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We review the theory of two color high gain free-electron laser emission, derive the integral equation
characterizing the evolution of the optical intensities, and provide a description of the relevant dynamics.
The characteristic feature of this regime is the existence of a mutual bunching, whose origin and role are
discussed.
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The generation of free-electron laser (FEL) radiation
with two or more simultaneous colors opens new scenarios
inapplications [1,2]and in thestudyof theunderlyingphysics.
Bymeans of two color x radiation, it is possible to deepen the
fundamental knowledge of the properties ofmaterials and liv-
ingsystems,probing thematter on theatomic scale in timeand
space. Pairs of colored x-ray pulses can be particularly useful
to perform pump-probe experiments of structural dynamics, a
class of experiments where the process is excited with a first
pulse, and, after a certain time, a second pulse of another color
is used to interrogate the state of the system and get the
image.
Several schemes have been proposed to produce this type

of radiation, whose first realization was achieved with an
infrared FEL oscillator [3]. Experiments in the soft x-ray
regime [4] and on the generation of two color pulses in
the FEL gain modulated regime [5] have been reported
more recently. At the SPARC test facility [6,7] double color
operation [8] has been carried out by using electron beams
constituted by two beamlets with two energy levels and
with different split in time, prepared with a method com-
bining laser comb technique and velocity bunching in the
linac, extensively used in beam dymamics [9] and FEL
radiation [10,11] experiments.
In this Letter we discuss from a theoretical point of view

the physics of two color operation. We will derive the small
signal high gain integral equation, which rules the evolution
of the field amplitudes associated with the colors at small
times, and compare the analytical results with the data
obtainedwith the FEL code PROMETEO [12] implemented
in such a way as to include the case of electron beams with
two energy levels. The role of the mutual bunching between
the twowaves, which represents a key feature of the process,
is analyzed. Furthermore, othermechanismsof generationof
two frequency radiation are discussed.
When two color pulses are emitted by two electron

bunches presenting different energies and propagating

along the undulator independently, the small signal analysis
relies on two decoupled integral equations. If, instead, the
two colors arise from a single bunch with an energy distri-
bution shaped in two narrow and close bands, the FEL
process is described by a single integral equation, with a
kernel characterized by a double peak structure.
The equation for the small signal evolution of the laser

field driven by an e-beam with two different energy bands
equally distributed around the peaks and narrow enough to
permit us to neglect the associated inhomogeneous broad-
ening is

da
dξ

¼ i

6
ffiffiffi
3

p
Z

ξ

0

ξ0ðe−ið~ν−~ν1Þξ0 þ e−ið~ν−~ν2Þξ0 Þaðξ − ξ0Þdξ0: (1)

Here, aðξÞ is Colson’s dimensionless amplitude [with ini-
tial condition að0Þ ¼ 1], defined as aðξÞ ¼ ðχ1=2kuρ2ÞE
[13], with ξ ¼ z=Lg the normalized longitudinal coordinate
along an undulator with period λu ¼ ku=2π and deflection
strength K .Lg ¼ λu=ð4π

ffiffiffi
3

p
ρÞ represents the gain length, ρ

the Pierce parameter [14], E the radiation field, and χ1 ¼
½ðeK½JJ�Þ=ð2γ2mc2Þ� is connected to the Bessel coefficient
½JJ� for a planar undulator and to the Lorentz factor γ. The
detuning parameters ~να ¼ ðωα − ωRÞ=ð2

ffiffiffi
3

p
ρωRÞ measure

the relative distance between the frequency peaks ωα

(α ¼ 1, 2) with respect to the gain bandwidth, ωR denoting
the resonant frequency of the mean e-beam energy.
Figure 1 shows the gain derived from Eq. (1) as a function
of the normalized frequency ~ν, in the case of close energy
bands [1(a)], and well separated energies [1(b)].
Furthermore, by setting ~Δ ¼ ~ν − ~ν1, η ¼ ~ν1 − ~ν2 and

deriving both sides of Eq. (1), we obtain

d3a
dξ3

þ 2i ~Δ
d2a
dξ2

− ~Δ2 da
dξ

¼ i

6
ffiffiffi
3

p ½ð1þe−iηξÞaþ Φ�; (2)

with Φ ¼ −ηe−ið ~ΔþηÞξ
h
ηI þ 2i dIdξ

i
and I ¼ R ξ

0 ðσ − ξÞ×
ei ~ΔσaðσÞdσ.
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In the case of bands completely overlapping, with η ¼ 0,
Eq. (2) reduces to the ordinary FEL third-order high gain
equation [14]. If the bunches are separated, the signals car-
rying the two colors are distinct entities that can grow inde-
pendently. A certain level of interaction may, however,
occur due to partial phase locking or nonlinear beating
wave mechanisms, with interference measurable effects.
The FEL field can be considered, therefore, as the super-
position of two components oscillating at different frequen-
cies and experiencing a mutual competition.
A further possibility is that the FEL interaction occurs

between two waves oscillating at different but close
frequencies ωm (m ¼ 1, 2) and an electron beam having
an energy distribution with two levels resonating
with them.
Colson’s picture is based on the development of the

Maxwell nonlinear equations driven by single particle cur-
rents [13]. In the generalization to the case of two waves of
different wave numbers km, the electron phases in the mth
ponderomotive potential ζm ¼ ðku þ kmÞz − ωmt satisfy
the pendulum equations:

d2ζn
dτ2

¼ cn
X
m

�
1þ 1

2
δnm

�
jamj cos ðζm þ φmÞ m ≠ n;

(3)

where cn ¼ ðK= ffiffiffi
2

p ÞL2
uðkn=γ40nÞ½1þ ðK2=2Þ� and δnm ¼

ðγ20n=γ20ÞðkR=kmÞ − 1. Furthermore, Lu ¼ Nλu is the total
length and K the strength of the undulator,

τ ¼ ðLg=LuÞξ, kR is the mean wave number, γ0 is the mean
Lorentz factor of the beam, and γ0n are the Lorentz factors
corresponding to each peak. The dimensionless fields
an ¼ janjeiϕn evolve in time according to

dan
dτ

¼ −jnhe−iζni; (4)

where jn ¼ ðf2Bn=γ0nÞ
ffiffiffi
2

p
πðe=mc2Þ ~JnNλuK, fBn are the

Bessel coupling terms, and ~Jn the current density of each
beamlet. The average in Eq. (4) is taken over the initial
phase distributions:

h� � �i ¼ 1

4π2

Z
2π

0

dζ01

Z
2π

0

dζ02ð� � �Þfðζ01; ζ02Þ;

fðζ01; ζ02Þ ¼
X∞
p;q¼0

b12pqeipζ
0
1
þiqζ0

2 (5)

where ζ0m ¼ ζmðτ ¼ 0Þ, b12p0 and b120q denote the pth and qth
harmonic bunching coefficient of the waves 1 and 2,
respectively, while b12pq are the p-q beating wave harmonic
coefficients.
Figure 2 gives the coupled evolution of the signals

for different values of the e-beam peak energies. The uni-
dimensional FEL code PROMETEO [12] has been modi-
fied to provide the solution of the pendulum and field
equations (3) and (4) with bichromatic electron beams.
The initial phases have been distributed uniformly with
the same values for the two beamlets, equivalent to an ini-
tial phase locking. The fields have been assumed to be dis-
tinct, with the wavelength resonating at the electron energy
peaks. The field intensity growths are characterized by a
“trembling” behavior associated with an exchange of
energy between the two fields, which increases in ampli-
tude and period with the decrease of the difference in fre-
quency of the waves. Though the field equations appear to
be completely symmetric, the growth of the amplitudes
associated with the two waves is not equal, because the
longer wavelength, having a shorter gain length, is ampli-
fied at a larger level and drives the emission of the other
one, while the oscillations are similar (the difference in vis-
ibility depends on the logarithmic scale).
An analysis of the wave interaction can be done in the

small signal approximation. In this limit, the electron

FIG. 2 (color online). Field power evolution (PROMETEO simulation) of the two peaks, along the physics undulator coordinate zðmÞ,
for different detuning conditions: (a) λ2 − λ1 ¼ 107:3 nm, (b) λ2 − λ1 ¼ 30:3 nm, (c) λ2 − λ1 ¼ 10:3 nm.

FIG. 1 (color online). Gain curve versus the detuning param-
eter. The gain function is calculated with a Pierce parameter
ρ ¼ 10−3 and with a number of undulator periods N ¼ 400.
Two cases are shown for different energy separation
(a) ~ν2 − ~ν1 ¼ 10 and (b) ~ν2 − ~ν1 ¼ 30. The gain processes of
the two waves can be considered mutually independent if ~ν2 −
~ν1 > 20 (more than 3 MeV in the case of the SPARC parameters).
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phases, developed at first order, are ζm ¼ ζ0m þ ν0mτþ
δζm, with ν0m ¼ ðdζ=dτÞjτ¼0. Since δζm is assumed
small, the right-hand side of Eq. (4) can be linearized, thus
finding

dam
dτ

¼ i
2
Cmjm

X
k

he−iðζ0m−ζ0kÞ

×
Z

τ

0

dτ0ðτ − τ0Þe−iðν0mτ−ν0kτ0Þakðτ0Þi; (6)

where all frequencies ν are defined as ν ¼ 8
ffiffiffi
3

p
πNρ~ν: After

the evaluation of the average in the right-hand side, the fol-
lowing integral equation is obtained as a generalization of
the ordinary high gain integral [Eq. (1)]:

da1
dτ

¼ i
2
C1j1

�Z
τ

0

ðτ − τ0Þe−iν01ðτ−τ0Þa1ðτ0Þdτ0

þb1;2

Z
τ

0

ðτ − τ0Þe−iðν01τ−δν12τ0Þa2ðτ0Þdτ0
� (7)

(and the same for a2), with δν12 ¼ −δν21≊
2πNð½λ2 − λ1Þ=λ1�. The first term on the right-hand side
determines the high gain evolution, while the second
addend accounts for the wave interaction through the

phenomenological factor b12 ¼ b21 called the “mutual
bunching coefficient” (MBC), defined as

b12 ¼ he−iðζ0m−ζ0kÞeiν01τ0 i (8)

and introduced during the average in an heuristic way. The
MBC term describes several mechanisms, namely, the
phase locking through an external laser or the effect
induced by plasma wave oscillations associated with the
current density modulation due to the FEL bunching.
Without any specific assumption on the phasing mecha-
nism, we assume b12 as a weight parameter quantifying
the mutual interaction. Equation (7) reduces to two
third-order differential equations:

d3a1
dτ3

þ 2iv01
d2a1
dτ2

− v201
da1
dτ

¼ iC1

2
j1½a1 þ b12e−iδv12τa2�

(9)

(and similar for a2) and, in turn, to a system of six ordinary
first-order differential equations:

d
dτ

Φ
¯
ðτÞ ¼ ÂðτÞΦ

¯
ðτÞ; (10)

with

ÂðτÞ ¼

2
666664

−2iν01 ν2
01

iC1j1
2

0 0
ib̄12C1j1

2
eiδν12τ

1 0 0 0 0 0

0 1 0 0 0 0

0 0
ib̄12C2j2

2
e−iδν12τ −2iν02 ν2

02
iC2j2
2

0 0 0 1 0 0

0 0 0 0 1 0

3
777775
: (11)

The solution of Eqs. (10) and (11) has been evaluated by
using either a full numerical procedure or by the method of
the Magnus time ordering [15] and is reported in Fig. 3 for
various values of the MBC. The overall qualitative agree-
ment between the PROMETEO results presented in Fig. 2
and the solution of Eqs. (10) and (11) is satisfactory before

the onset of saturation (τ < 0.6 corresponding to z ∼ 7 m),
particularly as regards the dependence of the oscillations on
δν12. The details of the curves are, however, strongly de-
pendent on the choice of the complex factor b12 and the
choice of the other parameters. In Fig. 3(c), a case where
one of the two peaks is initially seedless is presented.

FIG. 3 (color online). Field intensity evolution for the two peaks with λ1 < λ2 ðE1 > E2Þ. Different cases are shown with different
values of the mutual bunching coefficient: (a) b−1;2 ¼ 6, (b) b−1;2 ¼ 2.5. In (c), again b−1;2 ¼ 6, but with the lower frequency field (blue
continuous line) having a vanishing input seed. Plots are calculated with ρ ≈ 10−3 and with a number of undulator periods N ¼ 400.
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Equation (9) predicts indeed that the mutual bunching acts
as the source for the associated intensity, similar to what
occurs in the dynamics of prebunched beams.
Equation (7) describes the case of an initially non

bunched e-beam. The generalization to the case of
prebunched beams, with an initial nonuniform phase
distribution, is

dam
dτ

¼ −jme−iν0mτ
�
he−iζ0mi − i

Cm

2

X
n

�
1þ δmn

2

�

×½he−iðζ0m−ζ0nÞiInðτÞ þ he−iðζ0mþζ0nÞiI�mðτÞ�
�
; (12)

with InðτÞ ¼
R
τ
0 dτ

0ðτ − τ0Þanðτ0Þeiν0nτ0 . The first term is
responsible for the coherent spontaneous emission from
prebunched e-beams, while the new terms lead to the trem-
bling behavior even in the absence of both initial seeds. A
discussion of Eq. (12) in the context of FEL processes with
coherent spontaneous emission for one single bunch is
found in Ref. [16]. From the experimental point of view,
the problem is how to resolve the field oscillations with
available detectors, typically Joule meters, for wavelength
differences larger than 100 nm. The oscillations may be
weak and hardly observable, and the measure of the spec-
tral distribution along the undulator might be a more reli-
able tool. To study the spectrum it is necessary to modify
the integral equation with the inclusion of short pulses
effects [16]:

da1
dτ

¼ iC1j1ðζþΔτ Þ
2

Z
τ

0

ðτ− τ0Þ½e−iν01ðτ−τ0Þ a1ðζþΔτ0;τ0Þ

×dτ0þb1;2e−iðν01τ−δν12τ
0Þa2ðζþΔτ0;τ0Þdτ0�; (13)

with Δ the slippage length. The field intensity distributions
along the bunch coordinate are reported in Fig. 4, for differ-
ent beam overlapping and energies. Fringes in the time
domain with distance depending on the energy gap between
the two beamlets are observed. In the first case, the fringes,

due to the mutual interference, are evident; in the second,
they are less pronounced and disappear when the bunches
are separated. An analogous behavior has been observed in
the two color experiment at SPARC [8].
The two color operation in FEL amplifiers has been ana-

lyzed in Ref. [17]. The authors employed a 3D nonlinear
polychromatic simulation to study the case of a FEL seeded
with two narrow band fields at closely spaced wavelengths
within the gain band and predicted the growth of a discrete
spectrum of beat waves outside the gain band. The beat
waves grew parasitically due to electron bunching in the
seeded waves with rates higher than the seeded waves
themselves.
Another mechanism, namely, the FEL nonlinear wave

mixing, occurs at saturation when the primary two colors
are nonlinearly mixed, and also if the two bandwidths are
initially very narrow and separated, and can be particularly
intense in seeded cases. The energy distribution around
the two peaks ε1 and ε2 as a function of the energy ε is
modulated by the FEL interaction according to

fðε; τÞ ¼ 1ffiffiffiffiffiffi
2π

p
σ
exp

�
− ½ε − ε1 − τja1j sinðζ1 þ φ1Þ�2

2σ21

�

× exp

�
− ½ε − ε2 − τja2j sinðζ2 þ φ2Þ�2

2σ22

�
;

(14)

with (σ−2 ¼ σ−21 þ σ−22 ) and a1, a2, ϕ1, ϕ2 the wave inten-
sities and phases. By using the Anger-Jacobi expansion,
Eq. (14), leads to

fðε; τÞ ≈
X∞

m¼−∞

X∞
n¼−∞

eiðmζ1þnζ2ÞJm

�
iτja1j
σ1

�
Jn

�
iτja2j
σ2

�
;

(15)

where Jm are Bessel functions. The trend of the higher
order bunching coefficients associated with the beatings
is then

bmn ¼
1

4π2

Z
2π

0

dζ1

Z
2π

0

dζ2fðε; τÞ

∼ Jm

�
iτja1j
σ1

�
Jn

�
iτja2j
σ2

�
: (16)

The beating coefficients bmn lead to fields oscillating at fre-
quency ωmn ¼ mω1 þ nω2, where ω1and ω2 are the
frequencies corresponding to the two e-beam energy peaks
ε1, ε2. The gain length of the beating wave is Lmn

g ¼
ðL1

gL2
g=mL1

g þ nL2
gÞ and reduces to Lmn

g ¼ ½Lg=ðmþ nÞ�
for L1

g ¼ L2
g ¼ Lg. In the case of first-order beating,

m ¼ n ¼ 1, a third peak appears at ω1 þ ω2, between
the second harmonics 2ω1 and 2ω2. The growth of FEL
nonlinear wave mixing modes is, therefore, similar to that

FIG. 4 (color online). Dimensionless intensity versus zb, packet
coordinate normalized to the bunch length. The red dotted curve
refers to the radiation produced by two identical bunches sepa-
rated by a rms bunch length. The blue curve shows (a) completely
overlapping bunches and (b) bunches with distance db ≈ 0.4σz.
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of nonlinear coherent harmonics and is characterized by a
fast blowup with saturation power Pmn

s ∝ ρmnPE, where
ρmn≊ðfBmfBn=fB1Þ2=3ρ, with fBk the Bessel factor associ-
ated with the gain of the kth harmonics, and having
assumed that ρ1 ¼ ρ2 ¼ ρ. The electron bunch behaves
as a nonlinear medium, and the radiative mechanism is
analogous to what occurs in crystals.
In this Letter we have touched on different points

regarding the physics of FEL devices operating with
two colors generated by two almost independent electron
bunches. We have developed a theoretical description of
the underlying physical mechanism and have pointed out
the possibility of various interference mechanisms. In par-
ticular, we have considered the mutual bunching effect
which might be responsible for the mode coupling phe-
nomenology discussed here. Finally, it has been pointed
out that the e-beam behaves as a nonlinear medium
allowing for the generation of nonlinear (harmonic) beat-
ing waves. The observation of this further effect is within
the possibilities offered by the SPARC test facility, when
the two color experiment is operated at the onset of the
saturation. The presence of this additional contribution
should manifest through a further peak in the spectrum,
located in between the two resonance frequency peaks.
The formalism we have provided in this Letter, for the

theoretical treatment of two color FEL operation induced
by two independent electron bunches, can be extended
to the case of a two frequency undulator, as will be shown
elsewhere.
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