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Quantum Monte Carlo simulations at zero temperature of an ensemble of 3He atoms adsorbed on Mg

and Alkali substrates yield strong evidence of a thermodynamically stable liquid 3He monolayer on all

Alkali substrates, with the possible exception of Li. The effective two-dimensional density is � �
0:02 �A�2 on Na, making it the lowest density liquid in nature. Its existence is underlain by zero-point

atomic motion perpendicular to the substrate, whose effect is softening the short-range repulsion of the

helium interatomic potential. The monolayer films should turn superfluid at a temperature Tc � 1 mK. No

liquid film is predicted to form on Mg, or on stronger substrates such as graphite.
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Decades of experimental and theoretical investigation
have yielded evidence that the behaviour of sufficiently
thin films of 4He closely mimics that theoretically pre-
dicted for a system strictly confined to two spatial dimen-
sions (2D), atomic zero-point motion in the direction
perpendicular to the substrate notwithstanding. For ex-
ample, the superfluid transition in thin liquid 4He films
has been observed [1–4] to conform to the 2D Kosterlitz-
Thouless paradigm [5]. The effect of substrate corrugation
and/or roughness is generally limited to the appearance of
insulating phases, either disordered or crystalline, regis-
tered with the underlying substrate, at commensurate cov-
erages. Thus, thin films of 4He constitute an ideal quasi-2D
system, on which fundamental properties of strongly inter-
acting Bose fluids in two dimensions can be investigated
experimentally.

The lighter isotope of helium (3He) could in principle
play the same role for Fermi systems, as 3He atoms are
composite spin-1=2 particles. However, while 3He forms
registered solid monolayers on corrugated substrates, with
atoms sitting at preferential adsorption sites, the conven-
tional wisdom is that on a substrate 3He will only form a
‘‘thick’’ liquid film, whose physical properties are essen-
tially those of the bulk liquid phase. The theoretical expla-
nation is that, unlike 4He, whose 2D equilibrium phase at
temperature T ¼ 0 is a liquid with a binding energy of
approximately 1 K per atom [6], no self-bound liquid is
deemed to exist in 2D for 3He [7–10].

A significant amount of experimental work has focused
on a possible quasi-2D liquid phase of highly dilute 3He,
floating atop a thin 4He film adsorbed on different sub-
strates [11–13]. While some of these studies have yielded
some evidence of it, consensus is still lacking as to whether
the results unambiguously point to the existence of a
thermodynamically stable quasi-2D 3He liquid [14].
Furthermore, interesting as the physics of a film of a
mixture of the two isotopes of helium undoubtedly is

[15], the physical environment experienced by a 3He
atom moving on top of (or through) a superfluid 4He film
cannot be regarded as fully equivalent to that of a planar
surface, as the 3He atom can scatter off surface excitations
(ripplons) of the underlying 4He film. Thus, the question
remains of whether a substrate exists, on which 3He by
itself could condense into a quasi-2D liquid.
Recent experiments [16] suggest that this may be the

case for 3He adsorbed directly on graphite, specifically
the apparent formation of liquid puddles in an adsorbed

monolayer, at a coverage & 0:01 �A�2, i.e., far less than
that corresponding to a registered solid monolayer. In this
case too, however, an unambiguous interpretation of the
experimental evidence is complicated by the expected
significant role played by surface imperfection and/or
inhomogeneities [14].
In this Letter, we provide theoretical evidence that 3He

will form quasi-2D liquid monolayers at T ¼ 0 on all
alkali substrates with the possible exception of Li, with a

coverage of approximately 0:03 �A�2 on K, Rb and Cs, and

0:02 �A�2 on Na. We base this statement on atomic ener-
getics computed by Quantum Monte Carlo (QMC) simu-
lations of a realistic model of a 3He adsorbate. We have
considered sixweakly attractive substrates, namelyMg, Li,
Na, K, Rb and Cs (listed in order of decreasing attractive-
ness). Our findings are that a liquid monolayer will only
form on substrates that are sufficiently weak, i.e., all the
alkali ones with the possible exception of Li, which
appears to be a borderline case. On the stronger Mg sub-
strate, no thin 3He film will form. In all predicted thermo-
dynamically stable liquid phases, zero-point motion in the
direction perpendicular to the substrate is significant, and
has the effect of softening the hard-core repulsion of the
interatomic 3He pair potential at short distances, in turn
allowing for a liquid phase to exist.
Our system of interest is modeled as an ensemble of N

3He atoms, (N=2 of either spin component, i.e., the system
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is unpolarized) regarded as point particles, moving in the
presence of an infinite, smooth planar substrate (positioned
at z ¼ 0). The system is enclosed in a vessel shaped as a
parallelepiped, with periodic boundary conditions in all
directions. The length of the simulation cell in the direction
perpendicular to the substrate z is taken to be large enough
(100 Å) to make the boundary conditions in that direction
immaterial. The nominal 3He coverage is � ¼ N=A, A
being the area of the substrate. The quantum-mechanical
many-body Hamiltonian is the following:

Ĥ ¼ � @
2

2m

XN
i¼1

r2
i þ

X
i<j

VðrijÞ þ
XN
i¼1

UðziÞ; (1)

wherem is the 3He atomic mass, V is the potential describ-
ing the interaction between two helium atoms, only
depending on their relative distance, and U is the potential
describing the interaction of a 3He atom with the substrate,
also depending only on the distance of the atom from the
substrate. We use the accepted Aziz potential [17] to
describe the interaction of two 3He atoms. For each of
the substrates studied here, the U term in Eq. (1) is a
potential proposed by Chizmeshya, Cole and Zaremba
[18]. The assumption of a smooth, planar substrate is
clearly an important one; its justification is provided by
the relative weakness of the substrates considered here. We
do not consider here stronger substrates [16], where such
an assumption might be inaccurate.

We investigate the ground state of (1) by means of a
QMC technique, specifically diffusion Monte Carlo
(DMC), which projects the lowest energy component out
of an initial trial wave function �T . This is a well-
established methodology [19], which has been utilized to
study ground state properties of a wide variety of quantum
many-body systems. The trial wave function that we uti-
lized in this work has the form � ¼ F�, where, using
standard notation (see, for instance, Refs. [20,21]),

F ¼ exp

�
� 1

2

XN
i<j¼1

uij � 1

2

XN
i<j<k¼1

wijk

�
; (2)

and � � fQN
i¼1 fðziÞg�ð"Þ�ð#Þ, �ð�Þ (� ¼ " , # ) given by

�ð�Þ ¼ Detij

�
exp

�
iki �

�
sj þ

XN
k�j

�ðskjÞskj
���

; (3)

where si � ðxi; yiÞ, the wave vectors ki span the N=2
allowed momenta of a 2D Fermi sea; in Eq. (3), i and j
range from 1 to N=2 (N=2þ 1 to N) for � ¼ " ð#Þ. The
two-body, three-body, and backflow correlation functions
u, w, and �, as well as the single-particle orbital fðzÞ are
optimized based on the procedure described in Ref. [22].
We make use of the well-known ‘‘fixed-node’’ approxima-
tion (FNA) in order to circumvent the inevitable sign
problem that affects any fermion QMC method. We are
mainly interested in the energy per 3He atom computed as

a function of coverage, and the FNA has been shown to
provide accurate, variational energy estimates for bulk 3D
3He [23]. The simulations carried out in this work, for
which results are shown, are for a system of N ¼ 26 3He
atoms; the DMC time step is 10�3 K�1, and the population
comprises 2,000 random walkers. We discuss systematic
errors affecting our calculation after illustrating our results.
Figure 1 shows the ground state energy per atom eð�Þ,

computed by DMC calculations as a function of coverage
on the different substrates considered here. In all cases, the
reference energy is taken to be the binding energy of a
single 3He atom on the given substrate [24]. Also shown
for comparison is the result for the strictly 2D system. The
existence of a thermodynamically stable quasi-2D liquid
phase is signalled by a local minimum of eð�Þ. Specifically,
although the absolute minimum of the energy per particle
remains at zero coverage just like for purely 2D 3He, on
increasing the chemical potential one observes a first order
phase transition from a low density gas to a liquid of
density close to (slightly greater than) that at which the
minimum is located. One can clearly see that, starting from
the strictly 2D case, and as the substrate is rendered
weaker, i.e., atomic motion in the direction perpendicular
to the substrate becomes more significant, the curve eð�Þ
bends downward. On Mg, namely the most attractive of the
six substrates, eð�Þ remains monotonically increasing; i.e.,
no stable liquid film forms. The corresponding curve for
any substrate more attractive than Mg (e.g., graphite), lies
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FIG. 1 (color online). Ground state energy per atom eð�Þ
computed by DMC calculations for a 3He film adsorbed on
different substrates, as a function of coverage �. The binding
energy of a single atom on the given substrate is taken as the
reference (zero) value for eð�Þ. Open symbols represent a second
set of data for the Li substrate, obtained by applying estimates
for the finite-size, time step, population control and fixed-node
approximation errors. Solid lines are spline interpolations. The
line for Li is colored differently, to indicate that the system is
borderline for formation of a liquid layer. The data labeled ‘‘2D’’
refer to strictly 2D 3He. Results for Cs and Rb substrates are
indistinguishable from those on K, within the statistical errors
of the calculations. Statistical errors are smaller than the size of
the symbols.
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between that for Mg and the one labeled 2D in Fig. 1,
implying no liquid 3He film on graphite as well, in conflict
with the claim of Ref. [16], under the assumption of a
smooth substrate.

The downward bending of eð�Þ becomes increasingly
pronounced on Li, Na and K, and a clear minimum can be
observed on the last two substrates. On K, it is located

at � ¼ 0:03 �A�2, whereas on Na at a coverage � ¼
0:02 �A�2. On Li, which is the weakest substrate on which
4He will form a superfluid monolayer [25], our numerical
data show no evidence of a stable liquid 3He film, although,
as discussed below, Li may be a borderline case, and
we cannot exclude a fragile liquid phase at a coverage

close to 0:015 �A�2.
In order to gain insight into the physical properties of the

adsorbed liquid films, we compute different structural
properties, using extrapolated DMC estimators, typically
adopted in DMC to obtain ground state expectation values
of quantities other than the energy [26]. Although they are
not numerically exact, as they retain some of the bias of the
starting trial wave function, these estimators are usually
fairly reliable, especially if, as observed in this work, the
difference between the variational and ‘‘mixed’’ estimate
is small.

Figure 2 shows the integrated 3He density profile nðzÞ �R
dxdy�ðx; y; zÞ, where �ðx; y; zÞ is the 3D 3He density, for

the substrates considered here. The height of the main peak
is greater the stronger the substrate. Results shown are for a

coverage � ¼ 0:03 �A�2, but we have found this quantity to
be nearly independent of �; i.e., the density profile is
almost entirely determined by the interaction of the helium
atoms with the substrate, not surprisingly given the rela-
tively large average planar interatomic separation in the
range of coverage considered here. The difference in the
spread of the 3He atomic wave function in the z direction
between the Mg substrate and the other ones, as well as the

greater distance from the substrate, is evident. In particular,
for the two substrates for which a quasi-2D liquid exists,
the rms average excursion of each atom from its most
probable distance from the substrate is of the order of a
third of the average planar interparticle distance.
With such a large spread, one might wonder to

what extent the 2D characterization might be appropriate
for such a system. A useful quantity is the angularly
averaged, ‘‘reduced’’ pair correlation function gðRÞ, with
R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

and

gðx; yÞ ¼ 1

A�2

Z
dx0dy0nðxþ x0; yþ y0Þnðx0; y0Þ (4)

with nðx; yÞ ¼ R
dz�ðx; y; zÞ. The more two-dimensional

an adsorbed film, the more closely gðRÞ mimics the pair
correlation function of a strictly two-dimensional system
of the same coverage. Figure 3 shows results for gðRÞ
computed in the strictly 2D case, on a Mg substrate and

on a K substrate, at a coverage � ¼ 0:03 �A�2. The results
for the 2D case and on Mg are very similar, the main peak
being slightly higher in 2D, and 3He atoms being able to
come to slightly closer planar distances on a Mg substrate.
In other words the physics on a Mg substrate approaches
fairly closely the 2D limit. On the other hand, the result on
a K substrate is qualitatively different, the main feature
being a finite value of gðRÞ in the R ! 0 limit. This is a
direct consequence of the large zero-point motion in the
direction perpendicular to the substrate, whereby 3He
atoms can occasionally be ‘‘on top’’ on each other. For
this reason, the qualified ‘‘quasi’’ seems particularly appro-
priate when referring to this liquid phase as 2D.
Thus, as also suggested in Ref. [27], the main physical

result of the large zero-point excursion is that of effectively
softening the short-distance repulsive core of the interac-
tion between two 3He atoms. By rendering the pair poten-
tial less repulsive, the substrate allows for the formation of
a liquid. This confirms an early prediction by Carraro and
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FIG. 2 (color online). 3He density profile nðzÞ (arbitrary units)
in the direction perpendicular to the surface, on a Mg, Li, Na
and K substrate. The height of the main peak is greater the
stronger the substrate (see text). Results shown are for a
coverage � ¼ 0:03 �A�2.
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FIG. 3 (color online). Reduced pair correlation function gðRÞ
[Eq. (4)], for 3He in 2D (solid line), on a Mg substrate (dashed
line) and on a K substrate (dotted line), for a coverage � ¼
0:03 �A�2. On a K substrate, gð0Þ is finite.
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Cole [28] that 3He can wet substrates that are not wetted by
4He, in this case Cs. Conversely, and in some respects
counterintuitively, on a stronger, more attractive substrate
such as Mg, or graphite, the physics of the system closely
approaches the 2D limit, in which no liquid is expected to
exist. It should be noted that the suggestion that zero-point
motion in the transverse direction may stabilize a liquid
phase of 3He was made by Brami et al. [29] for a (smooth
model of (a) graphite substrate, on which such an effect
actually does not occur, as mentioned above.

We now discuss the main sources of systematic error of
our calculation, in order to assess their expected effect on
the physical conclusions outlined above. These are, for the
energy, the finite size of the simulated system, the DMC
time step error, the bias due to a finite walker population
and the FNA, based on the nodal structure given by Eq. (1)
[30]. An important general remark applies to each of the
systematic errors, namely that they cause an upward shift
on the energy, of magnitude increasing with coverage (this
behavior as a function of the coverage is an empirical result
for the time step error, and an expected feature of all other
sources of bias). We begin with finite-size effects. As
mentioned above, the results shown here are for a system
comprising N ¼ 26 particles; we have also carried out
specific simulations with N ¼ 42 and 58 particles, obtain-
ing results consistent with those shown here. The leading
finite-size correction to the energy is given by the 2D Fermi
energy contribution, which is proportional to the areal
density and greater for the N ¼ 26 than for the infinite
system, as we ascertained by comparing results for differ-
ent systems sizes. Morever, the population control bias [31]
and the fixed-node error are both positive, and both vanish
in the � ! 0 limit (where the trial wave function becomes
exact).

Thus, all of these errors combined are not expected to
affect the main conclusion of the study, which is the
presence of a local minimum in the eð�Þ curve on Na and
K sustrates. If anything, it is possible that one such mini-
mum may exist for Li as well, as suggested by the results
shown with open symbols in Fig. 1. These energies are
obtained by applying corrections to the simulation results,
by estimating the magnitude of all systematic errors; in
particular, the generally unknown magnitude of the fixed-
node error is assessed by looking at the difference between
fixed-node and transient estimate [10] for the purely 2D
case. The correction suggests that a liquid phase may exist
on Li as well, with an equilibrium coverage of approxi-

mately 0:015 �A�2 (a similar correction would not change
quantitatively the physical conclusions for all other
substrates).

An interesting question is at what temperature the ther-
modynamically stable 3He film should turn superfluid. The
methodology that we have adopted in this work does not
allow us to explore this issue directly by simulation, due to
the sign problem. An order of magnitude estimate might be

obtained by computing the binding energy of a pair of 3He
atoms in the presence of the substrate, on the assumption
that superfluidity of a Fermi system should be underlain by
the formation of bound pairs of atoms of opposite spins
[32,33]. In Ref. [27], the claim is made that the binding
energy, which is 20 �K in 2D, could be as high as
�10 mK in the vicinity of a weak substrate. Thus, an order
of magnitude estimate of the superfluid transition tempera-
ture is of the order of 1 mK.
Summarizing, we have carried out QMC simulations

yielding robust numerical evidence to the effect that 3He
will form a stable, quasi-2D liquid phase at T ¼ 0 on Na,
K, Rb and Cs substrates, and possibly on Li as well. The
formation of the thermodynamically stable liquid phase is
a consequence of the large atomic zero-point motion in the
direction perpendicular to the substrate, which has the
effect of softening the repulsive part of the helium inter-
atomic potential at short distances. Based on this effect
alone, no thin film is predicted to form on stronger sub-
strates, such as Mg and graphite. The predictions made in
this work appear to be experimentally testable, given the
wealth of investigative work carried out over the past two
decades, aimed at characterizing the physics of 4He films
adsorbed on alkali substrates [34–49].
The authors wish to acknowledge useful discussions

with Milton W. Cole and N.V. Prokof’ev.
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