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The time and space resolved dynamics of a qubit with an Ohmic coupling to propagating 1D photons is

studied, from weak coupling to the ultrastrong coupling regime. A nonperturbative study based on matrix

product states shows the following results, (i) The ground state of the combined systems contains

excitations of both the qubit and the surrounding bosonic field. (ii) An initially excited qubit equilibrates

through spontaneous emission to a state, which under certain conditions is locally close to that ground

state, both in the qubit and the field. (iii) The resonances of the combined qubit-photon system match

those of the spontaneous emission process and also the predictions of the adiabatic renormalization

[A. J. Leggett et al., Rev. Mod. Phys. 59, 1 (1987)]. Finally, nonperturbative ab initio calculations show that

this physics can be studied using a flux qubit galvanically coupled to a superconducting transmission line.

DOI: 10.1103/PhysRevLett.111.243602 PACS numbers: 42.50.Ct, 03.67.Ac, 85.25.Cp

Recently achieved in experiments with superconducting
circuits [1,2], polaritons [3,4], and two-dimensional elec-
tron gases [5], ultrastrong coupling (USC) is usually linked
to the study of discrete systems interacting with cavities,
where it is defined as the coupling strength at which
counterrotating terms become relevant, the number of
excitations (photons) is not conserved, and the rotating
wave approximation (RWA) breaks down.

We extend the notion of USC to free space, describing
superconducting qubits in open transmission lines. For that
we model the atom-light interaction with the spin-boson
(SB) Hamiltonian [6,7]

H ¼ X

k

!ka
y
k ak þ

!at

2
�z þ g�x

X

k

ðu�kak þ uka
y
k Þ: (1)

This contains a quasicontinuum of frequencies for the
propagating photons, !k, a two-level system for the super-
conducting qubit, !at, and a realistic set of coupling
strengths uk for the specific qubit type. As in the inter-
rupted transmission line [8], the qubit-line system belongs
to the Ohmic regime, with a linear spectral function

Jð!Þ ¼ �
X

k

2g2jukj2�ð!�!kÞ � 2��!1: (2)

The parameter� ¼ 2ðgeff=!atÞ2, quantifying the strength of
the SB coupling, is related to the coupling geff between the
qubit and a resonant cavity made from the same transmis-
sion line. While USC effects will be shown in this work for
� * 0:1 or geff=!at * 25%, a drastic change in the dynam-
ics is observed at the point � ¼ 1=2 (geff=!at ¼ 50%) at
which both non-Markovian and non-rotating wave approxi-
mation effects become relevant in free space.

Our goal is precisely to develop theoretical tools for
studying the relaxation and scattering dynamics of a super-
conducting qubit in an open line, in all coupling regimes—
weak, USC, and beyond. A proper description of such
ongoing and future experiments [9–12] demands theoreti-
cal tools that study simultaneously the dynamics of the
qubits and the bosons, both in time and space, accurately
and without tracing out the line or applying ad hoc decou-
pling schemes. This goal is achieved using customized
matrix product state (MPS) numerical methods that merge
ideas from the quantum impurity ansatz [13], matrix prod-
uct operators [14], and mixed time evolution methods [15].
Our methods rely on the coupled resonator model for the 1D
transmission line. Unlike logarithmic discretizations in en-
ergy space from numerical renormalization group [16–18]
or polynomial discretization MPS [19], the focus lies on
precise representations of real space observables, such as
the distribution of photons, propagating wave packets or
correlations.
In this Letter, apart from confirming this distortion of

the electromagnetic field, we compute the spatial arrange-
ment of this ‘‘photon dressing’’ in the transmission line.
We then study the dynamics of a qubit excited along the �z

direction, proving that the system relaxes locally to a joint
qubit-line ground state through the emission of one photon
whose frequency agrees with adiabatic renormalization
theory [6]. The spatial resolution allows us to determine
the mechanism for this relaxation, whereby the qubit-line
system, though a closed system [20], provides a bath for its
own equilibration by pushing the photon to the far ends of
the line, creating around the qubit a region of enlarging
quasistationary state. The spatially resolved MPS method
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also allows us to locally engineer the states of the bosonic
bath and thus study the scattering of photons by the qubit.
Simulations show that the scattering resonances happen
precisely at the renormalized frequency of the spontane-
ously emitted photon, mimicking the physics that has been
observed in the weak and strong coupling regimes [9–12].
Finally, an ab initio theoretical model is developed for the
coupling strength between a flux qubit interacting and an
open transmission line. While so far the qubit-line coupling
has been derived perturbatively [21], we develop a theory
for arbitrary current strengths. Using parameters from
ordinary transmission lines and three-junction qubits, we
show it is possible to achieve all coupling regimes of the
SB model, making this a suitable platform to test our
predictions.

Let us write the interaction between a two-level system
and a one-dimensional waveguide of photons,

H ¼ X

i

!0

2
½ðxiþ1 � xiÞ2 þ p2

i � þ
!at

2
�z þ g�xOp;x: (3)

This lattice of coupled oscillators is the equivalent circuit
for a superconducting transmission line [22,23]; xi and pi

are the flux and charge variables and the coupling is
Op ¼ p0 or Ox ¼ x1 � x0, for charge and flux qubits,

respectively, [24]. The ground state squeezing in (3) pre-
vents an efficient MPS description in real space [25].
We thus work in frequency space (1) using the modes of
an open chain with L sites or oscillators, with quasimo-

mentum k ¼ ð�=ðLþ 1ÞÞ � f1 . . .Lg and spectrum !k ¼
!0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 2 cosðkÞp

. Expectation values of xi and pi are
recovered from the Fock operators, ak, through an orthogo-
nal transformation. Our model is characterized by the

ultraviolet cutoff !c ¼
ffiffiffi
2

p
!0 and either the microscopic

coupling g or the parameter � in Eq. (2). Thus, all figures
show joint scales for g and �, the latter inferred from a
linear fit to !k.

Any spin-boson state in the MPS form reads jc i ¼
trðAs

0A
n1
1 . . .An1

L Þjs; n1; . . . ; nLi, with qubit state s ¼ 0, 1
and photon numbers ni 2 0; 1; . . . ; nmax in frequency
space. The As;n are matrices of �2 complex numbers acting
as variational parameters. Typically we found a small
‘‘bond’’ dimension, � ¼ maxs;i dimAs

i � 40, enough.

Splitting the Hamiltonian, H ¼ H0 þ gHI, time evolution
is simulated using a Trotter formula

jc ðtÞi ¼ ðe�iH0t=2Ne�igHIt=Ne�igH0t=2NÞNjc ð0Þi; (4)

with small time steps t=N. Equation (4) describes an
algorithm where evolution with H0 is exact and evolution
with HI / �xOp;x relies on a method [7,15] that optimally

updates the matrices A for fixed dimension �.
The ground state is computed through imaginary time

evolution as lim�!1jc ð�i�Þi. For any coupling g the
squeezed vacuum polarizes with a nonzero number of
photons in each bosonic lattice site (Fig. 1)and the qubit

has someexcitation probabilityPz ¼ 1
2 ðh�zi þ 1Þ [Fig. 2(b)].

This polarization is evident at !at ¼ 0, where the ground
state becomes a Schrödinger cat with two qubit states in the
�x basis, and a product of displaced coherent states

jc !at’0i �
1ffiffiffi
2

p X

sx¼0;1

jsxi
O

k

jð�1Þsxguk=!ki; (5)

that cause a nonzero population of the bosonic modes
hnki ¼ g2jukj2=!2

k. Using this ansatz in position space,

the distortion is most nonlocal for the Ox coupling. In
this case the number of photons per local oscillator departs
from the vacuum fluctuations all along the line (Fig. 1) and
the line develops a small current, I / xiþ1 � xi, compen-
sated by a singularity around the qubit.
We have studied the spontaneous emission from an

excited qubit which is suddenly coupled to the line
jc ð0Þi ¼ jsz ¼ 1i �k jnk ¼ 0i. We have found that after
a sufficiently long time the state of the system consists of a
travelling photon far at the edges of the line, plus a region
of the line whose local observables equilibrated together
with the qubit. This is first seen for the qubit, whose
excitation probability Pz, relaxes to that of the combined
qubit-line ground state, as shown in Fig. 2(b). In the weak
and strong coupling limits, �< 0:1, the relaxation rate is
obtained from a master equation, � ¼ Jð!atÞ=2 / g2. For
g ! 0, the rate slows down and produces the Gaussian in
Fig. 2(b). For �> 0:1, radiative decay is corrected with an
asymptotic excitation probability. Finally, for �> 1=2 the
excited state population relaxes even faster to the ground
state value, within a time scale�1=!at, deviating from the
Markovian law.
At the same time that the qubit equilibrates, so do the

photons. Figure 3(a) shows the distribution of photons in

frequency space, nk ¼ hayk aki, a long time after the pho-

tons are emitted. The distribution basically consists on one
(or less) extra photons imprinted on top of the state of the
line in the presence of a qubit. For weak coupling, �< 0:5,
the ground state contains almost no photons and the emit-
ted radiation peaks around

!eff ¼ !atðp!at=!cÞ�=ð1��Þ; (6)
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FIG. 1 (color online). Ground state number of photons in each
site of the bosonic lattice (3) without a qubit (� ¼ 0, blue line
below), with a flux qubit (� ¼ 1, solid peaked line), and charge
qubit (� ¼ 1, dashed line). The qubit is located in the middle of
the lattice. Note how the perturbation of line due to the flux qubit
extends over the whole system.
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the resonance estimated in Ref. [6], with fit parameter
p ¼ 0:5. For stronger interactions the emitted photon is
completely spread in frequency space and nk is close to the
result from Eq. (5).

A similar analysis can be done in position space, now
studying hc ðtÞjnijc ðtÞi � hc ð0Þjnijc ð0Þi, the difference
between the number of photons per oscillator at times t
and zero. This is shown in Fig. 4(a) for Op coupling.

Note how the travelling photon departs from the qubit at
x ¼ 0, leaving the two-level system and its environment in
a local state that is close to the ground state. The qubit-line
system, though a closed system, seems to provide a bath for
its own equilibration, where the bath are the far away
extremes of the line. Naturally, this equilibration is incom-
plete, as finite size effects give rise to revivals due to the
photon reflection at the borders, but it is far from obvious
that this finite time equilibration works beyond the weak
system-bath coupling regime.
Remarkably, for all values of the coupling, the sponta-

neous emission properties still dictate the efficiency of a
photon absorption process. In other words, the effective
frequency !eff also corresponds to the resonances of
the qubit-line system when driven by external photons, as
shown in Fig. 3(b). This has been verified by studying the
interaction of the qubit with a single incident photon. As
shown in Fig. 4(b), a photon of frequency ! is absorbed
and reflected by the qubit after a finite interaction time, a
process whose efficiency peaks around!�!eff [Fig. 3(a)].
Above � ¼ 0:5, the collision is too broad in time and space,
preventing the study of scattering coefficients.
Adding a symmetry breaking perturbation, "�x=2, to (3)

allows us to distinguish different thermalization regimes.
The latter can be characterized by the susceptibility in the
stationary state, �x ¼ @Pxðt ! 1Þ=@", with Px the proba-
bility to stay in j1i after spontaneous emission. If �< 1=2,
the steady-state susceptibility, �x, matches the ground-
state susceptibility of the SB model [8]. This result agrees
with the fact that in the perturbative regime a Markovian
process cools the qubit to the bath temperature. While the
range 0<�< 1 corresponds to the antiferromagnetic
Kondo phase [6], above �> 1=2 the Markovian picture
breaks down and �x departs from the ground-state value.
Finally, in the range�> 1, the qubit-line is in the localized
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FIG. 3 (color online). (a) Normalized distribution of photons
in frequency space vs coupling g=!0 or �, at t ¼ 45=!at after
spontaneous emission; RG prediction (6) in dashed line and
� ¼ 1=2 line in dash-dotted line. (b) Transmitted photons for
a coherent wave packet with average number of photons 1, as a
function of the photon frequency, !, and the coupling strength
g=!0 or �.
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FIG. 4 (color online). Real space distribution of photons rela-
tive to the squeezed vacuum. (a) Spontaneous emission from a
qubit at x ¼ 0, with g ¼ 0:475!0. (b) Scattering of an incoming
photon by a qubit at x ¼ 0, g ¼ 0:7!0, ! ¼ 0:186!at. In both
cases L ¼ 121, !at ¼ 1=3!0.
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FIG. 2 (color online). Excitation probability, Pz ¼ 1
2 ðh�zi þ 1Þ,

of an initially excited flux qubit in the open transmission line.
(a) Full dynamics and (b) final average excitation at the white line
t!at ¼ 20 (black solid line), with the master equation prediction
(blue dashed) and the ground state value (crosses). Horizontal
axes show both the value of the microscopic coupling g and the
parameter � for L ¼ 121 and!at=!0 ¼ 1=3. The qubit relaxes to
the ground state Bloch vector, but for small g and �, the relaxation
rate decreases as g2 and Pz is Gaussian. The vertical line marks
the value � ¼ 1=2.
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phase, such that the qubit dynamics gets frozen and �x

vanishes (See Fig. 5).
Let us now discuss how to physically implement the

previous model and simulations using a Josephson junction
(JJ)-based qubit in an open transmission line. In previous
works [21] it was shown that a qubit can be ultrastrongly
coupled to a microwave resonator through a derivation that
is perturbative in the line-qubit interaction. Our approach
regards the qubit as one more element in the discretized
transmission line, proving that the coupling strength can be
obtained nonperturbatively from the transmission line and
the qubit separately.

Following Fig. 6(a), the qubit is regarded as a black-box
element coupled to an interrupted resonator. The full
Lagrangian L ¼ LLC þLint þL0

qb is expressed in the

oscillator, �� :¼ �R ��L, and qubit variables ’� :¼
�b ��a

LLC ¼ C0

4
_�2þ þ C0

4
_�2� � 1

4L0

�2þ þ 1

4L0

�2�;

L0
qb ¼

1

4L0

ð’2þ þ ’2�Þ þLqb;

Lint ¼ 1

2L0

ð’��� þ ’þ�þÞ:
(7)

Note the qubit renormalization and the simple form of the
interaction. In practical examples ’þ will not form part of
the qubit, but will lock to the oscillator degrees of freedom.
This leaves a single operator ’� that couples only to the
antisymmetric mode as in Ref. [21]. Estimating the cou-
pling amounts to computing the matrix elements of
f’�; ��g in the resonator and qubit basis.

These methods have been used for computing the
photon-qubit coupling between a transmission line and
different flux qubits, in the configurations from Fig. 6(a).
As shown in Fig. 6(b), the flux qubit can reach the USC for
a reasonable value of the small qubit size � ¼ 0:7. These
results also show that the coupling strength can be changed
using qubits where one junction is replaced by a SQUID
that adjusts both the gap and the coupling [26–28]. This
would allow moving in and out of the USC regime, with

the aim of preparing the qubit in excited states and
performing the rapid quenches that are needed to do the
spontaneous emission experiments. Note also that for a
fixed small junction the 4-JJ qubit [21] does not achieve
a better coupling than the 3-JJ qubit, and that even an
ordinary transmission line can be used to achieved USC
(impedance Z0 ¼ 30–100 �).
Summing up, this work shows that a flux qubit coupled

to an open transmission line implements a quantum
simulation of the SB model in the Ohmic regime, with a
sufficient range of couplings to cover all regimes: weak,
strong, ultrastrong, and localization phase. A numerical
method was developed to simulate the physics of such a
qubit in the transmission line, including ground state
properties, relaxation of the qubit-line system through
spontaneous emission, dynamical susceptibility proper-
ties, and absorption properties. While the numerical
methods provide sufficient quantitative evidence and are
consistent with some earlier theoretical predictions, an
experiment with superconducting qubits would be the
only means to provide a definitive confirmation to some
of the predictions shown in this work. The methods put
forward in this Letter will allow the study of more com-
plicated systems, such as the correlation functions [12]
and nonlinear scattering phases [11] of travelling photons
interacting with one or more qubits, or the effective
interactions and entanglement dynamics of qubit ensem-
bles in open transmission lines [29].
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FIG. 5 (color online). Susceptibility of the qubit along the X
direction (solid line) when spontaneously emitting a photon
while subject to a perturbation "�x=2, with a fit to a=!eff (dotted
line).

FIG. 6 (color online). (a) Lumped element circuit for a flux
qubit ultrastrongly coupled to a microwave resonator by insert-
ing it in the transmission line. (b) Effective coupling strengths
for the respective circuits, together with a fit 0:84=	0:92 (dashed
blue line) for the 4-JJ setup, consistent with Ref. [21].
We assume an impedance Z0 ¼ 100 � and a small junction
�q ¼ 0:7.

PRL 111, 243602 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

13 DECEMBER 2013

243602-4



The authors acknowledge support from the European
project PROMISCE, Spanish MINECO projects FIS2011-
25167 and FIS2012-33022, CAM research consortium
QUITEMAD (S2009-ESP-1594), and Spanish Ramon y
Cajal program.

*jj.garcia.ripoll@csic.es
[1] T. Niemczyk, F. Deppe, H. Huebl, E. P. Menzel, F. Hocke,

M. J. Schwarz, J. J. Garcia-Ripoll, D. Zueco, T. Hümmer,
E. Solano, A. Marx, and R. Gross, Nat. Phys. 6, 772
(2010).

[2] P. Forn-Dı́az, J. Lisenfeld, D. Marcos, J. Garcı́a-Ripoll, E.
Solano, C. Harmans, and J. Mooij, Phys. Rev. Lett. 105,
237001 (2010).

[3] G. Günter, A. A. Anappara, J. Hees, A. Sell, G. Biasiol, L.
Sorba, S. De Liberato, C. Ciuti, A. Tredicucci, A.
Leitenstorfer, and R. Huber, Nature (London) 458, 178
(2009).

[4] A. A. Anappara, S. De Liberato, A. Tredicucci, C. Ciuti,
G. Biasiol, L. Sorba, and F. Beltram, Phys. Rev. B 79,
201303 (2009).

[5] M. Geiser, F. Castellano, G. Scalari, M. Beck, L. Nevou,
and J. Faist, Phys. Rev. Lett. 108, 106402 (2012).

[6] A. Leggett, S. Chakravarty, A. Dorsey, M. Fisher, A. Garg,
and W. Zwerger, Rev. Mod. Phys. 59, 1 (1987).

[7] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.111.243602 for more
details on the Matrix Product States numerical method and
the microscopic model of the physical implementation.

[8] K. Le Hur, Phys. Rev. B 85, 140506 (2012).
[9] O. Astafiev, A.M. Zagoskin, A. A. Abdumalikov, Y. A.

Pashkin, T. Yamamoto, K. Inomata, Y. Nakamura, and J. S.
Tsai, Science 327, 840 (2010).

[10] A. A. Abdumalikov, O. Astafiev, A.M. Zagoskin, Y. A.
Pashkin, Y. Nakamura, and J. S. Tsai, Phys. Rev. Lett. 104,
193601 (2010).

[11] I.-C. Hoi, C.M. Wilson, G. Johansson, T. Palomaki, B.
Peropadre, and P. Delsing, Phys. Rev. Lett. 107, 073601
(2011).

[12] I.-C. Hoi, T. Palomaki, J. Lindkvist, G. Johansson, P.

Delsing, and C.M. Wilson, Phys. Rev. Lett. 108, 263601
(2012).

[13] A. Weichselbaum, F. Verstraete, U. Schollwöck, J. I.
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