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We report on a Dirac-like Fermi surface in three-dimensional bulk materials in a distorted spinel struc-
ture on the basis of density functional theory as well as tight-binding theory. The four examples we provide
in this Letter are BiZnSiO4, BiCaSiO4, BiAlInO4, and BiMgSiO4. A necessary characteristic of these
structures is that they contain a Bi lattice which forms a hierarchy of chainlike substructures, with con-
sequences for both fundamental understanding and materials design.
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Following the discovery of topological insulators [1],
there has been considerable interest in studying semimetal-
lic phases that exist at the phase transition between a topo-
logical and a trivial insulator. One such example is
graphene, which has two Dirac points at its Fermi surface.
A Dirac point is characterized by four degenerate states that
disperse linearly with momentum around a single point k
in the Brillouin zone. The resulting low energy theory is
pseudorelativistic, and it is responsible for many of the
interesting properties of graphene [2]. In a previous com-
munication, we described such Dirac points occurring as
symmetry-protected fourfold degeneracies in three-dimen-
sional crystal systems. Such a Dirac point was encountered
first in a tight-binding model of s states on the diamond
lattice [3]. We showed that the occurrence of this Dirac
point is a feature of the symmetry of diamond, which
occurs in space group 227. While no realistic system of
atoms in a primitive diamond lattice produces this feature,
through first-principles calculations we found that substi-
tuting bismuth for silicon in β-cristobalite, also in space
group 227, elevates a candidate Dirac point degeneracy
to the Fermi level, making BiO2 the first realistic Dirac
semimetal proposed [4]. While this material is predicted
to be metastable, it is highly unfavorable thermodynami-
cally. This led us to consider alternative crystal structures
and symmetries. Three-dimensional Dirac points have also
been predicted to exist at the phase transition between a
topological and a normal insulator when inversion sym-
metry is present [5,6]. If either inversion or time-reversal
symmetry is broken at the transition, a Dirac point separates
into Weyl points which have been shown to exist in Refs.
[7–9]. Here we find, on the basis of density functional
theory and tight-binding calculations, that a family of
three-dimensional materials in a distorted spinel structure
supports robust Dirac points in their bulk electronic spectra.
A common characteristic of these materials is the presence
of a hierarchy of chainlike substructures created by the bis-
muth atoms in the A site of the crystal structure.

The spinel structure hosts a family of chalcogenides
which have the general formula AB2X4. A and B are cations
that are coordinated by anions of species X, which may be
O, S, Se, or Te. The A sites are tetrahedrally coordinated in
a diamond lattice, with the octahedrally coordinated B sites
in the interstices [10]. Most known spinels are insulators
with band gaps of a few eV; this natural tendency toward
insulating behavior makes the spinel structure a prime can-
didate to host a material with a distinct Dirac point degen-
eracy formed by bands that do not elsewhere cross the
Fermi level. By contrast, though the Laves structure con-
tains the required symmetry for a Dirac point, materials
in this structure tend to be metallic and our attempts to engi-
neer Dirac semimetals in this structure were plagued by
additional band crossings at the Fermi level.
BiAl2O4 and BiSc2O4 in the spinel structure exhibit

Dirac points at the X points in the Brillouin zone (BZ).
However, these materials are not stable and spontaneously
break symmetry. Fortunately, one of the child symmetry
groups is space group 74, which our crystallographic sym-
metry criteria [4] admit as a potential host for a Dirac semi-
metal. As shown in Fig. 1, the cubic unit cell distorts to an
orthorhombic cell and the bismuth atoms shift from their
previous locations along one of the axes of twofold rotation
symmetry in the diamond lattice. This symmetry breaking
also distinguishes the two B atoms of the formula unit,
which we label B0 and B00 Figs. 1 and 2, so that the com-
position becomes BiB0B00O4. While this new space group
has much lower symmetry, it inherits the nonsymmorphic
symmetry of diamond and retains one of the three Dirac
points among its representations. This Dirac point occurs
at the point T in the BZ and, as in diamond, there is a
gap atW determined by the strength of the spin-orbit inter-
action. The effects of reduced symmetry are manifest in the
elongation of the octahedral cages of the B0 site. This allows
the diamond lattice of bismuth to separate into distinct,
parallel zig-zag chains. Through first principles DFT cal-
culations we have determined that BiZnSiO4, BiCaSiO4,
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BiAlInO4, and BiMgSiO4 are each metastable and exhibit
Dirac point degeneracies at T with no other band crossings
at the Fermi level (Fig. 3). Both the crystal and electronic
structures are very similar for these materials, and in the fol-
lowing we take BiZnSiO4 to be representative of all four.
For these electronic structure and atomic relaxation calcu-
lations, we used the plane wave density functional theory
package QUANTUM ESPRESSO [11] and designed non-
local pseudopotentials [12,13] with spin-orbit interaction
generated by OPIUM. For all calculations an energy cutoff
of 50 Ry and k-point grids of 8 × 8 × 8 for the primitive cell
were used.
The states near the Fermi surface are dominated by

p-like states on the Bi atoms, as revealed by the angular-
momentum-projected density of states in Fig. 4(a),
suggesting that each Bi possesses a pair of 5s electrons
and an unpaired 5p electron. This contrasts with both the
Fu-Kane-Mele tight-binding model and BiO2, where the
electronic character of the Dirac point derives from an
unpaired 5s electron. The presence of an unpaired electron
is required by symmetry considerations. Nonsymmorphic
space groups have at least one sublattice degree of freedom,
and at the k points hosting Dirac points, the only represen-
tations are fourfold. Thus, for a fourfold degeneracy to be
bisected by the Fermi level there must be an odd number
of electrons per formula unit. This symmetry constraint
signifies physics being driven by these unpaired electrons.
In Fig. 4(c) the Bloch states (excluding the spin degree of
freedom) of the Dirac point degeneracy are shown, with a
cartoon representation in Fig. 4(b) added for clarity. The
character of these states confirms that the unpaired p elec-
trons give rise to the observed Dirac point physics: the two
states are related by the symmetry between the two bismuth
sublattices that makes the space group nonsymmorphic.
Additionally, the system must lie at a critical point between

the two configurations where bismuth atoms pair into
dimers and is protected by the sublattice symmetry in all
three directions; otherwise the interaction between the
zig-zag chains could gap the system. This symmetry, which
prevents the unpaired electrons from forming bonds in
either direction, only belongs to the little group at T; else-
where it is absent and the degeneracy between the two
states is lifted. These chains are reminiscent of polyacety-
lene, which is characterized by a pattern of alternating sin-
gle and double bonds along carbon sites leading to a
twofold degenerate ground state. This suggests that the
individual chains of bismuth sites behave like coupled
one-dimensional metal wires running through an otherwise
insulating structure. An isolated chain of this kind would be
described by the Su-Schrieffer-Heeger [14] model and
would suffer from the Peierls instability intrinsic to the
half-filled state, breaking the Dirac point. However, the
coupling between the chains (Fig. 2) requires a three-
dimensional model, and the stability against dimerization
depends on microscopic details. First, upon dimerization,
the oxidation state of bismuth becomes defined as 2þ.
This is highly unfavorable for bismuth, which is known
to prefer oxidation states of 3þ or 5þ. Second, the other
cations are small, encouraging a more closely packed lattice
and increasing the favorability of the delocalized, metallic
character of the Dirac point. Thus the critical point, where
the oxidation state of bismuth is formally undefined and the
unpaired electrons are delocalized, is locally stable.
Focusing now on the bismuth lattice, Fig. 2 shows an

annotated structure of a distorted spinel. The bismuth atoms
form a chainlike structure going into the plane, and adjacent
chains have a different ordering of the two types of bismuth
atoms. Figure 2(a) illustrates chains of α- and β-type Bi
atoms along the y axis, while Fig. 2(b) illustrates that adja-
cent atoms along the x and z axes form an additional chain-
like structure. Therefore the Dirac point at T can be
understood to be arising from three levels of chainlike
structures, resulting in a Dirac point that is protected by
the sublattice symmetry of space group 74.
We may model the low-energy theory of distorted spinels

by a tight-binding model of p states on the Bi atoms. The
two bismuth atoms in each unit cell each have px, py, and
pz orbitals. We distinguish between the two bismuth sites
(and associated sublattices) with the labels A and B. There
are four bonds possible for each site; these are d1� ¼
ð�a=2; 0; ½1 − 2γ�cÞ and d2� ¼ ð0;�b=2; 2γcÞ, where a,
b, and c are the lengths of the orthorhombic lattice vectors,
and γ describes an internal distortion; when a ¼ b ¼ c=

ffiffiffi

2
p

and γ ¼ 1=8, the lattice becomes diamond. Excluding
spin for the moment, the tight-binding Hamiltonian
becomes

Htb ¼
X

hiji
c†i;αcj;β½ðtσ − tπÞðα · dijÞðβ · dijÞ þ tπðα · βÞ�: (1)

FIG. 1 (color online). The (a) spinel and (b) distorted spinel
structures. Conventionally, the high-symmetry spinel unit cell
is cubic; here we have chosen a reduced supercell allowing for
direct comparison with the distorted structure. The A sites, popu-
lated by Bi, are surrounded by a tetrahedral oxygen cage (not
shown for clarity) and the B sites are surrounded by octahedral
oxygen cages. In the high-symmetry spinel all Bi neighbors are
equidistant, and the Bi atoms form a diamond lattice. Upon dis-
tortion, bonds lying in the (0, 1, 0) plane elongate, and the struc-
ture can be described as coupled, close-packed, corrugated chains
running parallel to [0, 1, 0].

PRL 112, 036403 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

24 JANUARY 2014

036403-2



The bismuth sites are indexed by i and j, and the sets of
p-orbital orientations for site i are labeled by α whereas
those for site j are labeled by β, which may be the unit vec-
tors x̂, ŷ, and ẑ. tσ and tπ are phenomenological coupling
parameters for the σ and π character of the p-p bonds, and
dij is one of the aforementioned bond vectors that connect
sites i and j.
The resulting Hamiltonian produces three pairs of bands,

each with a degeneracy from T to W, with bonding and
antibonding pairs split off below and above the middle non-
bonding pair by energy proportionate to jtσ − tπj. Since
each bismuth contributes a single electron, we expect the
lowest, bonding pair of bands to be half-filled. By inspec-
tion we find that these bands at T are dominated by the p
orbitals in the plane of the chain, corroborating our first
principles results, and confirming that the crucial physics
is due to the bismuth lattice. Introducing a spin-orbit term
of the form

Hso ¼
X

≪ij≫;ss0;αβ

iλiαjβd1
ij × d2

ij · σ⃗ss0c
†
i;αscj;β;s0 ; (2)

where d1
ij and d2

ij are nearest neighbor bond vectors that
connect sites i and j on the same sublattice, we find that
the degeneracies at W are split, allowing Dirac points at
T. The effect, however, is not strong enough to mix the
three sets of bands with one another, again in agreement
with first-principles calculations. Removing the distortion

in space group 74 to restore the diamond lattice in Eq. (2)
provides the three Dirac points originally known to exist at
the X points in diamond. Thus, high symmetry diamond
exists as a critical point between the single Dirac-point
phases allowed by the three directions in which the sym-
metry may be reduced to space group 74. This provides
a simple understanding of how the Dirac point in diamond
is connected to the Dirac point in space group 74.
To evaluate the possibility of synthesizing a Dirac semi-

metal in the laboratory, we calculated the energy difference
associated with synthesizing ZnBiSiO4 from zinc silicate,
bismuth metal, and oxygen gas, and found that the
ZnBiSiO4 distorted spinel structure is lower in energy
by about 0.25 eV per formula unit. A major challenge
involved in this synthesis would be to prevent bismuth from
further oxidizing and causing the constituents to segregate.
The conventionally determined oxidation state of bismuth
appears to pose a significant obstacle in synthesizing the
proposed materials. However, that this oxidation state
characterizes nearby insulating states is crucial to providing
an odd electron formula unit and stabilizing the Dirac-
semimetal state. Similar configurations of bismuth atoms
have been achieved in the laboratory in the construction
of bulk materials built from stacks of two-dimensional
topological insulators [15]. We therefore propose that
synthesis be conducted under reducing conditions (high
temperature and low partial pressure of O2).
Finally, we note that additional symmetry breaking

may allow access to exotic insulating phases. The low-
energy theory at the Fermi surface can be written as
HðkÞ ¼ vxkxγx þ vykyγy þ vzkzγz, centered at T, where
vi are the Fermi velocities and γi are 4 × 4 Dirac matrices.

FIG. 2 (color online). The distorted spinel structure with the Bi
network annotated. B″ cages are blue, B0 cages are gray, and the
Bi atoms are in purple. The chains (a) are composed of Bi atoms
with alternating bond directions, labeled α and β, forming chains
with distinct orientations from their nearest neighbors, signified
by þ and −. Running parallel to [0, 1, 0], the alternatingly ori-
ented chains form their own chainlike structure in the [1, 0, 1]
direction, so that each chain is now an object coupling to its
neighbors in 1D. The resulting parallel planes of alternating sense
(denoted by solid and dashed lines), constructed from the sheets
of coupled chains, themselves couple with one another in the
[1, 0, −1] direction. Thus, at each level of structure the elements
(atoms, chains, and planes) alternate in orientation along a par-
ticular direction, resulting in a fourfold representation for a point
on the BZ surface corresponding to one half of a reciprocal lattice
vector for each of those directions, and a Dirac point at the Fermi
level for half-filling.

FIG. 3. The band structures of BiZnSiO4 (a), BiCaSiO4 (b),
BiAlInO4 (c), and BiMgSiO4 (d) in the distorted spinel structure
all contain a Dirac point at T that is completely split along the line
in the Brillouin zone from T toW due to the spin orbit interaction
between the bismuth sites in the lattice.
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The Dirac matrices are constrained by the invariance of
HðkÞ under the little group at T. Orienting the kz axis
to point along the line from T to Γ, HðkÞ takes the form,

HðkÞ ¼ vxkxσx ⊗ σz þ vykyðcos θσx ⊗ σx þ sin θσx ⊗ σyÞ
þ vzkzσy ⊗ I: (3)

Here θ is an arbitrary real parameter, σi are the usual Pauli
matrices, and I is the 2 × 2 identity matrix. The exact values
of θ and vi depend on microscopic features.
The elements of the little group that stabilize the Dirac

point at T are: mirror symmetry Mz about the kxky plane,
sublattice (inversion) symmetry I, and time-reversal sym-
metry Θ. In the basis of Eq. (3), these operators can be
represented as, Mz ¼ σx ⊗ I, I ¼ σz ⊗ I, and Θ ¼ iσy ⊗
I K where K denotes complex conjugation. Symmetry
breaking perturbations lead to insulating (topological and
normal) as well as topological semimetallic (Weyl) phases.
The distorted spinel structures discussed in this Letter, if
engineered or discovered naturally, can be used to access
such phases. Dirac semimetals are unique in that they

exist at a multicritical point from which many exotic
insulating and topological semimetallic phases can be
reached [4].
We emphasize that the crucial feature of these materials

is the network of interpenetrating, symmetry-related sublat-
tices of bismuth atoms with unpaired electrons, a physical
manifestation of the symmetry-derived result that Dirac
points can only exist in nonsymmorphic space groups on
the BZ surface. The rest of the atoms of the lattice can
be thought of as an insulating scaffolding that stabilizes this
metallic bismuth network that hosts the Dirac point. The
combination of close packing and unconventional oxida-
tion state reduces the tendency towards dimerization and
the system remains at the critical point of this half-filled
state. These offer important insight into both the physics
and materials science of the Dirac semimetal state, and will
inform efforts to realize such a material.
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Note added.—We have recently learned of two indepen-

dent experiments [16,17] that report the existence of a
three-dimensional Dirac point in Cd3As2. We note that
the mechanism underpinning the Dirac point in this
material combines band inversion with rotational symmetry
[18], which is different from our theory that relies solely on
crystal symmetry. However, these experiments show that
the Dirac semimetal phase is stable, despite the Fermi level
being somewhat above the Dirac point due to disorder, and
that the Dirac point is responsible for the high electron
mobility in Cd3As2. We hope that these insights will accel-
erate efforts to observe similar Dirac points in distorted
spinels.
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