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In a recent article, Yefsah et al. [Nature (London) 499, 426 (2013)] report the observation of an unusual
excitation in an elongated harmonically trapped unitary Fermi gas. After phase imprinting a domain wall,
they observe oscillations almost an order of magnitude slower than predicted by any theory of domain walls
which they interpret as a “heavy soliton” of inertial mass some 200 times larger than the free fermion mass
or 50 times larger than expected for a domain wall. We present compelling evidence that this “soliton” is
instead a quantized vortex ring, by showing that the main aspects of the experiment can be naturally
explained within the framework of time-dependent superfluid density functional theories.
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Collective modes in the form of topological and dynami-
cal defects—solitons, vortices, vortex rings, etc.—embody
the emergence of nontrivial collective dynamics from
microscopic degrees of freedom, and provide a challenge
for many-body theories from cold atoms through electronic
superconductors to nuclei and neutron stars. The unitary
Fermi gas (UFG) provides an ideal strongly interacting sys-
tem for measuring and testing collective modes where con-
trolled experiments and theoretical techniques are starting
to converge [1]. A handful of predicted collective modes
have been directly observed, including collective oscilla-
tions of harmonically trapped gases [2,3], higher-nodal col-
lective modes [4], scissor modes [2], quantized vortices and
vortex lattices [5], shock waves [6], and phonons (speed of
sound [7], critical velocity [8], and first and second sound
[4,9]). Other modes, such as the Higgs mode [10,11],
vortex rings [12], and domain walls [13–17], have been
demonstrated in simulations, but await direct observation.
In this Letter, we discuss the objects observed in [18]:
they interpret these as “heavy solitons”; we show them
to be vortex rings.
Experimental puzzle: Slowly moving “solitons.”—The

recent MIT experiment [18] measures a slowly moving sol-
iton produced by a sharp spatially delineated phase imprint
on an ultracold cloud of some 105 6Li atoms in an elongated
harmonic trap. These solitons cannot be resolved in situ,
but appear after a specific time-of-flight expansion pro-
cedure that includes a rapid ramp of the interaction strength
which is controlled through a Feshbach resonance by an
external magnetic field. In particular, they note that a cer-
tain minimum field Bmin < 700 G is required to resolve the
solitons (discussed in their Supplemental Material). From
the images, they extract the period of oscillation, and find
that it increases as the inverse trap aspect ratio 1=λ and the

magnetic field B are increased. Increasing the temperature,
they observe “antidampening” whereby the amplitude of
the oscillation increases with time. The authors interpret
these results as the observation of a heavy soliton with
a mass “more than 50 times larger than the theoretically
predicted value” and “200 times their bare mass.”
Topological objects in the BEC-BCS crossover.—

Superfluids are characterized by a complex-valued order
parameter Ψ that describes the condensate wave function
in Bose-Einstein condensates (BECs) and the Cooper pair
condensate in fermionic Bardeen-Cooper-Schrieffer (BCS)
superfluids. The superfluid ground state picks a coherence
overall phase of the complex order parameter, spontaneously
breaking the original Uð1Þ phase symmetry of the theory.
Sound waves manifest as fluctuations in this coherent phase
(phonons or Nambu-Goldstone modes). Landau’s original
argument for 4He superfluidity posits a kinematical critical
flow velocity vc below which neither pair-breaking nor
sound excitations can be generated. This argument is spoiled
by the generation of topologically stable excitations that can
nucleate at the edge of the fluid, lowering the vc. The
dynamics of these topological excitations and their inter-
actions are at the heart of quantum turbulence studies [19].
The single-valued order parameter admits several topo-

logically stable objects in three dimensions. Domain walls
separate regions of different phases while vortices corre-
spond to the phase winding around a line along which
the order parameter vanishes. In bosonic theories (BEC
limit), the number density n ∝ jΨj2 vanishes in the core
of vortices and in stationary domain walls, giving these
objects a “negative mass. For fermions, while the complex
order parameter has a similar behavior, the relationship
n ∝ jΨj2 breaks down, with the interpretation that the core
of the topological defects are filled with “normal” fluid, but
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at unitarity the number density depletion is still substantial
[12,20,21]. A manifestation of this negative mass is that the
amplitude of oscillation in a trap will increase as energy is
lost. This antidamping is seen in the experiment [18].
Domain walls (often referred to as solitons) are topologi-

cally stable in one dimension. Their thickness is set by the
coherence length lcoh and thus they have a negative effective
mass (−MDW) due to the density depletion MDW ¼ mNDW,
where NDW ∼ nπR2lcoh is the depletion for a gas cloud of
number density n in a trap of radius R. In the unitary limit,
all scales are set by the Fermi wave vector kF with n ¼
k3F=3π

2 and lcoh ∼ k−1F and thus, MDW ∼ k2FR
2m is much

larger than the mass m of a single fermion. In quantum
mechanics, the dynamics of heavy objects is generally well
approximated by classical equations of motion. For domain
walls, both kinetic and potential energies are localized on the
wall; thus, the same mass MDW enters both the kinetic and
potential terms and one expects the oscillation period T to be
comparable to the natural axial period Tz of the trapping
potential. This is confirmed in BEC experiments [22]
where T ≈

ffiffiffi
2

p
Tz and by fermionic simulations [13], where

T ≈
ffiffiffi
3

p
Tz.

In contrast, vortex rings [23], which also occur in classical
fluids [24], have very different dynamics. In infinite
media, for example, with logarithmic accuracy, large rings
(R ≫ lcoh ∼ k−1F ) have linear momentum p ∼mnκπR2,
dispersion εðpÞ, and speed v ¼ dεðpÞ=dp [25]

ε ∼
mnκ2R

2
ln

R
lcoh

; v ∼
κ

4πR
ln

R
lcoh

; (1a)

where κ is the circulation. Their speed v ∝ ln p=
ffiffiffiffi
p

p
thus

decreases as the momentum, kinetic energy, and radius
increase. Unlike for domain walls, their inertial mass
MI ¼ F=v

: ∼mnκ8π2R3= lnðR=lcohÞ, (where F ¼ p
:
is the

force), differs from the effective mass due to the density
depletion MVR ¼ mNVR ∼mn2π2Rl2coh and the period of
oscillation can receive a significant enhancement

T
Tz

∼

ffiffiffiffiffiffiffiffiffiffi
MI

MVR

s
∼

2R=lcohffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðR=lcohÞ

p : (1b)

This estimate (1b) gives only an order of magnitude esti-
mate: the dynamics of a vortex ring in a finite trap is some-
what more complicated but can be qualitatively understood.
Each element of the ring will experience an outward buoy-
ant force FB ≈ NVR∇V trap, where V trap ¼ mω2⊥ðx2 þ y2 þ
z2=λ2Þ=2 (with λ > 1). The Magnus relationship FB ¼
mnðv − vsÞ × κ will thus adjust the velocity v with two
components: one counter to vs and another that causes
the ring to expand and contract near the ends of the trap.
The velocity vs is the superflow induced by the phase wind-
ing of the rest of the vortex ring on the element, and is
parallel to the z axis of the trap. In the middle of the trap
z ≈ 0, small rings (R much less than the trap waist R⊥) will

experience little buoyant force and the motion will be domi-
nated by v ≈ vs. Larger rings, however, will have a smaller
vs and larger FB: at a critical radius Rc, the Magnus effect
will cancel vs and the ring will remain stationary. Larger
rings R > Rc will crawl backwards along the trap. Near
the ends of the trap, the buoyant force will also cause
the rings to expand at one end and contract at the other.
Thus a vortex ring may oscillate along the trap as observed
in bosons [26].
Heavy solitons are indeed vortex rings.—While a quan-

titative discussion requires a more complete analysis along
the lines of [27] or direct simulation as we shall present in a
moment, the order of magnitude of the effect can be esti-
mated from Eq. (1b) which is approximately valid for small
vortex rings near the middle of the trap z ≈ 0. For the exper-
imental parameters, small rings R ≈ 0.2R⊥ (rings with this
radius have roughly the same amplitude as the oscillations
seen in the experiment) exhibit periods an order of magni-
tude larger than Tz, naturally explaining the observations.
Furthermore, as the system is brought into the BEC regime,
the coherence length lcoh will grow significantly relative to
the fixed ring size R, so T will naturally get smaller,
approaching Tz. Finally, in the extreme BEC limit, lcoh will
approach the width of the trap, arresting the snake instabil-
ity, and reproducing the theoretical prediction T ≈

ffiffiffi
2

p
Tz

for a domain wall.
Method.—To explain more subtle features of the experi-

ment, like the observed dependence on aspect ratio, we per-
form dynamical simulations of trapped unitary fermions
using two formulations of density functional theory (DFT).
The first, an extended Thomas-Fermi (ETF) model [28], is
essentially a bosonic theory for the dimer or Cooper-pair
wave function Ψ. The dynamics are described by a non-
linear Schrödinger equation (NLSEQ) similar to the Gross-
Pitaevskii equation (GPE) for bosons

iℏ
∂Ψ
∂t ¼ − ℏ2

4m
∇2Ψþ 2

∂Ehðn; aÞ
∂n Ψþ 2VextΨ; (2)

where arguments x and t have been suppressed, n ¼ 2jΨj2
is the fermion number density, and Ehðn; aÞ is the energy-
density of the homogeneous gas with density n and (adjust-
able) scattering length a fit to the equation of state in the
BEC-BCS crossover. This simplified DFT is equivalent to
zero-temperature quantum hydrodynamics (including the
so-called quantum pressure term), and we shall use this
to model the time-of-flight expansion and imaging pro-
cedure of the experiment. While computationally attractive,
this formulation has some physical drawbacks. In particu-
lar, it models only the superfluid portion of the cloud: phys-
ics associated with the normal state is missing. As a result, a
vanishing order parameter Ψ ¼ 0 implies a vanishing den-
sity n ¼ 0. This tends to overestimate the density contrast
in the core of defects and leads to the same domain wall
motion T ≈

ffiffiffi
2

p
Tz as the harmonically trapped GPE.
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There is also no mechanism for the superfluid to transfer
energy to the normal component, which inhibits the relax-
ation of rotating systems into a regular vortex lattice, and
prevents Eq. (2) from being used to simulate the prepara-
tion of the experiment as the initial sound waves generated
by the phase imprint never dampen, and the generated
vortex rings rapidly decay.
To address these issues, we also simulate a time-dependent

extension ofDFT to superfluid systems—the time-dependent
superfluid local density approximation (TDSLDA)—where
the dynamical evolution is described by equations for the
quasiparticle wave functions (uk, vk)

iℏ
∂
∂t

�
uk
vk

�
¼

�
h Δ
Δ� −h

��
uk
vk

�
; (3a)

where h ¼ δE=δn and Δ ¼ δE=δν� (ν is the anomalous
density) [29]. This is similar in form to the Bogoliubov–
de Gennes (BdG) mean-field theory [13–16], but includes
a self-energy contribution β and effective mass parameter α
neglected in the BdG:

h ¼ δE
δn

¼ α
−ℏ2∇2

2m
þ β

ð3π2nÞ2=3
2

− jΔj2
3γn2=3

: (3b)

These additional terms allows the TDSLDA to quantita-
tively match all experimentally measured and numerically
calculated properties of homogeneous systems in finite and
infinite boxes [30]: adjusting α, β, and γ allows one to con-
sistently characterize the energy per particle, pairing gap,
and quasiparticle spectrum obtained from quantum
Monte Carlo (QMC) calculations of the homogeneous
infinite system. (Note: If α ≠ 1, one must include additional
terms to restore Galilean covariance as discussed in
[29,31]: we avoid this complication by setting α ¼ 1
instead of α ≈ 1.1 while adjusting β and γ to reproduce
the energy per particle and pairing gap.) Simulating
Eqs. (3) for three-dimensional systems represents a serious
computational challenge that effectively utilizes the largest
supercomputers available, so we use this only to verify
that stable vortex rings are generically produced from
the phase-imprint procedure, and use the ETF to illus-
trate the behavior of the experimental systems.
Results.—Following the preparation procedure outlined

in [18], we phase imprint a domain wall on harmonically
trapped clouds and follow the evolution using the
TDSLDA. (Details are presented in [31].) For sufficiently
large clouds, the domain wall quickly decays into an oscil-
lating vortex ring. Figure 1 shows the motion as the ring
initially crawls along the outside of the trap and a smaller
ring bounces back. Computational limitations restrict us to
relatively small systems and these simulations are quite
close to the onset of the snake instability. Nevertheless,
the period seen in Fig. 1 is comparable to our estimate
Eq. (1b). Finally, we note an antidamping similar to that

seen at higher temperatures in [18]. This is explained by
the small heat capacity of our simulated system: the
residual sound waves induced by the phase correspond
roughly to a finite temperature.
For larger clouds we use the ETF . As expected, the

initial preparation phase cannot be reliably reproduced:
the sound waves generated by the imprint do not dissipate,
and the resulting vortex ring decays within a few oscilla-
tions. Stable vortex rings can be produced, however, by
“cooling” an imprinted phase pattern with imaginary time
evolution. As shown in the Supplemental Material [31],
these vortex rings reproduce the qualitative behaviors
observed in the MIT experiment [18]. In particular, the
period is an order of magnitude larger than expected for
domain walls and increases by similar amounts as the
aspect ratio is reduced as shown in Table I. The period also
scales toward the domain wall results

ffiffiffi
2

p
Tz toward the
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FIG. 1 (color online). Oscillations of a vortex ring in an
elongated harmonic trap. Simulated with the TDSLDA on a 32 ×
32 × 128 lattice for a cloud with 560 particles. We evolve about
105 wave functions in real time using a symplectic split-operator
integrator that respects time-reversal invariance using hundreds of
GPUs on the Titan supercomputer [32]. More details and several
movies may be found in [31].
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BEC limit and exhibits antidamping decays in the presence
of phonon excitations. (These phonons mock up fluctua-
tions, but do not faithfully simulate a thermal ensemble.)
A quantitative comparison is marred by the lack of a normal
component occupying the core of the vortex. However,
when comparing the ETF with the TDSLDA simulations,
we find that this is fairly consistently characterized by
an overall increase in periods by a factor of about 1.8—
somewhat larger but similar to the factor of ≈

ffiffiffiffiffiffiffiffi
3=2

p
seen

when comparing the period of fermionic to bosonic domain
walls in quasi-1D environments. We are confident that
a realistic TDSLDA simulation would closely mimic the
experiment, and enforcing quantitative agreement would
help further constrain the TDSLDA functional.
The puzzle provided by the imaging procedure remains:

can a vortex ring look like a planar soliton after imaging?
The answer, yes, is demonstrated in Fig. 2 and in [31]. The
imaging procedure includes a rapid ramp of the magnetic
field to the BEC side of the crossover where the coherence
length becomes much larger, but the equation of state
becomes softer. This rapid-ramp procedure followed by
expansion produces something akin to a shock wave
[6,17] that manifests itself as a planar soliton upon imaging.
Our simulations confirm the somewhat subtle experimental
observation that sufficient ramping below Bmin < 700 G is
required to observe a signal, and explains both the thick-
ness of the soliton and the amplitude of the integrated
density fluctuations observed in the experiment [18].
A slight difference remains between the density fringe pat-
tern seen in the integrated 1D density Fig. 2 compared with
those seen in experiment [18], the latter having a minimum
in the center where the ETF has a peak. As shown in the
movies of the expansion [31], this feature results from
the motion of shock waves formed during the expansion,
the speed of which will be incorrectly predicted by the ETF.
We have shown that the puzzling report of heavy solitons

in fermionic superfluids [18], which appear to exhibit an
effective mass some 50 times larger than predicted by
the theory of dynamics of a domain wall, can be naturally
explained in terms of vortex rings. Using a 3D simulation
of the TDSLDA, we validate the picture that, in large
enough traps, imprinted domain walls generically evolve
into vortex rings through an axially symmetric “snake
instability. The estimate Eq. (1b) shows that these rings

can have large periods at unitarity, that decreases toward
the BEC regime, and explicit simulations using the ETF
verify the dependence of the period on the aspect ratio.
Finally, the ETF demonstrates that, through the expansion
and imaging process employed to resolve the objects, vor-
tex rings manifest as large planar objects with an observ-
able density contrast only if the magnetic field is ramped to
Bmin < 700 G, in quantitative agreement with the observa-
tions. We have thus verified virtually all aspects of the
experiment [18], including the elaborate imaging protocol,
thereby validating the use of the TDSLDA and ETF theo-
ries for dynamical simulations including topological
defects, and resolving the mystery of heavy solitons as
vortex rings.
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TABLE I. Dependence of the oscillation period on aspect ratio
for a vortex ring imprinted with R0 ¼ 0.30R⊥ at resonance. Note
that the ETF consistently underestimates the period by about
a factor of 0.56.

Aspect ratio ETF period Observed period [18]

λ ¼ 3.3 T ¼ 9.9Tz T ¼ 18ð2ÞTz
λ ¼ 6.2 T ¼ 8.4Tz T ¼ 14ð2ÞTz
λ ¼ 15 T ¼ 6.7Tz T ¼ 12ð2ÞTz
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FIG. 2 (color online). Demonstration of the imaging procedure.
The top plot shows a slice of the density through the upper-half
core of the trap before expansion: the vortex ring is barely visible
at z ¼ 0. Below is a slice through the upper-half core after
ramping to Bmin ¼ 580 G and letting the cloud expand as dis-
cussed [18]. The lower plot shows the integrated 2D densityR
x
⋅
nðx; y; zÞ and the integrated 1D density

R
x
⋅
y
⋅
nðx; y; zÞ (white

curve). The lower half of the image has added Gaussian noise
with a 3% density variation and is coarse grained on a 3 μm scale
to simulate the experimental imaging procedure, clearly demon-
strating that vortex rings appear as solitons. (Densities are scaled
by maximum value for better contrast.) For Bmin > 700 G , the
density contrast is reduced below the experimental signal-to-
noise ratio. See the Supplemental Material [31] for details and
for movies.
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