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Contraction-Driven Cell Motility
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We propose a mechanism for the initiation of cell motility that is based on myosin-induced contraction
and does not require actin polymerization. The translocation of a cell is induced by symmetry breaking of
the motor-driven flow, and the ensuing asymmetry gives rise to a steady motion of the center of mass of a
cell. The predictions of the model are consistent with observations on keratocytes.
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Structural rearrangements allowing cells to crawl on
substrates (e.g., keratocytes or fibroblasts) involve spatial
and temporal self-organization at the level of cytoskele-
ton—a dynamic protein network inside the cell combining
the functions of support and driving [1]. To reach motile
configuration, a cell must first polarize, which implies loss
of circular symmetry, decentering of the nucleus, and
regroupment of myosin motors at the trailing edge. The
fact that such symmetry-breaking internal instabilities,
leading to steady self-propulsion, have been observed
even in nucleus-free fragments [2] suggests that the under-
lying mechanism has a relatively simple origin, and several
models emphasizing different physics have been recently
proposed in the literature [3—7].

The three major processes responsible for cell motility
are protrusion, contraction, and adhesion [1]. They are all
induced by ATP hydrolysis: protrusion is caused by poly-
merization and depolymerization of actin filaments, con-
traction results from the activity of myosin motors, and
adhesion is mediated by engagement and disengagement
of transmembrane receptors. For cells, crawling on rigid
substrates, the ATP dependence of adhesion can be
neglected and the associated interaction is often treated as
passive [8-10]. Both myosin contraction and actin
polymerization contribute to cell migration as active,
ATP-driven mechanisms; however, their roles appear to be
complementary [10]. In particular, contraction is believed
to be solely responsible for cell polarization [2].
Furthermore, experimental studies of epithelial tumors
[11] strongly suggest that at least some cells can be driven
exclusively by contraction.

To explain these experiments, we propose a simple
model showing the possibility of spontaneous polarization
and self-propulsion without ATP-driven protrusion, which
is a crucial component of many recent models [6,12]. We
argue that the positive feedback mechanism, giving rise to
the symmetry-breaking instability of a nonmotile configu-
ration and ensuring directional motility of a self-propelling
cell, is similar to an uphill diffusion. It is driven by advec-
tion of molecular motors that in turn mechanically propel
the actin network by inflicting contraction and creating an
autocatalytic effect [13]. The coupling leads to build up of
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local motor concentration, which is limited by elasticity,
friction, and diffusion, resisting the runaway and providing
the negative feedback.

The idea that contraction causes flow which in turn
carries the regulators of contraction is incorporated into
the hydrodynamic description of active fluids [14]. In
configurations with fixed boundaries, it has been shown
to describe instabilities leading to nontrivial symmetric
patterns of stress activator [5]. In Ref. [7], similar ideas
were used in the description of nonlamellipodial motility
associated with angular cortex flows. Heuristic models of the
Keller-Segel type [15] describing polarization instability in
static cells were proposed in Refs. [16,17]. In all these
papers, however, the effect of myosin-induced contraction
was either obscured by the account of other symmetry-
breaking mechanisms, in particular, actin treadmilling,
or the focus was on generation of internal flow
rather than on the translocation of the center of mass of a
cell. There also exists considerable literature addressing
spontaneous motility driven directly by protrusion [3] and
Turing patterning [18] or studying an interplay of multiple
mechanisms [19,20].

Recently, a model of contraction-induced motility rely-
ing on splay instability was proposed in Ref. [4]. This
mechanism is complementary to autotaxis studied in the
present Letter. Lately, the contraction-induced motility
initiation was attributed to an instability in a poro-elastic
active gel permeated by a solvent [21]. The implied mecha-
nism is conceptually close to autotaxis, but other physical
factors are involved as well.

To make the physics of contraction-dominated motility
fully transparent, we study in this Letter an analytically
tractable one-dimensional model that captures both the
symmetry breaking and the induced macroscopic motion
in the minimal setting. We show that an increase of motor
concentration beyond a threshold leads to a bifurcation
from a static symmetric regime to an asymmetric motile
regime describing a self-propelling cell. While several
static and dynamic steady regimes may be available for
the same value of parameters, we show that only the motile
solution localizing motors near the trailing edge of the cell
is stable, which is in agreement with observations [2].
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The model.—Consider the force balance equation for a
one-dimensional layer of an active gel in viscous contact
with a rigid background 9,0 = £v, where o(x, 1) is the
stress, v(x, ) is the velocity of the acto-myosin network,
and ¢ is the friction coefficient. Following Refs. [5,9,22],
we write o = nd, v + yc, where 7 is the bulk viscosity, ¢
is the concentration of motors, and y > 0 is the contractile
active stress (per motor). The function c(x, r) satisfies the
advection-diffusion equation d,c¢ +d,(cv)=Dd,,c, where
D is the diffusion coefficient. We assume that /_(¢) and [ (¢)
are the unknown boundaries of the cell. We account for a
mean field-type linear elastic interaction due to membrane
or cortex [23] by using mechanical boundary condition
o(l+(0), 1) = —k(L — Ly)/Ly, where L(¢) = [, (r) — [_(¢)
is the length of the cell, k is the effective elastic stiffness,
and L is the reference length. Since we neglect active
treadmilling, we can write the kinematic boundary condi-
tions in the form /. = v(l..). We impose zero exterior flux
of motors d,.c(l(z), ) = 0, which implies that the average
concentration ¢y = L' [1* ¢(x, t)dx is conserved.

If we now normalize length by L,, time by L%/D,
concentration by ¢y, and stress by k, we obtain a Keller-
Segel-type system [24]

-2 0+o=Pc, 9d,c+ K (cd,o)=0dc (1)
where the dimensionless constants are Z = 7/(£L3), com-
paring our two frictional mechanisms, K = k/(£D), mea-
suring relative importance of diffusion, and P = ¢, x/k,
giving the scale of contractile activity. If o is expressed
through the corresponding Green’s function, the resulting
nonlocal diffusion-advection problem is structurally simi-
lar to the one proposed in Ref. [16]; however, the effective
kernel is different. Conceptually, the proposed motility
mechanism is similar to chemotaxis [15] but in a purely
mechanical setting.

The dimensionless boundary conditions for Eq. (1) take
the form o (1. (1), 1) = —(L(t) — 1), d,.c(l+(2), 1) = 0, and
[+(1) = Kd,0(l+(1), 1). They imply that the motion of the
center of the cell G(¢) = (I_(¢) + 1,.(¢))/2 is governed by
the equation

KP (L0 sinh[(G — x)/VZ]
2Z Jiw sinh[L/(2VZ2)]

If the concentration distribution is symmetric, then G=0
and the cell cannot move, which is a simple analogue of
Purcell’s theorem [25] with spatial asymmetry required for
steady self-propulsion replacing temporal asymmetry of a
periodic stroke. From Eq. (2) we also infer that the maxi-
mal speed of the cell is equal to K P/(22). In dimensional
variables [5,9], this gives xLoco/(2m) =10 wm/ min,
which is realistic [2].

Steadily advancing cells.—In a steady motility mode,
both stress and myosin concentration must depend only on
traveling wave coordinate y = x — Vt where V is the

G(r) = c(x, tdx. (2)

unknown cell velocity. We also have /. = V and L(¢) =
L where L is the unknown length of the cell. Then system
Eq. (1) reduces to the single equation

exp(s(y) — Vy)
JEexp(s(y) — Vy)dy'
3)

where s(y) = K[o(y) + (L — 1)] is the unknown func-
tion. The presence of four boundary conditions s(0) =
s(L) = 0 and s'(0) = s'(L) = V ensures that both parame-
ters V and L can be found along with s(y). After Eq. (3) is
solved, the motor concentration profile can be recovered
from the relation c(y) = exp(s(y) — Vy)[ [§ exp(s(y) —
Vy)dy]~!. To simplify the description, we assume that
Z =1 [9], which means that the elastic and the viscous
scales are correlated. We are then left with two dimension-
less parameters K ~ 100 and P ~ 0.1 [7,9].

Initiation of motility.—Directional motion starts with an
instability of a static solution of Eq. (3). All such solutions
are necessarily symmetric and can be written in quadra-
tures [5]. In addition to regular static states, there are also
singular static states with zero length L, = 0 and s(y) =
limy_0f(y/0), where f(u) = (KP/2)u(l — u) and u €
[0, 1]; moreover, for P > 1/4, those are the only static
configurations. Singular (measure valued) solutions of this
type have been encountered in several problems leading to
Eq. (3) from turbulence to gauge theory [26], and here they
describe the collapse of a cell under the action of unbal-
anced contractile stresses.

One can show that motile branches with V # 0 bifurcate
only from homogeneous static solutions with s(y) = 0 and

L. =(1%+1-4P)/2 4)

Notice that the “rest length™ of static cell depends only on
the normalized global motor content 2. Linearization
around these states produces the following linear problem
for the perturbation 8s(z)

—Z5"(y) + s(y) — K(L—1)= KP

8s" + w?8s = A + Bz, )

where z=y/L, A=—(0?+L*)[(2L—1)/(L*(L—1))6L—
(1/2)LéV], B = —L(w?* + L*)8V, and

w =VKPL - [

Equation (5) is supplemented with the four boundary con-
ditions 85(0)=28s(1)=0, 8s'(0) = 85'(1) = LV, allow-
ing one to find the perturbations of the cell length 6L and
its speed 8V (up to a common multiplier).

Equation (5) has nontrivial solutions if w # 0 and

2L%(cosw — 1) + (0? + L) w sinw = 0. (6)

Solutions of Eq. (6) split into two families. The first family
S1,82,... with @ = 2mr, where m is a positive integer,
corresponds to static configurations with 6V = 0. The
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FIG. 1 (color online). Locus of the bifurcation points in the
(XK, P) plane. Inset shows a zoom on the D1 branch around the
turning point at 2 = 1/4. The bifurcation diagrams along two
sections K = 100 and K = 70 are shown in Figs. 2 and 4,
respectively.

second family D1, D2, ... parametrized by the roots of the
equation tan(w/2) = w/2(1 + w?/L?), corresponds to
motile solutions with 8L = 0/2. The locus of the bifurca-
tion points in the parameter plane (2, XK) is shown in
Fig. 1. At a given value of XK, a homogeneous static
configuration becomes unstable when the measure of
motor activity reaches the threshold P = P,, which
can be found from the equation w?+ L% (P,) =
KPyL.(P,), where w(L,(P,)) is the smallest positive
root of Eq. (6). Notice that at sufficiently small values of
I, when either diffusion or friction are too strong, neither
polarization nor motility are possible independent of the
level of motor activity.

Nonlinear regimes.—To follow bifurcated branches into
the nonlinear regime, we performed a numerical study of
Eq. (3). In Fig. 2, we see that a pitchfork bifurcation at D1*

0 T 0.27 -10 —
0 02040608 1 0 02040608 1 0 02040608 1
z z z

FIG. 2. Bifurcation diagram at XK = 100 showing motile
branches connecting bifurcation points D1* and D1** from
Fig. 1. Solid lines show stable solutions, and dotted lines corre-
spond to unstable solutions. Three graphs below show the internal
profiles at 2 = 0.2 corresponding to branch 1 (solid) and branch
1’ (dashed).

FIG. 3. Inhomogeneous solutions D1, S1, D2, S2 at P =
0.245. Even labels (1,3) correspond to asymmetric motile re-
gimes, and odd labels (2,4) correspond to static symmetric
regimes. Each static regime is represented by two solutions
with larger and smaller lengths, e.g., 2 and 2'.

gives rise to two motile branches reconnecting at D1**.
This bifurcation describes the initiation of motility at
P = P,. The choice of polarization is dictated by imper-
fections and the resulting motility pattern with motors
localizing at the trailing edge (see regimes 1 and 1’ in
Figs. 2 and 3) is similar to the one observed in experiments
carried on keratocyte fragments [2].

Other bifurcation points give rise to either static or
motile solutions that always appear in pairs. In particular,
static bifurcation associated with S1 leads to two configu-
rations with motors concentrated in either the middle of the
cell or near the boundaries (see regimes 2 and 2’ in Fig. 3).
Along the second motile branch D2, there is an additional
peak in the concentration profile compared to that of D1
(see regimes 3 and 3’ in Fig. 3).

In Fig. 4, we illustrate a possibility of reentrant phe-
nomenon that is similar to the behavior reported in
Ref. [16] for a different but related system. In this regime,
the increase of the average concentration of motors first
polarizes the cell and initiates motility, but then, as the
concentration is further increased, the cell gets symme-
trized again in another static homogeneous configuration.

Flow of actin.—By solving Eq. (1), we obtain the con-
centration of myosin but not the actin density p(x, ¢), which
decouples due to the assumption of infinite compressibility

FIG. 4. Bifurcation diagram at JC = 70 illustrating the reen-
trant behavior; points D1* and D1** are also shown in Fig. 2.
Solid lines show stable branches, and dotted lines correspond to
unstable branches.
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FIG. 5 (color online). Trajectory of an individual actin particle
undergoing passive treadmilling for a typical solution on the D1
motile branch with V > 0. Shaded regions are excluded domains
of singular behavior.

[9,20]. To recover the missing information, we have to solve
the mass balance equation for actin 9,0+ 9,(pv)=0
where the velocity field is given by v = K4, 0. The struc-
ture of solution can be understood by studying the charac-
teristics ¢(s) of the equation for density [10]. For steady
cells moving with velocity V, we write in the cell’s refer-
ence frame dd¢(s)/ds = v(p(s)) — V. To ensure that a
characteristic passes through the given point (y, f), we
need to add the boundary condition ¢(r) = y.

Notice that the points where v(y) =V are sinks if
dyv < 0 and sources if dyv > 0 and it takes infinite time
for a characteristic to reach (or to escape from) such
singularities. This is clearly a shortcoming of the one-
dimensional approach, and to regularize the problem it is
natural to cut out small domains of size € around singular-
ities; see Fig. 5. We can then represent the “‘returning”
flow, mimicking the three-dimensional circulation, by dis-
continuities and assume that a particle reaching the bound-
ary of the sink region following a smooth trajectory (path
AB in Fig. 5) instantly reappears on the boundary of the
source region (path B’A’ on Fig. 5).

Transients.—A numerical study of the initial value prob-
lem (1) shows that all nontrivial solutions (static and
motile) are unstable except for the branch bifurcating at
D1. Homogeneous solutions from the L, family and all
singular static solutions from the L, family are numerically
stable. In Figs. 2 and 4, stable traveling wave solutions of
Eq. (1) are shown with solid lines, and unstable solutions
are shown with dotted lines. Simulations also suggest that
as in Refs. [5,16], unstable multipeaked solutions are long
lived. This behavior is reminiscent of the classical spinodal
decomposition modeled by the Cahn-Hilliard equation
where the coarsening process gets critically slowed down
near multiple saddle points [27].

Limiting regimes.—In some special cases, our equations
can be simplified; however, the solutions become more
singular. Thus, in the hyperbolic limit K — oo (weak
diffusion), the number of bifurcation points grows to infin-
ity (see Fig. 1) and solutions become measure valued. As

an illustration, we show in Fig. 6 the concentration profile
for the first motile branch D1, which infinitely localizes at
the trailing edge as K — oo,

In the inviscid limit Z — 0, the system (1) reduces to
du = d,(ud u), where u = 1 — K Pc. This is a degener-
ate sign-indefinite porous flow equation exhibiting an
uphill diffusion when ¢ > (KP)~!.

To study a cell with a fixed length, we need to assume that
k — oo, This can be interpreted as the double limit K — oo
and P — 0. It is then convenient to restore Z and use as a
second dimensionless parameter the product KP. In this
limit, the length of the cell is set L — 1; however, the cell can
still move with V' # 0. The analysis, similar to the one in the
general case, shows that at a sufficiently large value of KP
the homogeneous solution with V = 0 becomes unstable. As
aresult, the macroscopically ““rigid” cell internally polarizes
and starts to move. Therefore, if a cell with fixed length is
allowed to move, all symmetric inhomogeneous configura-
tions with V = 0 studied in Ref. [5] are unstable.

Conclusions.—We proposed a prototypical model of a
crawling cell showing the possibility of spontaneous po-
larization and steady self-propulsion in the conditions
when contraction is the only active process. This model
complements the existing theories of polarization, which
place emphasis on the ATP-driven polymerization of actin.
Mathematically, the problem reduces to a Keller-Segel-type
system with nonlocality due to mechanical rather than
chemical feedback. The peculiar nature of the resulting
problem is the presence of free boundaries that destabilize
symmetric patterns characteristic for active gels in fixed
domains. We have shown that the spontaneous symmetry
breaking takes place at a critical value of the average con-
centration of motors and that among the variety of motile
regimes describing self-propelling active bodies with inter-
nal segmentation, only the simplest polarized configurations
observed in experiments are stable.
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