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Extraordinary Sound Transmission through Density-Near-Zero Ultranarrow Channels
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We introduce the acoustic equivalent of “supercoupling” by studying the anomalous sound trans-
mission and uniform energy squeezing through ultranarrow acoustic channels filled with zero-density
metamaterials. As a realistic example, we propose their realization by inserting transverse membranes
with a subwavelength period along the channel, and we prove a novel form of acoustic tunneling based on
impedance matching and infinite phase velocity at the zero-density operation. We envision applications in
sensing, noise control, cloaking, and energy harvesting.
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Artificial materials with anomalous values of constitu-
tive parameters have been extensively studied over the
past decades. Electromagnetic (EM) metamaterials with
extreme constitutive parameters [1], very low [2-7] or
very high [8], compared to those available in nature, are
often associated with spectacular phenomena, like anoma-
lous wave tunneling and negative refraction. Epsilon-near-
zero (ENZ), i.e., near-zero permittivity, metamaterials
have been proposed for a variety of exciting applications,
including cloaking [9] and radiation patterning [2]. In these
materials, waves propagate with very large phase velocity,
effectively producing quasistatic field distributions. An
exciting application of these properties consists in the
anomalous tunneling and matched transmission through
very narrow channels filled with ENZ materials, also
known as “‘supercoupling” [4,10]. This effect is substan-
tially different from conventional Fabry-Pérot (FP) tunnel-
ing resonances through mismatched channels or apertures,
as it is based on impedance matching between waveguides
with very different geometric cross section, which is com-
pensated by the anomalously large wave impedance in
ENZ materials [4]. This anomalous tunneling is accompa-
nied by large and uniform field enhancement along the
channel, due to the quasistatic nature of wave propagation
in ENZ, implying that matching and tunneling do not
depend on the channel length or on the presence of bends,
twists, and even absorbing sections, along the channel.
These properties make supercoupling an ideal phenome-
non for coupling distant waveguides and antennas with
good matching and no phase delay [6], for filtering inde-
pendent of the channel geometry [4], light concentration
and harvesting [11], sensing [12], boosting molecular
emission [13], and nonlinearities [14,15]. Translating these
concepts to acoustic waves may have several additional
advantages: nonlinearities are inherently stronger for
acoustic waves and guided acoustic waves have different
dispersion properties that may be tailored to our advantage,
as we outline in the following. Here we introduce the
concept of acoustic supercoupling, highlighting analogies,
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differences, and challenges associated with impedance
matching and anomalous sound tunneling through ultra-
narrow channels. As in the EM scenario, we rely on the
extreme value of one of the constitutive parameters in an
ultranarrow tube to totally compensate the geometrical
mismatch at the connection with a much larger feeding
waveguide. At the tunneling frequency, acoustic energy
can be concentrated within a very small transverse cross
section, leading to interesting possibilities in a variety of
acoustic applications.

Consider the geometry sketched in the inset of Fig. 1:
two identical circular cylindrical acoustic waveguides with
cross-sectional area S, are connected through a much
thinner tube with S, < §,,,. Assuming that the waveguides
support the dominant transverse mode, transmission- line
theory may be used to calculate the reflection and trans-
mission coefficients for such a connection. In this analyti-
cal model, the line voltage is defined as the acoustic
pressure p while the line current is associated with the
total volumetric flow g, through the waveguide cross sec-
tion. These definitions ensure the continuity of pressure
and volumetric flow at a junction between two lines
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FIG. 1 (color online). Energy transmission coefficient versus
frequency for two ultranarrow channels with different lengths.
The left peak, independent of the channel length, corresponds to
DNZ operation. The insets show the geometry under analysis
and the acoustic circuit equivalent of a unit cell of length d
containing a membrane (1, || Cj,. series element).
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[16,17]. The reflection coefficient at the channel entrance
may be generally written as

(Z% — Z3) tan(Ben))

R = : ’
(22, + Z2) tan(Bep]) + 2iZenZy,

(D

where Z,,, and Z, are the line impedances associated with
the feeding waveguide and the small channel, respectively,
[ is the channel length, and 8, is the wave number in the
channel under an e ~“’ time convention. Total transmission
is obtained at the usual FP resonances when B,/ = n,
with n being an integer. A different possibility for zero
reflection arises under the condition Zy, = Z,,, i.e., when
the line impedances are matched. This matching condition
may be explicitly written in terms of the normalized
acoustic impedance of the two waveguides as

VPehKeh _ A/PwgKwg

Sch Swg '
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where p,,py, are the effective densities of the acoustic
materials filling the waveguides and k., Ky, are the cor-
responding bulk moduli. Note that the expression of line
impedance differs from the characteristic impedance of the
acoustic medium by a factor 1/S. This is required by the
continuity of the volumetric flow at the abruptions. It
should be stressed that, very different from FP resonances,
this tunneling condition is completely independent of the
length and nature of the channel: the sound wave simply
does not feel any impedance mismatch at the abruptions
between the two waveguides, and gets smoothly squeezed
in the narrow channel without reflections, independent of
whether or not the channel bends, twists, and of what
happens at its termination.

If the big waveguides are filled by a conventional mate-
rial, like air, the matching condition (2) can be met as long
as the characteristic impedance of the channel ,/pc,kch
takes extremely low values. In the limit \/p¢, kK, — 0, total
transmission may be counterintuitively achieved for a
channel of infinitesimal cross section. This extremely small
value of characteristic impedance can exactly compensate
the mismatch introduced in the line impedances by the
difference in cross sections. This is the dual of the
extremely large electric impedance required in the analo-
gous EM problem, which is usually achieved with ENZ
metamaterials.

There are several ways to modify the -effective
acoustic parameters to bring the impedance to a very low
value [18-25]. If we focus on modifying only one parame-
ter (effective density or bulk modulus), which is arguably
easier than modifying both, then the wave number

Ben = ‘/ pChKC_h1 is also required to take an extreme value,

with associated anomalous propagation properties: if
Peh — 0, total transmission will be associated with uni-
form phase along the channel, or very fast waves. This
density near-zero (DNZ) tunneling phenomenon is the

acoustic equivalent of ENZ supercoupling. If x4, — O,
impedance matching and total transmission will be asso-
ciated with very large wave numbers and very slow waves.
This x-near zero (KNZ) scenario would be equivalent to
EM supercoupling based on very large permeability u
(MVL), a possibility not considered in previous works.

Another remarkable difference between EM and acous-
tic scenarios consists in the modal propagation and disper-
sion properties. For EM waves, closed waveguides are
inherently dispersive, and therefore it is not possible to
achieve supercoupling for a waveguide with arbitrarily
small cross section. All theoretical and experimental works
on EM supercoupling have been based either on 2D prob-
lems, in which the waveguides are infinite in the transverse
direction, or by considering 3D waveguides with one
dimension (the width) comparable to the wavelength of
excitation, used to tailor the dispersion and operate the
channel near cutoff, which is equivalent to an effective
permittivity near zero [4]. In the acoustic case, however,
closed connected 3D waveguides do support longitudinal
modes with no frequency dispersion and no cutoff, which
allows us to extend the supercoupling phenomenon truly in
three dimensions. The price to be paid is that we do need to
realize a metamaterial inside the channel to achieve the
required extreme bulk parameters, and we cannot use to
our advantage the modal dispersion of the channel to
operate near cutoff.

There have been various proposals to efficiently realize
zero-index acoustic metamaterials, including membrane-
loaded metamaterials [18,22], “coil-up” inclusions [24],
and tailored phononic crystals operated near their I" point
[25], all potentially interesting for the purpose of this
Letter. As an example, we consider here periodically load-
ing the channel with subwavelength inclusions near reso-
nance, which may realize an acoustic metamaterial with
effective density or bulk modulus near zero [18,19,22]. We
can model the propagation of the dominant mode in a
periodically loaded acoustic waveguide again using a
transmission-line model, with the unit cell schematically
shown in the inset of Fig. 1. The bulk modulus «, and the
density p, of the acoustic medium filling the waveguide
are associated with the parallel acoustic compliance C,, and
the series acoustic mass m,, respectively,

Co=Sky'dz  my=S"'pydz 3)
Series loads affect the effective p experienced by the mode
by modifying the mass (as in the inset of Fig. 1), whereas
parallel or shunt loads affect the bulk modulus «, modify-
ing its compliance [26-28]. Consider in this regard a basic
subwavelength load consisting of a resonator modeled as a
lumped inertance m;,. in series with a compliance Cj,.
This may model a subwavelength resonant element loading
the channel, like a membrane or a Helmholtz resonator. If
such inclusions periodically load the waveguide with a
period d small compared to the wavelength, proper
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averaging may be performed to define effective acoustic
parameters. When the inclusions are arranged in a series
connection, as in the case of a thin membrane clamped to
the waveguide walls [16,17,29], the corresponding circuit
model is shown in the inset of Fig. 1, and the effective
density is modified into [18,23]

minCS< 1 )
Pett = Po + 1= . 4)
¢ d ’ninccincw2

Similarly, for a parallel load as in the case of a Helmholtz
resonator connected to one of the channel walls [20], the
effective bulk modulus becomes
1 1 G 1
- + mc e (5)

5
Keff Ko ds 1 — Minc Cincw

Equations (4) and (5) show that a simple resonant series
Mine-Cine 10ad can tune the effective parameters of the
waveguide, allowing density or bulk modulus to assume
negative, zero, or positive values, depending on the fre-
quency and type of connection.

For anomalous matching and sound tunneling, we look
at the conditions for which p. or k. are near zero, which
arise close to the inclusion resonance [slightly shifted in
the density case, according to Eq. (4)]. In the zero-modulus
case, however, k. cannot be made arbitrarily small since,
when it approaches 0", the wave number B, increases and
the corresponding wavelength Ay, = 27/B,, decreases
becoming comparable to the period d. In this limit, the
averaging (5) is no longer applicable. In particular, for
B > m/d or Ky < pend?/m? the periodically loaded
channel hits a band gap and the dominant mode cannot
propagate. Since we cannot get too small values of kg,
according to (2) there is a lower limit to the cross-sectional
mismatch achievable to be able to observe matched trans-
mission in the KNZ case. Because the wavelength shrinks
for smaller values of «.¢, we also expect a large number of
FP tunneling resonances around the KNZ tunneling peak,
which decreases the overall bandwidth. On the contrary, in
the DNZ case the wave number gets larger for smaller
densities, creating a quasistatic field distribution that rein-
forces the averaging requirements to derive (4). We con-
clude that, although in principle viable, the KNZ case is
less interesting for applications involving a realistic peri-
odic metamaterial compared to the dual DNZ case, and in
the following we focus on this DNZ tunneling condition.

We validate this simple homogenization model in the
DNZ limit comparing our analytical model with full-wave
simulations. In our analysis, we model the membranes as
punctual acoustic series impedances Z;,., periodically
loading an air-filled waveguide with line impedance
Zoen = +/PoKoSs, and propagation constant By = wc; '
The channel is connected at its ends to two semi-infinite
waveguides with line impedance 2, = mS;g'. The
reflection coefficient R at the entrance of the channel may
be calculated as

L= 2y,

R - 7’
Z+ Zo g

(6)

where Z is the input impedance at the entrance of the
channel, calculated recursively using

M — iZoch taﬂ(ﬂod))
1=z : Zines 7
MNi+1 ( 0,ch ZO,ch _ i"]itan(ﬁ()d) inc ( )
with
Zowe — iZg.cntan(By9)
m (ZM e ) + Zie (8
Zoeh — iZyw tan(By5)
and
— iZy . tan 4
7 = Z(),ch NN 1Ly ch (BO 2) (9)

Zoch — iMy tan(ﬁo% .

The integer N in (9) is the total number of unit cells in the
channel. The additional reactance at the channel ends,
associated with higher-order evanescent modes excited at
the abruptions and the non-idealities in the membranes, can
be accounted for by slightly modifying the effective chan-
nel length [17]. Full-wave simulations were performed
using COMSOL MULTIPHYSICS to accurately model the
acoustic-structure interaction, with fully coupled structural
mechanics and linear acoustic equations. The membranes
are considered in their full thickness and modeled as linear
elastic solids, while the acoustic medium is assumed to be
linear and homogeneous. The waveguide walls are mod-
eled as hard boundaries.

Figure 1 shows the transmission coefficient versus fre-
quency for two circular waveguides of 25 mm radius
connected by a channel of 2.5 mm radius containing N
polyimide membranes of thickness t = 25 um and period
d = 10 mm. In the figure, we show the effect of varying
N = 19 (blue, darker lines) and N = 20 (red, lighter lines)
on the two resonant peaks in the considered frequency
range. Dashed lines correspond to analytical results and
solid lines to full-wave simulations. By changing the chan-
nel length, the two resonances show a very different
response: the first peak occurs at the same frequency,
independent of the channel length. This frequency corre-
sponds to the zero density condition derived in (4), for
which the channel is impedance matched to the wave-
guides, and tunneling occurs independent of its length.
The second peak, on the contrary, shifts towards higher
frequencies for shorter channels, as expected for a conven-
tional FP resonance. The curves are well captured by our
analytical model, with small discrepancies attributed to the
energy stored in the higher-order modes at the junctions
and around the membranes, which do not behave like ideal
pistons. It is evident that the DNZ peak performs analo-
gously to ENZ supercoupling for EM waves, providing
total matched transmission independent of the coupling
distance. A clear advantage of this acoustic problem,
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compared to the EM scenario, is that we are
able to shrink the channel in both transverse dimensions,
with very appealing potential for sound squeezing and
nonlinearity enhancement.

Our model does not only predict anomalous tunneling,
but also uniform, quasistatic phase distribution along the
channel, and an averaged particle velocity enhanced by a
factor equal to the ratio of cross sections. We therefore
expect a uniform velocity boosting all along the channel of
~100 in our example. In Fig. 2, we show the velocity field
distribution within the channel normalized to impinging
modal velocity at three different frequencies: below the
DNZ point (2.4 kHz), for which Eq. (4) predicts a negative
density, at the DNZ operation (2.415 kHz), and at the FP
resonance frequency (2.43 kHz). The bottom graphs show
the velocity magnitude and phase along the center of the
channel. For negative density, the mode does not propagate
and the velocity is essentially zero. In the DNZ case, on the
contrary, the average velocity is uniform along the channel,
with an average gain of ~100, as predicted by our model.
Crossing the membranes, the velocity is locally enhanced
as the membranes are clamped at the edges, but the
enhancement is uniform away from them within each
unit cell. The phase variation has a linear evolution in the
outer waveguide, as expected for a propagating mode
without reflections. Inside the channel at the DNZ opera-
tion the phase is very flat, and the wave tunnels through
the channel while acquiring almost zero phase change.
We observe no phase variation over a distance of
about 1.5 times the wavelength in the outer waveguides,
ensuring a very large phase velocity within the channel. At
the FP resonance, on the contrary, the velocity is largely
enhanced at the channel entrance and exit, but it is zero at
the center, with a strong standing wave pattern and a 180°
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FIG. 2 (color online). Top: Velocity field distribution (magni-
tude) along the channel operating at (a) negative density,
(b) DNZ condition, and (c) first FP resonance. Bottom left:
Same, but along the center line of the channel. Bottom right:
Phase of the particle velocity along the same line.

phase shift, obviously largely dependent on the channel
length.

In Fig. 3 we investigate the effect of losses by varying
the loss factor n of the membrane, defined as the ratio of
energy dissipated per radian oscillation to the maximum
strain energy. Both tunneling peaks are quite robust to
realistic values of losses, as polyimide has 1 =~ 1073 at
the considered frequency [30] (red line). The DNZ peak is
slightly more affected than the FP peak, since the mode is
more uniformly enhanced, and, therefore, feels more
strongly the level of losses in the membranes. This may
be advantageous for efficient energy harvesting and for
enhancing nonlinear effects in the channel [15]. The mem-
branes may be replaced by electrical transducers playing
the twofold role of metamaterial inclusions and energy
harvesters or nonlinear elements, and the uniform enhance-
ment in the channel allows a more efficient process. We
note that the averaged pressure field, unlike the velocity, is
not enhanced at DNZ transmission, consistent with the
continuity of power flow along the transmission-line in
our model. This implies that losses affecting only the
compliance in the channel would not affect the DNZ
tunneling, in contrast with conventional FP resonances.

The quasistatic nature of wave tunneling in ENZ chan-
nels provides robust EM transmission not only for different
lengths of a straight channel, but also in the case of
arbitrary twists and/or bends, without affecting the tunnel-
ing properties or the frequency of operation [4,31]. We
expect even more spectacular performance in this acoustic
scenario, as the DNZ operation allows us to bend and twist
the channels in all directions, without having to worry
about affecting its modal dispersion. We investigate this
possibility in Fig. 4, which shows the acoustic pressure
field distribution for different bending scenarios. Here, we
excite at the DNZ frequency and bend the channel in
different ways to explore how this affects the tunneling
properties. We choose the maximum radius of curvature in
each case to be A/4, in order to create short and abrupt
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FIG. 3 (color online). Effect of membrane losses on the energy
transmission coefficient for a 20 cell channel around the DNZ
frequency. Both DNZ (2415 Hz) and FP (2434 Hz) transmission
peaks are increasingly damped when the loss factor 7 is in-
creased from O to 0.008.
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FIG. 4 (color online). Acoustic pressure field distribution
(snapshot in time) in waveguides coupled through (a) a 90°
bent channel, (b) a 180° bent channel, and (c) an S-shaped
channel, operated at their common DNZ frequency. The arrows
represent the direction of the wave vector.

transitions, which is the worst case scenario for reflection
and frequency detuning. We tested the cases of a 90° bent
channel [Fig. 4(a)], of a 180° bent channel [Fig. 4(b)] and
of a longer S-shaped channel [Fig. 4(c)]. This last scenario
has a total length about 1.6 wavelengths in free-space. In
all cases, anomalous matched tunneling is found at the
same frequency, independent of the shape, length and
twist, with almost no phase variation all along the channel,
due to the uniform phase velocity enhancement. These
properties are completely unaffected by the channel cur-
vature, as long as the unit cell volume and membrane
geometry remain approximately uniform along the
channel.

These findings may have important applications in noise
control, sensing, cloaking, sound energy harvesting and
nonlinearity enhancement. The extraordinary squeezing
capabilities of DNZ ultranarrow channels may be exploited
to boost nonlinearities for sensing, switches and parametric
amplifiers. Ultranarrow DNZ channels, obtained by simply
loading a capillary tube with membranes, may be used to
drastically change the boundary conditions of an acoustic
cavity, with interesting applications in modal noise control
of rooms. The membranes could be also replaced by active
transducers to create self-tunable energy harvesters or dis-
sipaters. Finally, we believe that the capability of bent
DNZ channels to deviate the flow of acoustic energy could
be exploited in cloaking applications and in noise control.
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