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We study nonequilibrium thermodynamics of complex information flows induced by interactions
between multiple fluctuating systems. Characterizing nonequilibrium dynamics by causal networks
(i.e., Bayesian networks), we obtain novel generalizations of the second law of thermodynamics and
the fluctuation theorem, which include an informational quantity characterized by the topology of the
causal network. Our result implies that the entropy production in a single system in the presence of
multiple other systems is bounded by the information flow between these systems. We demonstrate our
general result by a simple model of biochemical adaptation.
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Introduction.—Nonequilibrium equalities for small
thermodynamic systems such as molecular motors have
been intensively investigated in the last two decades [1,2].
The second law of thermodynamics can be derived from
the Jarzynski equality [3] and the fluctuation theorems
(FTs) [4-8]. The second law is expressed in terms of the
ensemble average of the entropy production o,

(o) =0, )

where (.. .) describes the ensemble average. We note that o
reduces to the difference in the free-energy change AF
and the work W performed on the system such that
o = B(W — AF), when the system is attached to a single
heat bath with inverse temperature 3, and the initial and
final states are in thermal equilibrium.

On the other hand, in the presence of feedback control
by Maxwell’s demon [9-11], the second law seems to be
violated; i.e., (o) can be negative. For such cases, the
second law has been generalized as

(o) = (AI), (2

where (AI) is the mutual information that is exchanged
between the system and the demon [12,13]. Such a
Maxwell’s demon has been experimentally demonstrated
with a colloidal particle [14]. While the relationship
between information and thermodynamics has been studied
in several simple setups with the demon [15-53], the gen-
eral theory has been elusive for more complex cases in
which multiple systems exchange information many times.

In this Letter, we derive a novel nonequilibrium equality
in the presence of complex information flows between
multiple stochastic systems. Our result involves a new
informational term that is characterized by the topology
of the causal structure of the dynamics. The informational
quantity consists of the initial correlation between the
target system and other systems, the information transfer
from the system to others during the dynamics, and the
final correlation between them. Our result can reproduce
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inequality (2) for special cases. In order to describe
nonequilibrium dynamics of multiple systems, we use
Bayesian networks (BNs) [54] that topologically represent
the causal structure of the dynamics.

Our theory is applicable to quite a broad class of non-
equilibrium dynamics such as an information transfer
between multiple Brownian particles and information pro-
cessing in autonomous nanomachines. We illustrate our
result by a chemical model of biological adaptation with
time-delayed feedback. Our result implies that information
processing plays a crucial role in biochemical reactions.

Bayesian networks.—First, we briefly discuss the basic
concepts of BNs [see also Fig. 1(a)]. Let A = {ajlj =
1,2,..., N 4} be the set of random variables that are asso-
ciated with the nodes of a BN, where N 4 is the number of
the nodes. When an edge ay — a; exists, there is a causal
relationship from a; to a;, where we say that a is a parent
of a;. We denote by pa(a;) the set of parents of a;. Here,
the order of ay, a,, ... is determined by the causal rela-
tionship in the BN such that a; cannot be a parent of a if
j' < j. This order is referred to as the topological ordering.
We characterize stochastic dynamics in the BN by the
conditional probability p(a;la;_y, ..., a;) = p(a;lpa(a;))

System X :

P(Tpt1lT, agr, az—1)

Effect (Child)  p(a;|ajr, aj1, a5 _2)

Time evolution

Other systems
(e.g., memory)

Cause (Parents)
o O™,

FIG. 1 (color online). (a) Schematic of a BN. (b) Stochastic
dynamics of system X under the influence of other systems.
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that describes the probability of a; under the condition of a
particular realization of pa(a;). We write p(a,|@) = p(a;),
where @ is the empty set. Because of the chain rule in the
probability theory, we obtain the joint probability distribu-

tion of the all random variables [54],
Na
p(A) =[] rlajlpa(a;)). 3)
j=1

The ensemble average of the arbitrary function g(A) is
defined as (g) = 3. 4 p(A)g(A).

We next describe how we use BNs to describe stochastic
dynamics [see also Fig. 1(b)]. We consider a situation in
which system X interacts with other systems. The proba-
bility distribution of all the systems for the entire process is
given by Eq. (3), where a; corresponds to a state of a
system at a particular time. JA consists of all states in
the time evolution of both system X and other systems.

We also use the notation X to describe the time evolution
of system X; we write X = {x;/k = 1,2,..., N} (C A),
where x; is the state of system X at time k, and
C is the symbol of the subset. We assume that x; is a
parent of x; ;. We also assume that x; cannot be a parent of
xp for k' # k + 1. We note that the time evolution of X is
characterized by the chain x; — x, — - - - — xy.

For instance, Fig. 2(a) shows an expansion of a single-
molecule gas, which can be described by the BN shown in
Fig. 2(b). This BN shows the time evolution such that
p(x1, x3) = p(x;]x;)p(x;), where x; and x,, respectively,
describe the initial and final positions of the particle.
In Fig. 2(c), we illustrate the Szilard engine [10] that
is a standard model of Maxwell’s demon. Figure 2(d)
shows the corresponding BN, where m; describes a
memory state that is correlated with x;. This BN shows
the time evolution of the total system p(xj, x,, m;) =

P(X2|x1, ml)p(mllxl)p(xl).

(a) L ()

2
\S]
@
|
J
-
Cl

S
@
iii‘ :

FIG. 2 (color online). (a) Time evolution of a single-molecule
gas without feedback control. (b) BN corresponding to (a).
(c) The Szilard engine with feedback control by a memory
device. (d) BN corresponding to (c).

Entropy production and mutual information.—We
introduce the entropy production in stochastic thermody-
namics in terms of the BN. We assume that system X is
coupled to heat baths with inverse temperatures 8, (o =
1,2, ..., nyam)- Let Q, be the heat absorbed by X from the
ath bath. Because of the standard definition in stochastic
thermodynamics [2], the entropy production in X is given
by 0 = Aspyn + Inp(x;) — Inp(xy), where x; (xy) is the
initial (final) state of X and Asy,, = =Y., B804 is the
entropy change in the baths. Let Ast'l be the entropy
change in the baths from time & to k + 1 such that Asy,, =
SN LAsttl In quite a broad class of nonequilibrium
dynamics, including multidimensional Langevin dynamics
(see the Supplemental Material [55]), Asf! satisfies the
detailed FT [7,8],

k+1
As’g;ﬁ — nP(3C1<+1|?C/o Bk 1) ’ (4)
Pe(Xlxgsr, B

where B¥! is defined as B*"! = pa(x;.;) \ {x;} with \
indicating the relative complement of two sets. Bt!
means the set of random variables which affect the time
evolution of X from states x; to x; [see also Fig. 1(b)]. pp
describes the probability distribution of backward paths.

We next introduce mutual information that plays a cru-
cial role in this study. Let A, A,, and A5 be arbitrary
sets of random variables. We define I(A:A,| A;)=
Inp(A;, A,| Aj) —Inp(A| Az) —Inp(A,| Asj), where
we write I(A: A,| A; = @) = I(A,:A,). Its ensemble
average (I(A,:A,|A3)) is the mutual information
between A | and A, under the condition of A 5.

Main result.—In order to discuss the main result, we
introduce set C = {a,, ay, ..., a;} \ X, where a; is chosen
to satisfy a; = xy [see also Fig. 3(a)]. Here, C is the history
of the other systems that can affect the final state xy. We
denote the elements of CasC = {¢;|l = 1,2, ..., N'}, where
¢y, Cy, ... are in the topological ordering.

We now state the main result of this Letter. In the
foregoing setup, we have a new generalization of the
integral fluctuation theorem (IFT),

Iini ~ pa(ml )

e

FIG. 3 (color online). (a) Schematic of C and pa(x;). C is the
history of other systems that can affect the final state xy. pa(x;)
describes the variables correlated with the initial state x,. (b) An
example of a BN that describes three-body interactions.
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(exp[—o + O]) = 1. (5)

Here, the key quantity ® is the informational quantity
characterized by the topology of the BN,

0= Ifin - m1 Z Itlr! (6)

Iy = I(xy:0), @)

1n1 I(XI pa(xl)) (8)

I = I(cppay(c)|Ci—y), )

where C,_y ={c/[l'=1,2,...,1—1} and pay(a;) =

pa(a;) N X, with N indicating the intersection. Here, Iy
characterizes the initial correlation between X and the
other systems, while I, characterizes the final correlation
that remains at the end of the dynamics. On the other hand,
1l is the transfer entropy [56] that characterizes the infor-
mation transfer into ¢; from X during the dynamics (see
the Supplemental Material [55]). For example, in the case
of Fig. 3(b), we obtain Iy, = I(x3:{y}, 21, 22, Y2})» Tini =
I(xyy), Iy =15 =0, I =1(z:xly;, z1), and Iy =
I(y2:x31y1, 71, 22). We will discuss the proof of Eq. (5) later.

By using the Jensen inequality for convex functions,

i.e., (explgl) = expl[(g)], we obtain

<U> = <If1n <Im1> Z(Itlr> (10)

which is a novel generalization of the second law of
thermodynamics for subsystem X in the presence of
complex information flows.

In the following, we illustrate that our main result (5)
can reproduce known nonequilibrium relations for special
cases in a unified way, and moreover, can lead to new
generalizations of the IFT.

Example 1.—We consider the Markov chain shown in
Fig. 4(a). We have C = @ and pa(x;) = @, and therefore
I, = 0, I;;; = 0, and ® = 0. We then reproduce the con-
ventional IFT, (exp[ — o ]) = 1, which leads to inequality (1).

Example 2.—We next consider a system with feedback
control shown in Fig. 4(b), where m; describes a state of
the memory. State x; is measured by the memory, and the
outcome m; is used for the feedback control. We have
C = {m,} and pa(x,) = @, and therefore Iy, = I(xy:m,),
Iini = O, Illr = I(xl:ml), and O = I(xN:ml) - I(xl:ml).
We then reproduce a generalized IFT obtained in
Ref. [13], {exp[—o + AI]) = 1, which leads to inequality
(2). We note that in the case of the discrete repeated
feedback, a previous result [24] can be derived from
Egs. (5) and (10) (see the Supplemental Material [55]).

Example 3.—We next consider the two-dimensional
Langevin equation that describes an interaction between
two Brownian particles,

(a) : (b)

o)
O¥D

FIG. 4. (a) BN corresponding to a simple Markov chain.
(b) BN corresponding to feedback control. (c) BN corresponding
to two Brownian particles.

Y= Pay +EO. A

L= pay o0 02

where ¢ is time, y* and 7’ are friction coefficients, f*
and f” are mechanical forces, and £* and £ are indepen-
dent white-Gaussian noises with variances 2y*/B8* and
2y¥/ B>, respectively. Let Ar be an infinitesimal time
interval. We discretize the dynamics as x;, = x(r = kAr)
and y;, = y(t = kAr), and introduce the corresponding BN
by Fig. 4(c), where system X corresponds to one particle

with coordinate x(r). We then have C = {y,, ..., yy_;} and
pa(x;) = @, and therefore, Iy, = I(xy:{yy, ..., yn—1}),
Ilm 07 Itlr=I(xl—1:yl|yl—1v-':yl)v and ®=Ifin_

SN L. We note that Asy,y, = —BQ,, where Q, is the
heat absorbed by system X from the bath [57] (see the
Supplemental Material for details [55]).

In this case, inequality (10) implies that the entropy
production of one particle is bounded by the information
flow into the other particle and the final correlation with it.
As shown in the Supplemental Material [55], such a result
is valid for multidimensional cases, in general, which
enables us to characterize the entropy production in one
particle that interacts with multiple particles in terms of
information exchanges between them. We note that the
entropy production in a single particle of a multidimen-
sional Langevin system is closely related to experiments on
the role of the hidden degrees of freedom [58,59].

Model of biological adaptation.—We next discuss
an application of our general result to a biochemical
system. The significance of information processing in
biochemical networks has been presented, for example,
in Refs. [60-62]. In particular, feedback control plays a
key role in biological adaptations such as bacterial chemo-
taxis [63,64]. We show that the free-energy difference is
bounded by an informational quantity in the presence of a
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chemical feedback loop in a simple model of adaptation
with the time-delay effect [65].

The model is characterized by a negative feedback loop
between two systems: output system O and memory sys-
tem M [see Fig. 5(a)]. We assume that each of O and M has
a binary state described by O or 1. This model is described
by the following master equations:

d50 (1) = —al,(0pX(0) + ¥ (DpX(),  (13)

%(r) — — ol (0PX0 + o, Pk, (14)

where p{(7) and p¥(z) are, respectively, the probabilities of
the states 0 and 1 with X = O, M at time ¢. The transition
rate X , (u, v =0, 1) is assumed to be

w (1) = eXp{ BXAL, — FX(],  (15)
where 7% is a time constant, ¥ is the inverse temperature
of a heat bath coupled to X, Fif(t) is the effective free
energy of the state u at time 7, A%, is a barrier that satisfies
A%, = AJ,. This transition rate is well established in
chemical reaction models [1].

Let o, (m;) be the state of O (M) at time ¢t = ko
(t = k&6 — 8'), where 8 is the time interval with § > §'.
The feedback loop between O and M is described by F2 (1)
[Fﬂ(t)] that depends on o, (my) [see also Fig. 5(c)]; we
assume that F%(r) depends on o at time k6 — §' =1 =
(k+1)8 — &', and that Fg(t) depends on my; and my at
time k6 =<t = (k+ 1)8. The m; dependence of Fg(t)

describes the effect of time-delayed feedback.

(a) () .

[output O] [rnemory M] ' -
K_/ E o= 2(5 Flj\/[
time-delayed E "

output O

memory M

FIG. 5 (color online). (a) Feedback loop of a time-delayed
chemical reaction model. (b) BN that describes our model.
(c) The free-energy levels and the interactions between output
O and memory M. For instance, FO(r) at time & =1 =28
depends on m; and m,.

By applying Egs. (7)—(10) to the BN in Fig. 5(b), we
obtain two inequalities in the time evolution from {0}, m,}
to {OZr mZ},

(=B Q) = (Inp(oy, my)) — (Inp(oy, my)), (16)

<_BOQ0> = <1np(02’ my, m2)> - <1np(01; my, m2)>, (17)

where Qy is equal to the effective free-energy difference in
this system (see the Supplemental Material [55]). The
right-hand sides of Egs. (16) and (17) are the changes in
the two-body and three-body Shannon entropies, respec-
tively. This three-body Shannon entropy includes the states
of different times m; and m,. This is a crucial difference
between the conventional thermodynamics and our result.
We numerically illustrate the validity of Eq. (17) in Fig. 6.
We stress that these bounds are calculated from the proba-
bility distribution that can be experimentally measured in
principle [60-62].

Derivation of the main result.—From the definition of ®
in Egs. (6)-(9), we obtain

plxy, CO)p(x)
0 1“(p(acmp(op(xl|pa<x1>)
plx)plxy, €)
P(XN)P(xl |pa(x1)) l'l =1 P(Cl|Pa(Cz))
px)plxy, C) l'[k=2 P(Xk|Pa(xk))
plxy)p(X, C) ’

ul plelCi-y) )
IP(Cl|Pax(Cl), Ci1)

= In

(18)

We then use mathematical properties of BNs [54],
pleilpax(c).Ci—1) = p(cilpalc)) and p(X,C)=TTV_, [T,
p(xlpa(xy)) p(clpalc;)) (see the Supplemental Material
[55]). From Egs. (3), (4), and (18), we arrive at the main
result (5),

10
0.1
0.01
0.001

01 02 03 04 05 06 07 08 09 1
01—0

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

—

p(m1 =0)

FIG. 6 (color online). Numerical illustration of the
non-negativity of (o) —{(@)=(—B2Q,)+{Inp(o;, m;,m,))—
(Inp(0y,m,m,)). We set the initial states to p(o;, m;) =
plo)p(m;). The amount of (o) — (®) is close to 0 when the
initial states are close to the stationary state of this system.
The parameter set is noted in the Supplemental Material [55].
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N
(exp[=a+ 0D = p(DIC.X)[ ] ppxi—ilx, B)p(xy.C)
A =2

=1, (19)
where D= A\ (CUX). Here, we used B¥CC (k=
2, ..., N) and the normalization of the probability.

Conclusion.—In general causal networks, we have
derived a novel generalization of the IFT [Eq. (5)]. We
have obtained a generalized second law of thermo-
dynamics (10), which sets a fundamental bound on the
entropy production of a single system in the presence of
multiple other systems, where the exchanged information
between these systems plays a crucial role.
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