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We show for the first time that entangled polymeric liquids containing long-chain branching can exhibit

strain hardening upon startup shear. As the significant long-chain branching impedes chain disentangle-

ment, Gaussian coils between entanglements can deform to reach the finite extensibility limit where the

intrachain retraction force exceeds the value expected from the usual conformational entropy loss

evaluated based on Gaussian chain statistics. The phenomenon is expected to lead to further theoretical

understanding.
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Entangled polymeric liquids are extremely complex to
model at a molecular level when they are subjected to
external deformation at rates that match or exceed the
molecular relaxation rates. On the other hand, it is fairly
straightforward to carry out macroscopic rheological
measurements of such viscoelastic fluids in simple shear
and uniaxial extension. Considerable progress has been
made in the past several decades to explain nonlinear
behavior of entangled polymers in terms of molecular
deformation [1–3]. For example, the tube model has been
developed [4–7] to describe such nonlinear phenomena as
stress overshoot upon startup shear and strain softening
associated with the relaxation dynamics after step strain.
Since particle-tracking velocimetric observations of strain
localization such as shear banding during startup [8], and
nonquiescent relaxation after step strain [9] in entangled
polymers of linear chains, the tube model has further
demonstrated its versatility to claim that it captured all
the essential physics associated with these and other insta-
bilities [10–12]. More remarkably, a subsequent extension
of the tube theory for entangled polymers with long-chain
branching, e.g., low-density polyethylene (LDPE) that has
multiple, irregularly spaced long branches [13], attempted
to explain why there is ‘‘strain hardening’’ [14,15] in
startup uniaxial extension but only ‘‘strain softening’’ in
response to startup shear [16–20].

Specifically, based on a simplest long-chain branching
architecture involving one crossbar linked on each end to a
starlike chains with q arms, a tube-based pom-pom model
[18,20] explains that the q arms at the branch point provide
an entropic barrier of qkBT to enable stretching of the
crossbar in terms of a stretching factor � up to the limit
of �� ¼ q. The retractive stress develops a quadratic

dependence on � because it arises from both the extension
of the crossbar and the tension within the backbone [18].
Since the zero-rate limit is a linear response where the
transient viscosity �þ

E0ðtÞ grows linearly in time, the

quadratic arguments in the pom-pom model produce
‘‘strain hardening’’ in extension but still extreme strain
softening in shear due to the coupling of orientation to chain
stretching. Since the publication of the pom-pom model,
several pom-pom-like systems including H-shaped poly-
mers have been studied to compare with the model.
Qualitative agreement between experiment and the model
has generally been found [15,18,19,21] for both startup
shear and extension.
In this Letter, we study a model LCB polystyrene (PS)

made with a straightforward synthetic method [22]. As
shown in the schematic drawing in Fig. 1, our comblike
PS [23] has an extraordinarily high molecular weight
so that even its 22% (volume fraction) solution is suffi-
ciently entangled. Small-amplitude oscillatory shear
measurements in Fig. 2 revealed its linear viscoelastic

Mstar= 615 kg/mol, PDI: 1.15

Mcrossbar= 308 kg/mol

FIG. 1 (color online). (a) Schematic depiction of a relatively
monodisperse long-chain branched PS that is made of eight
four-arm stars and has total molecular weight of 8� 615 ¼
4920 kg=mol, as determined from temperature gradient interac-
tion chromatography. Each of the seven crossbars has an average
molecular weight of 308 kg=mol.
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characteristics that resemble the previously reported G’
and G’’ curves of other melts and solutions made of
polymers with LCB [19,21,24,25]. This entangled PS
solution is made with a non-volatile solvent, tricresyl
phosphate (TCP) from Aldrich 1330-78-5. The glass tran-
sition temperature of TCP is �70 �C and has a high
viscosity of 3 Pa s at �15 �C. There are two visible pla-
teaus, corresponding to two levels of chain entanglement.
This can be anticipated from the depicted chain architec-
ture in Fig. 1, characterized by a modulus G0 ¼ �2:2G0

N �
7:15 kPa for � ¼ 0:22 and G0

N ¼ 0:2 MPa of PS, and
Gbb ¼ ð�=2Þ2:2 G0

N ¼ 1:56 kPa, associated with the back-
bone entanglement.

We impose startup shear to examine nonlinear responses
in the various dynamic regimes, using an Anton Paar
MCR301 Rheometer equipped with 25 mm cone plate of
2� cone angle (CP25-2-SN4294). As shown in Fig. 3,
around the end of the terminal regime (Wi ¼ _��bb < 1)
and for Wi< 10 or so, i.e., in regimes I and II, the maxi-
mum shear stress occurs at a similar level of strain around
2–3, not much different from the characteristic of linear
chains [26,27]. At rates of _� ¼ 0:3 s�1 and higher (i.e.,
Wi ¼ 21> 10) in regime III, strong dependence of �max

on _� shows up. We summarize in Figs. 4(a) and 4(b) the
coordinates of the overshoot in comparison to those of
linear chains as a function of the applied rate or Wi. The
much stronger scaling of �max � _� in regime III contrasts

the scaling behavior of �max � _�1=3 observed in linear

chains [26]. This feature is clearly due to presence of the
arms that postpone the onset of catastrophic disintegration
of the backbone entanglement network in regime III so that
the stress maximum emerges far more gradually than
observed in linear chain systems. Another remarkable
feature in Fig. 4(a) is a ‘‘plateau’’ in regime IV, where
over a range of shear rate �max reaches a massive value of
30 and remains essentially constant independent of _�.
The data in Figs. 4(a) and 4(b) offer us a first case to

compare with the available pom-pom model [18] that
derives the stress in terms of a stretching factor � and
orientation function S as follows

�ðtÞ ¼ ð15=4ÞGbb’
2
b�

2ðtÞSðtÞ; (1)

where the orientation dynamics are given by

@

@t
AðtÞ ¼ K �AþA � KT � 1

�bb

�
A� 1

3
I

�
;

SðtÞ ¼ AðtÞ
Tr½AðtÞ� ;

(2)

and the backbone stretching is described by

@

@t
� ¼ �ðK:SÞ � 1

�s
ð�� 1Þ; � � q: (3)

A modified pom-pom model [20] introduces drag-strain
coupling to rewrite Eq. (3) as

@

@x
�¼�ðK:SÞ� 1

�s
ð��1Þev�ð��1Þ; v� ¼ 2

q�1
: (4)

These equations contain two relaxation times: the relaxa-
tion time of the backbone, �bb ¼ ð4=�2Þ�ssb’b, and the
stretching time, �s ¼ sb�armq. Here, sa and sb are the
numbers of entanglement per arm and backbone, respec-
tively, and K is the deformation rate tensor. The backbone
volume fraction ’b is defined as ’b ¼ sb=ð2qsa þ sbÞ.
Equation (2), along with either Eq. (3) or Eq. (4), is

solved by MATLAB using the command ODE45, based on the
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FIG. 2 (color online). Small-amplitude oscillatory shear
(SAOS) measurements of the LCB PS solution at a volume
fraction of � ¼ 0:22 and reference temperature Tref ¼ 70 �C.
The time-temperature equivalence principle was applied to
obtain the linear viscoelastic characterization over nine decades
of frequency. The data are presented on double x axes, with the
lower given in terms of Deborah number De, and the upper given
in terms of the oscillation frequency !. The lowest frequency
portion of storage modulus G0 and loss modulus G0 curves are
collected at 80 �C and the highest frequency portion are obtained
with SAOS at�15 �C. Other temperatures involved in the SAOS
measurements are 70, 25, 0 and �10 �C.
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FIG. 3 (color online). Stress-strain curves of startup shear at
various rates from 0.001 to 20 s�1 at 70 �C. Black open cycles
marked stress maxima �max. The coordinates (�max, �max) of the
stress overshoot vary with the applied shear rates differently in
the different regimes.
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following choices of the parameters: q ¼ 14, sb ¼ 28:7,
sa ¼ 1, �arm ¼ 0:03 s, Gbb ¼ 1560 Pa, �bb ¼ 71 s, and
�s ¼ 12 s, to achieve a good fit. The solutions are inserted
into Eq. (1) to produce the solid curves according to
Eq. (3) and dashed curves according to Eq. (4) in
Figs. 4(a) and 4(b), respectively. The solid curve has a
plateau region where �max is flat with increasing rate,
matching the plateau of the data in Fig. 4(a). On the other
hand, the data in Fig. 4(b) do not appear to level off as
indicated by the theoretical solid line. The theoretical
dashed lines from the updated pom-pom model do not
reveal a plateau for either of the two figures. We presented
these calculations only up to the rate of 1=�arm since the
pom-pommodel is not developed to describe entanglement
of arms and therefore not suitable to predict nonlinear
behavior at higher rates. From regime I to IV, the agree-
ment between our data and the pom-pom model is rather
promising, given the fact that our LCB is not a simple pom-
pom molecule modeled by the theory. For linear chains,
disentanglement always occurs in simple shear before the
finite extensibility limit is approached. In contrast, entan-
glements can get locked-in during fast startup uniaxial
extension [28] to show true strain hardening [29].

Can LCB delay the disentanglement to the point where
the finite extensibility limit is reached even in startup
shear? In other words, is shear strain hardening due to
non-Gaussian stretching possible in our LCB PS solution?
Up to regime IV there is only the sign of strain softening.
Moreover, the pom-pom model would only anticipate
shear strain softening because of the coupling between
chain orientation and stretching. But LCB is expected to
play a greater role when the arms are engaged in entangle-
ment. This means application of higher rates in the regime
V. By conducting the startup shear experiments at�10 �C,
Fig. 5 shows a typical set of startup shear at equivalent rates

from 1815 (0.3) to 60 500 ð10Þ s�1 for Tref ¼ 70 �C. Stress
responses at these effectively very high rates are sharply
different from the strain softening observed at the lower
rates probed at 70 �C as shown in the inset. The initial
response exhibits an elastic modulus comparable to G0,
confirming that the primary entanglement network with
participation of arms is undergoing elastic deformation.
However, this network quickly yields after a few strain
units, as expected from the relatively short arms, leaving
the backbones to withstand further shearing, at the four
lowest rates. The backbone network shows no sign of
yielding, however. More remarkably, after a shear strain
of ca. 10–15, � takes an upturn to grow more strongly than
linearly with �. The strain hardening, indicated by the
upturn in the stress vs strain plot on linear scales, implies
that non-Gaussian stretching has occurred. In other words,
the Gaussian coils between entanglements may have been
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FIG. 4 (color online). (a) The strain, �max, at the peak shear stress �max, plotted against the imposed shear rates given in double
x axes, with the lower one given in terms of the Weissenberg numberWi ¼ �bb _�, and the upper one given in terms of the shear rate _�,
at the reference temperature of 70 �C. The data involve startup shear experiments at four different temperatures of 70, 25, 0, and
�10 �C. The WLF shifting factor is 25 between 70 and 25 �C, 33 between 25 and 0 �C and 242 between 25 and�10 �C. (b) The peak
shear stress �max, plotted against the imposed shear rate, given in the same double x axes as defined in (a).
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FIG. 5 (color online). Stress vs strain plot shows non-Gaussian
stretching and "strain hardening" in startup simple shear at
�10 �C, starting at 0:3 s�1, which equivalents to 1815 s�1 at
70�C. Inset is Fig. 3 replotted on the linear-linear scale to show
the usual strain softening.
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straightened at such high strains. In the affine deformation
limit, the condition to straighten the backbone entangle-
ment strand (BES) can be readily estimated as requiring a

strain of ��
BES ¼ LBES=RBES ¼ ðNeÞ1=2 ¼ ð�=2Þ�0:6��

eq ¼
16, where Ne ¼ Ne0ð�=2Þ�1:2, � ¼ 0:22, and ��

eq ¼
ðNe0Þ1=2 ¼ 4:3. Indeed, the upturns in Fig. 5 take place
around strains just below ��

BES.

At the two highest rates, the primary network hardly
yields because the shear stress follows closely �ðtÞ ¼
G0�ðtÞ. For � > 11, � deviates upward from the linear
relation given by the inclined line, indicating strong
non-Gaussian responses. Thus, depending on the value of
the imposed shear rate, either the backbone network (Gbb)
or the primary network (G0) displays strain hardening, i.e.,
becoming stiffer with increasing external deformation.
This is the first report of shear strain hardening for
entangled polymeric liquids and thus has rather significant
theoretical implications.

It is evident that the present solution can reach the finite
extensibility limit because the LCB prevented chain disen-
tanglement from taking place prematurely. Because of
the presence of branch points, more severe molecular
straining of the entanglement network can take place before
any eventual chain disentanglement. The observed strain
hardening of the present system underscores that simple
shear can effectively stretch the entanglement network
made of LCB regardless of chain orientation. Given the
mesh size of the entanglement network, on the order of
a ¼ a0ð�=2Þ�0:6 � 30 nm, the molecular tension f within
a backbone entanglement strand can be estimated as f�
a2�max � 0:1 nN, whereas the force required to break the
covalent bond is known to be several nN. Thus, the cause for
the sharp strain softening beyond the peak stresses in Fig. 5
remains elusive and needs to be explored in a future study.

In summary, the LCB PS solutions show a rich variety of
transient responses to startup shear at different rates from
regime I to V. At low rates, the arms act like a solvent to
swell the backbone entanglement network, and the comb-
like molecules behave like linear chains. The nonlinear
rheological responses at low rates can be qualitatively
described using the tube model although a different inter-
pretation also exists for the origin of the stress overshoot
[30]. The most remarkable behavior is the shear strain
hardening observed in regime V where the effect of
LCB, i.e., the presence of branch points, is remarkable.
We conclude that the observed strain hardening is a result
of the molecular deformation reaching the finite extensi-
bility limit. The non-Gaussian response is made possible
by the presence of LCB that defers chain disentanglement.
This first report of strain hardening upon startup shear of
entangled polymeric liquids indicates that more theoretical
development is needed.
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