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Spatial Fluctuations of Fluid Velocities in Flow through a Three-Dimensional Porous Medium
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We use confocal microscopy to directly visualize the spatial fluctuations in fluid flow through a three-
dimensional porous medium. We find that the velocity magnitudes and the velocity components both
along and transverse to the imposed flow direction are exponentially distributed, even with residual
trapping of a second immiscible fluid. Moreover, we find pore-scale correlations in the flow that are
determined by the geometry of the medium. Our results suggest that despite the considerable complexity
of the pore space, fluid flow through it is not completely random.
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Filtering water, squeezing a wet sponge, and brewing
coffee are all familiar examples of forcing a fluid through
a porous medium. This process is also crucial to many
technological applications, including oil recovery, ground
water remediation, geological CO, storage, packed bed
reactors, chromatography, fuel cells, chemical release
from colloidal capsules, and even nutrient transport
through mammalian tissues [1-7]. Such flows, when
sufficiently slow, are typically modeled using Darcy’s
law |Ap| = ugL/k, where w is the fluid dynamic vis-
cosity and k is the absolute permeability of the porous
medium; this law relates the pressure drop Ap across a
length L of the entire medium to the flow velocity g,
averaged over a sufficiently large length scale. However,
while appealing, this simple continuum approach
neglects local pore-scale variations in the flow, which
may arise as the fluid navigates the tortuous three-
dimensional (3D) pore space of the medium. Such flow
variations can have important practical consequences;
for example, they may result in spatially heterogeneous
solute transport through a porous medium. This impacts
diverse situations ranging from the drying of building
materials [8], to biological flows [6,7,9], to geological
tracer monitoring [1]. Understanding the physical origin
of these variations, on scales ranging from that of an
individual pore to the scale of the entire medium, is
therefore both intriguing and important.

Experimental measurements using optical techniques
[10-21] and nuclear magnetic resonance imaging [22-27]
confirm that the fluid speeds are broadly distributed.
However, these measurements often provide access to
only one component of the velocity field, and only for the
case of single-phase flow; moreover, they typically yield
limited statistics, due to the difficulty of probing the flow in
3D, both at pore-scale resolution and over large length
scales. While theoretical models and numerical simulations
provide crucial additional insight [1,24,25,28-38], fully
describing the disordered structure of the medium can be
challenging. Consequently, despite its enormous practical
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importance, a complete understanding of flow within a 3D
porous medium remains elusive.

In this Letter, we use confocal microscopy to directly
visualize the highly variable flow within a 3D porous
medium over a broad range of length scales, from the scale
of individual pores to the scale of the entire medium.
We find that the velocity magnitudes and the velocity
components both along and transverse to the imposed
flow direction are exponentially distributed, even when a
second immiscible fluid is trapped within the medium.
Moreover, we find underlying pore-scale correlations in
the flow and show that these correlations are determined
by the geometry of the medium. The pore space is highly
disordered and complex; nevertheless, our results indicate
that fluid flow through it is not completely random.

We prepare a rigid 3D porous medium by lightly
sintering a dense, disordered packing of hydrophilic glass
beads, with radii 32 =2 um, in a thin-walled square
quartz capillary of cross-sectional area A = 9 mm?. The
packing has length L = 8 mm and porosity ¢ = 0.41, as
measured using confocal microscopy; this corresponds to
a random loose packing of frictional particles. Scattering
of light from the surfaces of the beads typically precludes
direct observation of the flow within the medium. We
overcome this limitation by formulating a mixture of
82 wt% glycerol, 12 wt% dimethyl sulfoxide, and 6 wt%
water, laden with 0.01 vol% of 1 um diameter fluorescent
latex  microparticles; this composition matches
the fluid refractive index with that of the glass beads,
enabling full visualization of the flow through the pore
space [39]. Prior to each experiment, the porous medium
is evacuated under vacuum and saturated with CO, gas,
which is soluble in the tracer-laden fluid; this procedure
eliminates the formation of trapped bubbles. We then
saturate the pore space with the tracer-laden fluid, impos-
ing a constant volumetric flow rate Q = 0.2 mL/h;
the average interstitial velocity is given by g¢g/¢ =
(Q/A)/¢p =15 um/s, and thus the typical Reynolds
number is <1073. The tracer Peclet number, quantifying
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the importance of advection relative to diffusion in deter-
mining the particle motion, is >10°.

To directly visualize the steady-state pore-scale flow
[40], we use a confocal microscope to acquire a movie of
100 optical slices in the xy plane, collecting 15 slices/s, at a
fixed z position several bead diameters deep within the
porous medium. Each slice is 11 pm thick along the z axis
and spans a lateral area of 912 um X 912 pum in the xy
plane [Fig. 1(a)]. To visualize the flow at the scale of the
entire medium, we acquire additional movies, at the same z
position, but at multiple locations in the xy plane spanning
the entire width and length of the medium. We characterize
the flow field using particle image velocimetry, dividing
each optical slice into 16 129 interrogation windows, and
calculating the displacement of tracer particles in each
window by cross correlating successive slices of each
movie. By combining the displacement field thus obtained
for all the positions imaged and dividing the displacements
by the fixed time difference between slices, we generate a
map of the two-dimensional (2D) fluid velocities u over
the entire extent of the porous medium. This protocol thus
enables us to directly visualize the flow field, both at
the scale of the individual pores and at the scale of the
overall medium.

The flow within the porous medium is highly variable,
as illustrated by the map of velocity magnitudes shown
in Fig. 1(b). To quantify this behavior, we calculate the
probability density functions (PDFs) of the 2D velocity
magnitudes u = |u|, velocity orientation angles relative
to the imposed flow direction 6, and the velocity compo-
nents both along and transverse to the imposed flow direc-
tion u; = ucosf and uy = u siné, respectively. Consistent
with the variability apparent in Fig. 1(b), we find that both
the velocity magnitudes and orientations are broadly dis-
tributed, as shown by the blue circles in Figs. 2(a) and 2(b).
Interestingly, the PDF of u decays nearly exponentially,
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FIG. 1 (color online). (a) Schematic showing porous medium
and imaging geometry. A portion of the 2D map of velocity
magnitudes within the medium is shown for (b) single-phase
flow and (c) flow with trapped residual oil. Black circles in
(b) show beads making up the medium, while additional black
regions in (c) show residual oil. Scale bars are 500 um long,
while the color scale shows speeds ranging from 0 (blue) to
12g/ ¢ (red).

with a characteristic speed = 0.5¢q/¢, consistent with the
results of recent numerical simulations [41].

The pore space is highly disordered and complex; as a
result, we expect flow through it to be random, and thus,
the motion of the fluid transverse to the imposed flow
direction to be Gaussian distributed [38,42]. As expected,
the measured PDF of u; is symmetric about uy = 0; how-
ever, we find that it is strikingly non-Gaussian, again
exhibiting an exponential decay over nearly four decades
in probability, with a characteristic speed = 0.25¢/ ¢ [blue
circles in Fig. 2(d)]. The PDF of u; similarly decays
exponentially, consistent with results from previous NMR
measurements [23,43]; moreover, the characteristic speed
along the imposed flow direction is = 0.5g/ ¢, double the
characteristic speed in the transverse direction [blue circles
in Fig. 2(c)]. These results indicate that flow within a
3D porous medium may, remarkably, not be completely
random.

To elucidate this behavior, we characterize the spatial
structure of the flow by examining the length scale depen-
dence of the statistics shown in Fig. 2. We do this by
calculating the velocity PDFs for observation windows,
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FIG. 2 (color online). Probability density functions of 2D
(a) normalized velocity magnitudes u/(q/¢), (b) velocity ori-
entation angles 6, (c) normalized velocity component along the
imposed flow direction u; /(q/¢), and (d) normalized velocity
component transverse to the imposed flow direction ur/(q/ ).
Blue circles and red squares show statistics of single-phase flow
through media comprised of 32 and 75 um radius beads,
respectively, while green triangles show statistics of flow through
the medium comprised of 32 um radius beads, with trapped
residual oil.
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centered on the same pore, of different sizes. Similar to the
PDFs for the entire medium, the PDFs for windows one
pore in size are broad; however, they have a different
shape, as exemplified by the diamonds in Fig. S1 [40].
By contrast, the PDFs for larger observation windows, even
those just a few pores in size, are similar to those for the
entire medium; two examples are shown by the crosses and
stars in Fig. S1, corresponding to windows two and ten
pores across, respectively. This suggests that the variability
of flow within the entire porous medium reflects a combi-
nation of the flow variability within the individual pores
and the geometry of the pore space.

Another clue to the physical origin of this nonrandom
behavior comes from close inspection of the flow field in
Fig. 1(b): we observe tortuous ‘“fingers,” approximately
one pore wide and extending several pores along the
imposed flow direction, over which the velocity magni-
tudes appear to be correlated. To quantify these correla-
tions, we subtract the mean velocity from each 2D velocity
vector to focus on the velocity fluctuations du; we then
calculate a spatial correlation function that averages the
scalar product of all pairs of velocity fluctuation vectors
separated by a distance R = |R|,

Y éu(r)) - du(r; + R)>
3, du(r)) - du(r)) ’

Cuu(R) = < )

The angle brackets signify an average over all xy direc-
tions, and the sums are taken over all positions r; [44,45].
For small R, C,,(R) decays precipitously from one, as
shown by the blue circles in Fig. 3; this decay is nearly
exponential [Fig. 3, inset], with a characteristic length
scale of order one pore [46]. Intriguingly, however, we
also observe weak oscillations in Cy,(R) at even larger
R; this indicates the presence of slight but nonzero corre-
lations in the flow that persist up to distances spanning
several pores. We hypothesize that these oscillations reflect
the geometry of the pore space formed by the packing of
the beads. To test this idea, we compare the shape of
Cuu(R) with that of the pore-space pair correlation func-
tion f(R) of a random packing of beads similar to that
comprising our porous medium; this function describes the
probability of finding a point of the pore space at a distance
R away from another point in the pore space. Similar to
Cuu(R), f(R) also shows oscillations [47]; these reflect
the local packing geometry of the spherical beads [48].
Moreover, the peaks in Cy, (R) occur at R = 1, 2, 2.8, and
3.7 bead diameters, as indicated in the inset to Fig. 3, in
excellent coincidence with those observed in f(R) [40].
This close agreement confirms that the correlations in the
flow are determined by the geometry of the pore space.
This disordered geometry forces each fluid element to
follow a tortuous path through the medium, traveling a
total distance larger than L. Averaging the distances trav-
eled by all the fluid elements yields an effective distance
traveled \/EL, where « > 1, often referred to as the
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FIG. 3 (color online). Spatial correlation function of velocity
fluctuation vectors Cy,(R) decays with distance R. Blue circles
and red squares are for single-phase flow through media com-
prised of 32 and 75 wm radius beads, respectively, while green
triangles are for flow through the medium comprised of 32 um
radius beads, with trapped residual oil. The inset shows the same
data, plotted with semilogarithmic axes; the dashed line indicates
an exponential decay with characteristic length scale ~1 pore.
Arrows indicate positions of peaks in Cyy.

hydrodynamic tortuosity, provides an important and com-
monly used measure of the variability of the flow. Acoustic
[49], electrical [49], pressure [50], NMR [51-53], and
dispersion [54] measurements, as well as a theoretical
calculation [55], yield @ = 2 for a porous medium similar
to ours. Within the picture presented here, the distance
traveled by each fluid element is approximately L/cos’6
[56]; we thus use our measured velocity orientations [blue
circles in Fig. 2(b)] to directly calculate the tortuosity.
We find @ = 1.80, in good agreement with the previously
obtained values. This provides additional confirmation of
the validity of our picture.

To test the generality of our results, we perform similar
measurements on another 3D porous medium with beads of
larger radii 75 = 4 um. The average interstitial velocity of
the imposed flow is ¢/ ¢ = 34 um/s. Similar to the case
of the smaller beads, we observe broad, exponentially
decaying velocity PDFs (red squares in Fig. 2); moreover,
the PDFs for both porous media collapse when the veloc-
ities are rescaled by q/¢. We again quantify the spatial
correlations in the flow using the function C,,(R). As in
the case of the smaller beads, C,(R) decays exponentially
for R <1 bead diameter and also exhibits slight oscilla-
tions at even larger R, as shown by the red squares in Fig. 3.
The close agreement between the measurements on both
porous media confirms that our results are more general.

Many important situations, such as oil recovery, ground
water contamination, and geological CO, storage, involve
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flow around discrete ganglia of a second, immiscible fluid
trapped within the pore space [1]. This trapping dramati-
cally alters the continuum transport, presumably due to
modifications in the pore-scale flow [39,57,58]. However,
investigations of this behavior are woefully lacking; scat-
tering of light from the ganglia surfaces typically precludes
direct visualization of the tracer-laden fluid flow around
them. We overcome this challenge by formulating a second
nonwetting fluid composed of a mixture of hydrocarbon
oils; this composition is carefully chosen to match its
refractive index to that of the wetting tracer-laden fluid
and the glass beads, thereby enabling full visualization of
the tracer-laden fluid flow [39,40]. To trap residual ganglia
of the oil, we flow it for 30 min at a rate of 10 mL/h
through the porous medium comprised of the smaller
beads; we then reflow the tracer-laden fluid at a rate
of 0.1 mL/h, corresponding to a capillary number
Ca= uq/y = 107>, where ¥ = 13 mN/m is the interfa-
cial tension between the two fluids. This protocol leads to
the formation of discrete ganglia that remain trapped
within the pore space, as indicated in Fig. 1(c) [59]. The
tracer-laden fluid continues to flow around these ganglia;
we directly visualize this steady-state flow using confocal
microscopy, reacquiring movies of optical sections at the
same positions as those obtained prior to oil trapping.

Similar to the previous case without residual trapping,
the flow is highly variable, as illustrated by the map of
velocity magnitudes shown in Fig. 1(c). Because the gan-
glia occlude some of the pore space, the characteristic
speed of the tracer-laden fluid is larger =1.2g/¢ [green
triangles in Fig. 2(a)]; moreover, because the tracer-laden
fluid must flow around the ganglia, more velocities are
oriented transverse to the flow direction [green triangles
in Fig. 2(b)]. As in the case without residual trapping, we
observe broad, exponentially decaying PDFs for the veloc-
ity components [green triangles in Figs. 2(c) and 2(d)];
however, these PDFs are significantly broader, indicating
that residual trapping introduces additional variability to
flow within a 3D porous medium. We again use the mea-
sured velocity orientations [green triangles in Fig. 2(b)] to
directly calculate the tortuosity «. Consistent with pre-
vious indirect measurements [60], we find a = 2.24,
higher than the tortuosity measured in the previous case
of single-phase flow; this further reflects the additional
flow variability introduced by residual trapping.

We quantify the spatial correlations in this flow using the
function C,,(R). Interestingly, as in the previous case
without residual trapping, C,.(R) decays exponentially
for R < 1 bead diameter, also exhibiting slight oscillations
for even larger R at the same positions, as shown by the
green triangles in Fig. 3. This indicates that the flow
remains correlated, even when a second immiscible fluid
is trapped within the medium; moreover, the structure of
these correlations is again determined by the geometry of
the pore space.

Our measurements quantify the strong velocity varia-
tions in single- and multiphase flow within a 3D porous
medium. We find that the velocity magnitudes and the
velocity components both along and transverse to the
imposed flow direction are exponentially distributed.
Moreover, we present direct evidence that the flow is
correlated at the pore scale and that the structure of these
correlations is determined by the geometry of the medium.
The pore space is highly disordered and complex; never-
theless, our results suggest that flow through it is not
completely random.
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Note added in proof.—During the production of this
manuscript, we became aware of complementary theoreti-
cal work studying flow through a two-dimensional porous
medium [61].

*weitz @seas.harvard.edu

[1] J. Bear, Dynamics of Fluids in Porous Media (Dover,
New York, 1988).

[2] W.C. Yang, Handbook of Fluidization and Fluid-Particle
Systems (CRC Press, 2003).

[3] J.C. Giddings, Dynamics of Chromatography (CRC Press,
New York, 2002).

[4] M.M. Mench, Fuel Cell Engines (Wiley, New York,
2008).

[5] S.S. Datta, S.H. Kim, J. Paulose, A. Abbaspourrad, D.R.
Nelson, and D. A. Weitz, Phys. Rev. Lett. 109, 134302
(2012).

[6] A.R.A. Khaled and K. Vafai, Int. J. Heat Mass Transfer
46, 4989 (2003).

[7] J. Ranft, J. Prost, F. Julicher, and J. F. Joanny, Eur. Phys. J.
E 35, 46 (2012).

[8] S. Veran-Tissoires, M. Marcoux, and M. Prat, Phys. Rev.
Lett. 108, 054502 (2012).

[9] J.M. Rutkowski and M. A. Swartz, Trends Cell Biol. 17,

44 (2007).

[10] S. Saleh, J.F. Thovert, and P.M. Adler, Exp. Fluids 12,
210 (1992).

[11] S. Saleh, J.E. Thovert, and P. M. Adler, AIChE J. 39, 1765
(1993).

064501-4


http://dx.doi.org/10.1103/PhysRevLett.109.134302
http://dx.doi.org/10.1103/PhysRevLett.109.134302
http://dx.doi.org/10.1016/S0017-9310(03)00301-6
http://dx.doi.org/10.1016/S0017-9310(03)00301-6
http://dx.doi.org/10.1140/epje/i2012-12046-5
http://dx.doi.org/10.1140/epje/i2012-12046-5
http://dx.doi.org/10.1103/PhysRevLett.108.054502
http://dx.doi.org/10.1103/PhysRevLett.108.054502
http://dx.doi.org/10.1016/j.tcb.2006.11.007
http://dx.doi.org/10.1016/j.tcb.2006.11.007
http://dx.doi.org/10.1007/BF00188261
http://dx.doi.org/10.1007/BF00188261
http://dx.doi.org/10.1002/aic.690391104
http://dx.doi.org/10.1002/aic.690391104

PRL 111, 064501 (2013)

PHYSICAL REVIEW LETTERS

week ending
9 AUGUST 2013

[12]
[13]
(14]
[15]
[16]
[17]
(18]

[19]

A. Cenedese and P. Viotti, Water Resour. Res. 32, 2329
(1996).

M. A. Northrup, T.J. Kulp, S. M. Angel, and G.F. Pinder,
Chem. Eng. Sci. 48, 13 (1993).

M. Rashidi, L. Peurrung, A. F. B. Tompson, and T. J. Kulp,
Adv. Water Resour. 19, 163 (1996).

M. Moroni and J. H. Cushman, Water Resour. Res. 37, 873
(2001).

M. Moroni and J.H. Cushman, Phys. Fluids 13, 81
(2001).

A. Lachhab, Y.-K. Zhang, and M. V.I. Muste, Ground
Water 46, 865 (2008).

A.Y.L. Huang, M. F. Y. Huang, H. Capart, and R. H. Chen,
Exp. Fluids 45, 309 (2008).

Y. A. Hassan and E. E. Dominguez-Ontiveros, Nucl. Eng.
Des. 238, 3080 (2008).

J. K. Arthur, D. W. Ruth, and M. E. Tachie, J. Fluid Mech.
629, 343 (2009).

D. Sen, D.S. Nobes, and S.K. Mitra, Microfluid.
Nanofluid. 12, 189 (2012).

M. D. Shattuck, R.P. Behringer, G. A. Johnson, and J. G.
Georgiadis, J. Fluid Mech. 332, 215 (1997).

Y.E. Kutsovsky, L.E. Scriven, H.T. Davis, and B.E.
Hammer, Phys. Fluids 8, 863 (1996).

L. Lebon, L. Oger, J. Leblond, J. P. Hulin, N. S. Martys,
and L. M. Schwartz, Phys. Fluids 8, 293 (1996).

L. Lebon, J. Leblond, and J. P. Hulin, Phys. Fluids 9, 481
(1997).

A.J. Sederman, M. L. Johns, A.S. Bramley, P. Alexander,
and L. F. Gladden, Chem. Eng. Sci. 52, 2239 (1997).
A.J. Sederman and L. F. Gladden, Magn. Reson. Imaging
19, 339 (2001).

D.R. Noble, Ph.D. thesis, University of Illinois and
Urbana-Champaign, 1997.

O. van Genabeek, Ph.D. thesis, Massachusetts Institute of
Technology, 1998.

R.S. Maier, D. M. Kroll, Y. E. Kutsovsky, H. T. Davis, and
R.S. Bernard, Phys. Fluids 10, 60 (1998).

R.S. Maier, D. M. Kroll, H.T. Davis, and R. S. Bernard,
J. Colloid Interface Sci. 217, 341 (1999).

L. Talon, J. Martin, N. Rakotomalala, D. Salin, and Y. C.
Yortsos, Water Resour. Res. 39, 1135 (2003).

E. Zaman and P. Jalali, Physica (Amsterdam) 389A, 205
(2010).

N.S. Martys, S. Torquato, and D.P. Bentz, Phys. Rev. E
50, 403 (1994).

F.M. Auzerais, J. Dunsmuir, B.B. Ferreol, N. Martys,
J. Olson, T.S. Ramakrishnan, D. H. Rothman, and L. M.
Schwartz, Geophys. Res. Lett. 23, 705 (1996).

A.E. Scheidegger, The Physics of Flow through Porous
Media (University of Toronto Press, Toronto, 1974).

(37]

(38]
[39]

[40]

[41]
[42]
[43]
[44]
[45]

[46]

[47]
(48]
[49]
[50]

[51]

[52]
[53]
[54]
[55]

[56]

[57]

[58]
[59]

[60]
[61]

064501-5

G.D.J. de Jong, Trans., Am. Geophys. Union 39, 67
(1958).

P. G. Saffman, J. Fluid Mech. 6, 321 (1959).

A.T. Krummel, S.S. Datta, S. Munster, and D. A. Weitz,
AIChE J. 59, 1022 (2013).

See Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.111.064501 for
experimental details.

B. Bijeljic, A. Raeini, P. Mostaghimi, and M.J. Blunt,
Phys. Rev. E 87, 013011 (2013).

C. Fleurant and J. van der Lee, Math. Geol. 33, 449 (2001).
We note that the PDF for u; shows a small tail of negative
velocities, possibly due to recirculation, as has been
observed in previous NMR measurements [23].

T.E. Angelini, E. Hannezo, X. Trepat, J.J. Fredberg, and
D. A. Weitz, Phys. Rev. Lett. 104, 168104 (2010).

P.N. Segre, E. Herbolzheimer, and P. M. Chaikin, Phys.
Rev. Lett. 79, 2574 (1997).

P. de Anna, T. Le Borgne, M. Dentz, A. M. Tartakovsky,
D. Bolster, and P. Davy, Phys. Rev. Lett. 110, 184502
(2013).

B. Audoly, P.N. Sen, S. Ryu, and Y.Q. Song, J. Magn.
Reson. 164, 154 (2003).

D.R. Nelson and F. Spaepen, Solid State Physics
(Academic, New York, 1989).

D.L. Johnson, T.J. Plona, C. Scala, F. Pasierb, and H.
Kojima, Phys. Rev. Lett. 49, 1840 (1982).

E. Charlaix, A.P. Kushnick, and J. P. Stokes, Phys. Rev.
Lett. 61, 1595 (1988).

R. W. Mair, G.P. Wong, D. Hoffmann, M. D. Hurlimann,
S. Patz, L. M. Schwartz, and R. L. Walsworth, Phys. Rev.
Lett. 83, 3324 (1999).

B. Manz, L.F. Gladden, and P. B. Warren, AIChE J. 45,
1845 (1999).

C.J. Davies, J. D. Griffith, A.J. Sederman, L. F. Gladden,
and M. L. Johns, J. Magn. Reson. 187, 170 (2007).

E. Charlaix and H. Gayvallet, Europhys. Lett. 16, 259
(1991).

P.N. Sen, L. M. Schwartz, P.P. Mitra, and B. 1. Halperin,
Phys. Rev. B 49, 215 (1994).

Because the porous medium is isotropic, we assume that
the PDF of 6 also provides the PDF of the solid angle in
the xz plane.

I. Okamoto, S. Hirai, and K. Ogawa, Meas. Sci. Technol.
12, 1465 (2001).

P. G. De Gennes, J. Fluid Mech. 136, 189 (1983).

N.R. Morrow, 1. Chatzis, and J.J. Taber, SPE Reservoir
Eng. 3, 927 (1988).

N.T. Burdine, Trans. Metall. Soc. AIME 198, 71 (1952).
A.D. Araujo, W.B. Bastos, J.S. Andrade, Jr., and H.J.
Herrmann, Phys. Rev. E 74, 010401(R) (2006).


http://dx.doi.org/10.1029/96WR00605
http://dx.doi.org/10.1029/96WR00605
http://dx.doi.org/10.1016/0009-2509(93)80279-Y
http://dx.doi.org/10.1016/0309-1708(95)00048-8
http://dx.doi.org/10.1029/2000WR900364
http://dx.doi.org/10.1029/2000WR900364
http://dx.doi.org/10.1063/1.1328076
http://dx.doi.org/10.1063/1.1328076
http://dx.doi.org/10.1111/j.1745-6584.2008.00479.x
http://dx.doi.org/10.1111/j.1745-6584.2008.00479.x
http://dx.doi.org/10.1007/s00348-008-0480-x
http://dx.doi.org/10.1016/j.nucengdes.2008.01.027
http://dx.doi.org/10.1016/j.nucengdes.2008.01.027
http://dx.doi.org/10.1017/S0022112009006405
http://dx.doi.org/10.1017/S0022112009006405
http://dx.doi.org/10.1007/s10404-011-0862-x
http://dx.doi.org/10.1007/s10404-011-0862-x
http://dx.doi.org/10.1063/1.868867
http://dx.doi.org/10.1063/1.868839
http://dx.doi.org/10.1063/1.869208
http://dx.doi.org/10.1063/1.869208
http://dx.doi.org/10.1016/S0009-2509(97)00057-2
http://dx.doi.org/10.1016/S0730-725X(01)00246-6
http://dx.doi.org/10.1016/S0730-725X(01)00246-6
http://dx.doi.org/10.1063/1.869550
http://dx.doi.org/10.1006/jcis.1999.6372
http://dx.doi.org/10.1029/2002WR001392
http://dx.doi.org/10.1016/j.physa.2009.09.030
http://dx.doi.org/10.1016/j.physa.2009.09.030
http://dx.doi.org/10.1103/PhysRevE.50.403
http://dx.doi.org/10.1103/PhysRevE.50.403
http://dx.doi.org/10.1029/96GL00776
http://dx.doi.org/10.1029/TR039i001p00067
http://dx.doi.org/10.1029/TR039i001p00067
http://dx.doi.org/10.1017/S0022112059000672
http://dx.doi.org/10.1002/aic.14005
http://link.aps.org/supplemental/10.1103/PhysRevLett.111.064501
http://link.aps.org/supplemental/10.1103/PhysRevLett.111.064501
http://dx.doi.org/10.1103/PhysRevE.87.013011
http://dx.doi.org/10.1023/A:1011036929162
http://dx.doi.org/10.1103/PhysRevLett.104.168104
http://dx.doi.org/10.1103/PhysRevLett.79.2574
http://dx.doi.org/10.1103/PhysRevLett.79.2574
http://dx.doi.org/10.1103/PhysRevLett.110.184502
http://dx.doi.org/10.1103/PhysRevLett.110.184502
http://dx.doi.org/10.1016/S1090-7807(03)00179-4
http://dx.doi.org/10.1016/S1090-7807(03)00179-4
http://dx.doi.org/10.1103/PhysRevLett.49.1840
http://dx.doi.org/10.1103/PhysRevLett.61.1595
http://dx.doi.org/10.1103/PhysRevLett.61.1595
http://dx.doi.org/10.1103/PhysRevLett.83.3324
http://dx.doi.org/10.1103/PhysRevLett.83.3324
http://dx.doi.org/10.1002/aic.690450902
http://dx.doi.org/10.1002/aic.690450902
http://dx.doi.org/10.1016/j.jmr.2007.04.006
http://dx.doi.org/10.1209/0295-5075/16/3/007
http://dx.doi.org/10.1209/0295-5075/16/3/007
http://dx.doi.org/10.1103/PhysRevB.49.215
http://dx.doi.org/10.1088/0957-0233/12/9/312
http://dx.doi.org/10.1088/0957-0233/12/9/312
http://dx.doi.org/10.1017/S0022112083002116
http://dx.doi.org/10.2118/14423-PA
http://dx.doi.org/10.2118/14423-PA
http://dx.doi.org/10.1103/PhysRevE.74.010401

