely, the pump
SPP field, launched at ω1, acts as a nonlinear transformer
that converts evanescent waves band at a given frequency to
propagating waves at a different frequency. Figure 1(b)
provides a schematic representation of this concept.
This introduces a new way to resolve subdiffraction

limited objects with some advantages over existing

FIG. 1 (color online). ω-k diagrams of partially degenerate
FWM.(a) Diagrams of experimentally observed partially phase
matched PDFWM conversions. The dotted line represents con-
version of propagating waves at frequencies ω1 and ω2 into SPP
at ωFWM frequency [19,20]. The dashed line represents nonlinear
negative refraction, where a wave vector at frequency ω2 is
converted to a wave vector at frequency ωFWM with opposite
sign [15]. (b) ω-k representation of the proposed scheme utilizing
PDFWM conversion to fold the evanescent region in k space
k2;x > k2;0 at ω2 into the propagating band −kFWM;0 < kFWM;x <
kFWM;0 at ωFWM (solid lines) with one-to-one mapping (dashed
lines). The dash-dotted lines and crosses represent the light line
and SPP dispersion, respectively.
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plasmonic superresolution techniques: broadband opera-
tion (also for TE polarization) and noise reduction due to
the frequency conversion.
The proposed setup is illustrated in Fig. 2 and consists of

a metallic layer deposited on a glass prism. The strong
pump field (ω1), launched from the side of the prism, is
coupled to SPP by Kretschmann-like configuration, while
the object lies on top of the gold interface and is illuminated
from the air side by the signal laser (ω2). The evanescent
field generated by the subwavelength features of the target
is converted by the nonlinear interaction to the propagating
waves at the FWM frequency.
In what follows, we assume that the plasmonic pump

field propagates along the x̂ direction and the target is
invariant in the ŷ direction. This decouples the TE and TM
polarizations and significantly simplifies the calculations.
We use gold as the nonlinear medium, whose nonlinear
third-order susceptibility contains only four nonvanishing
terms due to its symmetry (χkkkk, χklkl, χkkll, χkllk), where
only three of them are independent, χkkkk ¼ χkkllþ
χklkl þ χkllk. Furthermore, due to the squared plasmonic
contribution, the terms χklkl and χkkll are identical.
Consequently, the tensor expression, Eq. (1), for the non-
linear polarization can be simplified using the following
parameters:

p1 ¼ 3ϵ0ðχkkkkE2
x;pl þ χkllkE2

z;plÞ;
p2 ¼ 6ϵ0χkkllEx;plEz;pl;

p3 ¼ 3ϵ0ðχkllkE2
x;pl þ χkkkkE2

z;plÞ;
p4 ¼ 3ϵ0χkllkðE2

x;pl þ E2
z;plÞ: (5)

The nonlinear response for an arbitrary incoming signal
field E⃗sig ¼ ðEx;sig; Ey;sig; Ez;sigÞ can, hence, be written in a
convenient matrix representation:

P⃗NL
wFWM

¼

2
64
p1 0 p2

0 p4 0

p2 0 p3

3
75
0
B@

E�
x;sig

E�
y;sig

E�
z;sig

1
CA: (6)

The solution of Eq. (4) is a sum of homogeneous and
particular solutions (the solution below closely follows the
second harmonic generation solution of Ref. [18]):

E⃗ðωFWMÞ ¼ E⃗HðωFWMÞ þ E⃗PðωFWMÞ: (7)

The homogeneous solution E⃗HðωFWMÞ corresponds to the
solution of Eq. (4) with the polarization term set to zero and
constitutes the plane waves base E⃗HðωFWMÞ ¼
E⃗H
0 eiðk⃗H ·r⃗−ωFWMtÞ with the wave vector defined by the

medium dispersion k⃗2H ¼ ω2
FWMεðωFWMÞ=c2. The particu-

lar solution E⃗PðωÞ (oscillating as eiðk⃗FWM·r⃗−ωFWMtÞ) is found
by decomposing Eq. (4) into the components parallel and
normal to k⃗FWM,�

∇2 þ ω2
FWMεðωFWMÞ

c2

�
E⃗P⊥ ¼ −ω2

FWM

ε0c2
P⃗NL⊥ ;

ω2
FWMεðωFWMÞ

c2
E⃗P
∥ ¼ −ω2

FWM

ε0c2
P⃗NL
∥ : (8)

Therefore, the particular solution of the above equations is

E⃗P⊥ ¼ ω2
FWM

ε0c2ðk⃗2FWM − k⃗2HÞ
P⃗NL⊥ ;

E⃗P
∥ ¼ − 1

ε0εðωFWMÞ
P⃗NL
∥ : (9)

Summarizing both contributions, the particular solution in
the nonlinear medium can be written in a compact form:

E⃗P ¼ E⃗P⊥ þ E⃗P
∥

¼ ω2
FWM

ε0c2ðk⃗2FWM − k⃗2HÞ

�
P⃗NL − k⃗FWM · ðk⃗FWM · P⃗NLÞ

k⃗2H

�
:

(10)

Solution of the slab geometry (two coupled interfaces
illustrated in Fig. 2) requires an additional homogeneous
solution reflecting the existence of the second interface,
namely, E⃗0HðωFWMÞ ¼ E⃗0H

0 eiðk⃗
0
H ·r⃗−ωFWMtÞ, with k⃗0H equal to

k⃗H but with opposite sign of the kH;z component (i.e., the
wave decays exponentially from the second interface in the
−z direction). Furthermore, homogeneous solutions also
exist in the surrounding dielectric media; hence the electric
field in the entire space is represented by

E⃗D1
¼ E⃗0;D1

eiðk⃗D1
·r⃗−ωFWMtÞ; z≧0;

E⃗ ¼ E⃗H
0 eiðk⃗H ·r⃗−ωFWMtÞ þ E⃗0H

0 eiðk⃗
0
H ·r⃗−ωFWMtÞ þ E⃗P;

− d≦z < 0;

E⃗D2
¼ E⃗0;D2

eiðk⃗D2
·r⃗−ωFWMtÞ; z < −d; (11)

FIG. 2 (color online). Exemplification of the proposed idea: a
target that consists of subwavelength features (e.g., two nanobars)
is overlayed on a gold layer deposited on glass. A pump beam,
illuminated through the glass, is coupled to a SPP propagating
along the gold-air interface, while the signal beam illuminates the
target, resulting in a multitude of evanescent waves (the Fourier
decomposition of subwavelength objects) near the surface. The
generated FWM wave is reflected into both air and glass media.

PRL 112, 056802 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

7 FEBRUARY 2014

056802-3



where the subscripts D1 and D2 correspond to the sur-
rounding dielectrics and d is the slab width. The above
equation has four unknown amplitudes of the homo-
geneous solutions, which are determined by the boundary
conditions. All other parameters are known for given
plasmonic and signal plane waves, while the wave vector
components parallel to the interface are conserved:

kFWM;x ¼ 2k1;x − k2;x ¼ kH;x ¼ kD1;x ¼ kD2;x; (12)

thewave vector components in the ẑ direction are determined
by the linear dispersion relations and by Eq. (3) for k⃗FWM.
Under the assumption that TE and TM polarizations

decouple (kFWM;y ¼ 0), the separate boundary conditions
can be written as

TE∶

2
6664

1 −1 −e−ikH;zd 0

−kD1;z kH;z −kH;ze−ikH;zd 0

0 e−ikH;zd −1 1

0 e−ikH;zd −kH;z −kD2;z

3
7775

0
BBB@

E0;y;D1

EH
0;y

E0H
0;y

E0;y;D2

1
CCCA

¼

0
BBB@

EP
y

−kF;zEP
y

e−ikF;z·dEP
y

−kF;ze−ikF;z·dEP
y

1
CCCA; (13)

TM∶

2
666664

1 −1 −e−ikH;zd 0

− εD1
kH;x

kD1 ;z

εGkH;x

kH;z
− εGkx

kH;z
e−ikH;zd 0

0 −e−ikH;zd −1 1

0
εGkH;x

kH;z
e−ikH;zd − εGkH;x

kH;z
− εD2

kH;x

kD2 ;z

3
777775

×

0
BBBBB@

E0;x;D1

EH
0;x

E0H
0;x

E0;x;D2

1
CCCCCA

¼

0
BBBBB@

EP
x

εGEP
z

e−ikF;z·dEP
x

εGe−ikF;z·dEP
z

1
CCCCCA
: (14)

For compactness, the dielectric constant’s dependence on
frequency is omitted, εG is the gold dielectric constant
and k⃗F ¼ k⃗FWM.
We estimate the efficiency of the process using the

nonlinear constants of Au reported by Ref. [19]: χð3Þ ¼
0.2ðnm2=V2Þ and the ratio between independent tensor
components χkllk=χklkl ¼ 4. To calculate the electric field
amplitudes, we set the pump field intensity to be an order of
magnitude below the damage threshold of gold [24], which
can be achieved by a conventional pulsed laser. Estimations
of the required laser intensity are shown in the Supplemental
Material [25]. The dielectric constant of gold, used in the
calculations, follows a parametrized model of experimental
results [26] and the other two dielectrics are assumed to be
dispersionless constants, ϵD1

¼ 1 for air and ϵD2
¼ 2.25 for

glass. We set the signal beam to be at 709 nm wavelength,

the FWM at 600 nm wavelength, and the plasmonic pump
wavelength to be at 650 nm.
We first calculate the nonlinear OTF, i.e., the ratio

between the amplitude at the FWM wavelength and that
of the signal wavelength (jEFWMj=jEsigj) as a function of
the tangential wave vector, for both polarizations. The
calculation results are shown in Fig. 3 for both the FWM
waves reflected to the air and those transmitted to the glass.
Evidently, both TE waves (in air and in the glass) exhibit
smooth OTF, making it potentially suitable for imaging.
The TM polarization, exhibiting a resonant behavior, is less
suitable for imaging and is further discussed in the
Supplemental Material [25].
We next demonstrate the potential use of our proposed

scheme for future superresolution applications at TE
polarization. An object consisting of two infinite slits at
30 nm width and 155 nm distance between their centers is
placed atop a 50 nm thick gold layer. Owing to the
subwavelength nature of the object, its spatial Fourier
decomposition, represented by a solid line in Fig. 4(a),
spans well beyond the propagating waves region −k2;0 <
k2;x < k2;0 . The linear dependence of P⃗NL in the signal
field [Eq. (1)] allows the superposition principle and the use
of Fourier decomposition. The blue circles in Fig. 4(a)
represent the range of wave vectors which are mapped to
the propagating waves region by the nonlinear interaction.
The reconstructed TE images, obtained by folding the

evanescentbandk2;0 < k2;x < 3k2;0 into thepropagatingband
in air, −kFWM;0 < kFWM;x < kFWM;0, and in glass,
−kFWM;0

ffiffiffiffiffiffiffi
ϵD2

p < kFWM;x < kFWM;0
ffiffiffiffiffiffiffi
ϵD2

p , are shown in
Fig. 4 [in air Fig. 4(c) and in the glass Fig. 4(d)], along with
their cross sections [Fig. 4(b), dashed and dotted lines,
respectively]. Notably, the object can be reconstructed and
projected to air, where the spatial information is carried by
propagating waves and could be imaged by conventional

FIG. 3 (color online). OTFs in different media. Left: The OTF
of the process in glass, describing how the different evanescent
wave vectors will be transferred to the glass side. Red crosses,
TM polarization; blue stars, TE polarization. Right: Same for the
air side. Note that the range in the spatial frequencies is expanded
in the glass by a ratio equal to the glass index of refraction.
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microscopy. Surprisingly, this process works best for TE
polarization, whereas all other plasmonic superresolution
schemes are limited to TM polarization. The presented results
validate the feasibility of the proposed nonlinear system for
future applications in far-field superresolution imaging,
whereby features nearly 3 times below the diffraction limit
could be resolved.
In conclusion, by mapping evanescent information into

propagating waves via nonlinear wave mixing, one could
resolve subdiffraction limited objects with some pro-
nounced advantages over existing plasmonic superresolu-
tion techniques, e.g., superlens. This method is generic and
could be applied in any thin nonlinear medium (provided
the nonlinear interaction is strong enough), e.g., in gra-
phene or thin graphite. The proposed concept works for TE
polarization and at a broad range of wavelengths, not
limited to plasmonic resonance or TM polarization.
Moreover, the change in frequency assists in noise reduc-
tion in the system, where the background carried by the
signal frequency can be easily filtered by a proper color
filter. On the other hand, this method transforms only part
of the spatial spectrum into propagating waves and, hence,
does not yet provide perfect imaging. To become practical,
therefore, it should be combined with other conventional
imaging techniques; for example, collecting the propagat-
ing waves that transmit through the thin layer could
complete the spatial information of the image.
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