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We demonstrate that the nonlinear optomechanical interaction leads to parametric down-conversion,
capable of generating polariton pairs formed by photons and phonons. The nonlinearity is resonantly
enhanced through frequency matching, and such parametric down-conversion does not require the
stringent condition that the single-photon optomechanical coupling strength g be on the order of the
mechanical resonance frequency w,,. We provide analytical results for the frequency matching condition
and derive the nonlinear coefficient. Numerical simulations on polariton pair generation are presented,

showing that photonlike polaritons, phononlike polaritons, and mixed photon-phonon polaritons can be

selectively generated. Such nonlinear interaction offers a promising way for harnessing the optomechan-

ical nonlinearity to manipulate photons and phonons.
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Optomechanical systems offer the prospect of exploring
the quantum properties of mechanical resonators [1-4].
Recent theoretical and experimental efforts have demon-
strated parametric oscillation [5,6], optomechanical cooling
close to the ground state [7-20], optomechanically induced
transparency [21-24], optical wavelength conversion
[25,26], normal mode splitting [27,28], and quantum-
coherent coupling between optical modes and mechanical
modes [29,30]. These progresses mainly rely on the light-
enhanced linear optomechanical interaction, which does
not possess the ability of generating nonclassical quantum
states. Theoretical studies show that the optomechanical
nonlinearity can be exploited in the regime of single-photon
strong coupling [31-34] with weak laser input. However, in
such a regime, the nonlinear interaction is essentially off
resonant, and prominent nonlinearity requires that the oscil-
lator displacement exerted by a single photon is comparable
with its zero-point uncertainty; namely, the single-photon
optomechanical coupling strength g should be on the order
of the mechanical resonance frequency w,,.

Here, we analyze the optomechanical nonlinearity
beyond the weakly driven single-photon strong coupling
regime and show that under the background of linear
optomechanical coupling, the nonlinear interaction can
be strongly enhanced through the frequency matching
condition. The light-enhanced linear optomechanical
coupling leads to the splitting of normal modes and the
formation of photon-phonon polaritons, and then fre-
quency matching results in the resonant nonlinear interac-
tion between these polaritons. We analytically derive the
frequency matching condition and the enhanced nonlinear
coefficient. It is demonstrated that photonlike polaritons,
phononlike polaritons, and mixed photon-phonon polar-
itons can be generated selectively by tuning the laser input.

We consider a generic optomechanical system where a
laser-driven optical cavity mode a couples to a mechanical
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mode b [Fig. 1(a)]. In the rotating frame at the driving
laser frequency wp, the system Hamiltonian is given by
[35] H=—(w;, — w)aTa + w,,b'b + gata(b + bt) +
(Qat + Q*a), where w, (w,,) is the resonance frequency
of the optical (mechanical) mode, g denotes the single-
photon optomechanical coupling rate, and () represents
the laser driving strength. Under the displacement trans-
formation a = a; + a, b = b + 3, with a and B being
classical mean values, the driving term can be eliminated,
and the Hamiltonian is rewritten as H = H; + Hyy,, Where
Hy = —Aala, + 0,bb, + (Gat + G*a;)(b) + b1) and
Hy = ga]tal(bir + b;). Here, G = ga describes the
light-enhanced optomechanical coupling strength, and
A = o, — o, + 2|G|*/w,, is the detuning where optome-
chanical coupling has been taken into account; Hy, repre-
sents the quadratic Hamiltonian which leads to linear
dynamics, and Hy;, denotes the nonlinear term. Without
loss of generality, in the following, we assume G to be real
and positive.

The linear Hamiltonian H;, describes coupled harmonic
oscillators, which can be transformed to the normal mode

22y

FIG. 1 (color). (a) Sketch of an optically driven optomechan-
ical system. (b) Energy level diagram of the system. |nm)
represents a state of n photons and m phonons. |0) denotes the
ground state, |1.) represent the one-excitation subspace, and
|2+) and |2,) represent the two-excitation subspace. y denotes
the nonlinear coefficient.
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representation Hp = w+cic+ +w_cte_. Here, w-.
are the eigenfrequencies  satisfying 2w = A2
+02 +[(A? — 2)? — 16G*Aw,,]'?, and c. are the
eigenmodes (polariton modes) with the transformation

(a; b1)T=U(c+ c. b ci)T, where U is a
2 X 4 matrix described by

U=<,U«1 M2 M3 M4). (1)

V) Vy V3 V4

For the red-detuned resonant case A = —w,, we

obtain piz =13 = o, /o, = Jo ]0,)/(2V2),
Vaa=—trs=Ww,/o_*Jo_Jw,)/(2V2) with w.=

Vw2, *2Gw,,, corresponding to the equal-weight mode
mixing. In Fig. 1(b), we plot the energy levels for this
resonant case with the total excitation numbers being 0, 1,
and 2. It shows that the linear coupling G results in two
independent sets of sublevels, which correspond to the two
normal modes ¢, and c_.

In previous studies, Hyy, is only considered when the
optical driving is weak (G < g). However, this is reason-
able only in the frequency mismatching regime. As we
show now, under strong optical driving, this nonlinear
interaction can be resonantly enhanced when the frequency
matching condition w, = 2w_ is satisfied. As shown in
Fig. 1(b), 1, represents the first excited state of mode c,
and 2_ denotes the second excited state of mode c_. With
frequency matching, these two states are degenerate, while
Hy; leads to nonlinear interaction between them. In this
case, the resonant interaction conserves the energy and
therefore has prominent advantages over the off-resonant
interaction in the weak driving case, which suffers from the
reduction of nonlinearity by a factor of g/w,,.

Figure 2(a) plots the frequency mismatch (w, —
2w_)/w,, as a function of detuning A and linear coupling
strength G. It shows that frequency matching w, = 2w _
can be achieved for the A ranging from —2w,, to —w,,/2,
with the corresponding optimized coupling strength G, in
the stable region. The reason for —2w,, <A < —w,,/2
is that the linear coupling G tends to push the energy levels
to the opposite direction, namely, @, > max(|A|, ,,) and
w_ <min(|A|, w,,), and thus the frequency matching
requires max(|A[, w,,)/ min(JA|, ®,,) < 2. More explic-
itly, it is obtained from the normal mode eigenfrequencies
that Gy = [(A? — 4w2)(4A? — 02)/(Aw,)]"?/10, cor-
responding to the red curve in Fig. 2(a). The sensitivity of
the optimal coupling strength G, to the detuning A is
plotted in Fig. 2(b), which shows that the frequency match-
ing condition is robust to the variation of laser detuning in a
wide range except for the regions near A = —2w,,
and A = —w,,/2. Under the frequency matching condi-
tion, the eigenfrequencies of the two polariton modes

read w, = 2w_ = 24/(A? + w2)/5, which are plotted in

Fig. 2(c). It shows that w, =~ —A and w_ = w,, near
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FIG. 2 (color). (a) Contour plot of (w, —2w_)/w, as a
function of A and G. The dashed red curve denotes w, =
2w_. The white region in the top right corner indicates the
unstable region. (b) dGy,/dA as a function of A. (¢c) w/w,
(solid red curve) and w _ / w,, (solid blue curve) as functions of A
for G = Gy [along the dashed red curve in (a)]. The dashed
green line denotes —A/w,,, and the dotted black line denotes 1.
The gray vertical line denotes A/w,, = —1.

A= —-2w, while w, 2w, and w_ =~ —A near A =
—w,,/2, revealing the detuning-dependent role reversal
of the polariton modes.

As a perturbation, Hyy, can be reexpressed in the normal
mode basis described by Hy, = f(c, ¢, ct, ¢l). Under
the condition ¢ < w,,, we apply the rotating-wave ap-
proximation and neglect high-frequency off-resonant
terms. The resultant Hamiltonian is

Hy = —x(clc® + c,ct?), (2)

which corresponds to the parametric down-conversion
Hamiltonian; i.e., the annihilation of a ¢, mode polariton
leads to the generation of a pair of c_ mode polaritons.
The parameter y corresponds to the nonlinear coefficient,
given by

X = [y py + pspg)(vy + vy) + poug(vy + v3)lg. (3)

In Fig. 3(a), the nonlinear parameter y as a function of A
is plotted, showing that y is on the order of g for broad
detunings, which is of great advantage over the weak
driving case where the nonlinear parameter scales as
g’/ w,,. Note that the major contribution in Eq. (3) is the
term wm,vog, corresponding to the optomechanical in-
teraction of the form afa,(b! + b,), which involves three
photon (phonon) annihilation and creation processes: one
photon acts as a c, polariton, the other photon acts as
a c_ polariton, and the phonon acts as a c_ polariton.
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FIG. 3 (color).

Ao
m

(a) x/g as a function of A, given by Eq. (3). Inset: x, , /g (dashed green curve), y_, /g (dotted blue curve),

X-.0. /& (dash-dotted black curve), and y ,,, /g (two-dot-dashed magenta curve) as functions of A for g/w,, = 0.01. (b) | u;]? (solid

red curve), |u,|? (dashed green curve), |v|* (dotted blue curve),

and |v,|? (dash-dotted black curve) as functions of A. The gray

vertical line denotes A/w,, = —1. Inset: |u3|? (solid red curve), | u4|? (dashed green curve), |v3|? (dotted blue curve) and |v,|? (dash-

dotted black curve) as functions of A.

The maximum of y locates at A, = —1.25w,,, with
Xmax = 0.42¢. The reason why xp.x 1S not obtained in
the linear resonant case (A = —w,,, Yy = 0.37g) is that
this interaction is asymmetric between c, and c_ polar-
itons, which involves one ¢, polariton and two c_ polar-
itons. For the strongest interaction, the ¢ polariton is more
photonlike while the ¢_ polariton is more phononlike. It is
noted that the major off-resonant nonlinear interaction
terms include j/+,wfcic+(c, +cb), ¥ cte(co +
ch), Yo cle(cy + cl), and )~(+,w+cic+(c+ +ch.
The corresponding effective nonlinear parameters are
described by x+ ,_ Z)?Qt,w_/w, and X+ o, =)?i,w+/w+,
which are plotted in the inset of Fig. 3(a) for comparison
with y. It reveals that these off-resonant nonlinear parame-
ters are strongly reduced due to the far-detuned interaction,
typically on the order of (g/w,,) x.

Figure 3(b) plots the coefficients | w|*> and |v|* (k = 1,
2) as functions of A. Here, |u,|> and |v,|? describe the
photonic and phononic components of the c; polariton,
while |u,|? and |v,|* describe the photonic and phononic
components of the ¢_ polariton. For A =~ —2w,,, the ¢
mode is photonlike while the c_ mode is phononlike, and it
is opposite for A =~ —w,,/2. As the detuning A varies from
—2w,, to —w,,/2, the ¢_ polariton has less phononic
components, and —2w,, <A < —w,, corresponds to
the phonon-pair-dominated region, while —w, <A <
—w,,/2 corresponds to the photon-pair-dominated region.

Note that the small discrepancy between |u,|> and |v,|?
(lm,]? and |v|?) originates from the anti-rotating-wave
interaction characterized by |u.|> and |v;|? (k =3, 4),
which are plotted in Fig. 3(b).

We perform numerical simulations to identify such
parametric down-conversion interaction. In addition to
the coherent evolution described by the Hamiltonian H,
the incoherent evolution caused by dissipations is included
by considering the master equation

p =ilp, Hl+ «Dla,lp + y(ny + 1)D[b,]p

+ yna D[b{]p, @)
where p is the density operator of the system, D[d]p =
opot — (61op + pot6)/2 denotes the standard dissipator
in Lindblad form, « and vy represent the decay rates of the
optical and mechanical modes, and ng, = 1/[e"®n/*sT) —
1] is the thermal phonon number at the environmental
temperature 7.

In Fig. 4, the simulation results of polariton pair genera-
tion are plotted. For the linear resonant case A = —w,,,
corresponding to the equal-weight mixing of photons and
phonons, we use a single-photon state as the initial condi-
tion to examine the mixed photon-phonon polariton pair
generation. As shown in Fig. 4(a), at ¢ = 0, the populations
of c. polaritons are almost the same, and then ¢, polaritons
convert to ¢_ polariton pairs. At ¢t ~ 100/ w,,, more than
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FIG. 4 (color). Time evolution of + polariton number N,
(thick green curves), — polariton number N_ (dashed black
curves), mean photon number N, (thin red curves), and phonon
number N, (thin blue curves) for A = —w,, (a), —1.9w,, (b),
and —0.6w,, (c). Other parameters: G = Gy, g/w,, = 0.03,
k/w, =1073, y/w, = 107>, and ny4 = 0.

80% of c . polaritons are converted to c_ polaritons. Here,
the ¢_ polariton mode can be expressed as ¢ = —0.73(a; —
b,)+0. 16(a;r - b;f), which consists of equal components of
optical and mechanical modes. It shows that the photon and
phonon numbers are oscillating, with a period of ~7/G,
which is a result of background linear optomechanical cou-
pling. In Fig. 4(b), we consider A = —1.9w,,, which is
located at the phonon-pair-dominant region. It reveals that
the photon (phonon) almost behaves the same as the ¢, (c_)
polariton, since the ¢, (c_) mode consists of 97% optical
(mechanical) component. With a single-photon input, the
photonlike polariton has effectively converted to a pair
of phononlike polaritons at ¢ ~ 200/ w,,. Compared with
Fig. 4(a), the time scale is longer due to the smaller nonlinear
coefficient y = 0.17g. Because of the dissipation, the maxi-
mum phonon number is slightly less than 2. In Fig. 4(c), we
plot the results for the photon-pair-dominated case A =
—0.6w,, with a single-phonon initial state. It reveals that
photonlike polariton pairs can also be generated at the end of
the half-oscillation period ¢ =~ 480/ w,,,.

We further demonstrate that the polariton pair genera-
tion is also robust to both the frequency mismatch and the
thermal noise. As an example without loss of generality, we
investigate the phononlike polariton pair generation pro-
cesses (A = —1.9w,,) under the frequency matching and

=
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FIG. 5 (color online).
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Time evolution of + polariton number

N, (thin curves) and — polariton number N_ (thick curves) for
(a) various 6 and (b) various ny,. In (a), ng, = 0; 6 = 0 (solid red
curve), 0.004w,, (dashed blue curve), and —0.004w,, (dotted
green curve). In (b), G = Gyp; gy = 0 (solid red curve), 30
(dashed blue curve), and 100 (dotted green curve). In (a) and (b),
A = —1.9w,, and other parameters are the same as Fig. 4.

mismatch conditions, as shown in Fig. 5(a). Here, we
define the frequency mismatch parameter 6 = w, —
2w_ to characterize the off-resonant parametric down-
conversion. In the plots, 6 = =0.004w,, correspond to
laser frequency drift of +0.005w,,. Therefore, for a me-
chanical resonance frequency w,,/(27) = 3.68 GHz [8],
the polariton pair generation process is only slightly
affected if the frequency drift is within 18 MHz. In real
experiments, with mode locking, the frequency drift can
reach and even exceed 1 MHz. In addition, for the region
—1.9w,, <A < —0.6w,,, due to a more robust frequency
matching condition [Fig. 2(b)] than that for A = —1.9w,,,
the polariton pair generation processes can tolerate even
larger frequency drifts.

Note that the mechanical mode should be cooled close to
the ground state to suppress the thermal noise. Since the
laser is red detuned in the range of —2w,, < A < —w,,/2,
the driving laser is capable of cooling the mechanical mode
near the ground state before the polariton pair generation
processes start [20,36]. In Fig. 5(b), we plot the phononlike
polariton pair generation dynamics under various thermal
phonon numbers ny,. For w,,/(27) = 3.68 GHz, the bath
temperature 7 ~ 20 K corresponds to the thermal phonon
number ng ~ 100 [8]. In this case, the polariton pair
generation processes are robust enough to the thermal
heating. For room temperature 7 ~ 300 K, corresponding
to ng, ~ 1500, ground state cooling is limited by the small
cavity decay rate « in this strong coupling regime and the
polariton pair generation processes will be affected.
However, using the dynamic dissipative cooling protocol
in Ref. [20], it is promising to improve the cooling process
and suppress the thermal noise.

In summary, we have examined the optomechanical
nonlinearity for ¢ < w,, and find the resonant enhance-
ment of the nonlinearity under the linear optomechanical
coupling background. We show that such enhanced non-
linear interaction has parametric down-conversion form
and can be observed for a red-detuned input laser with
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detuning A in the range of —2w, <A< -w,/2.
The nonlinear coefficient is on the order of g with its
maximal value ~0.42¢g at A =~ —1.25w,,. We demonstrate
that the nonlinear interaction enables the generation of
mixed photon-phonon polaritons. In particular, near A =
—2w,,, phononlike polaritons are efficiently generated,
while near A = —w,,/2, photonlike polaritons can be
created. This provides a new tool for exploiting the non-
linear interactions in optomechanical systems.
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