
Controlling and Measuring Quantum Transport of Heat in Trapped-Ion Crystals

A. Bermudez, M. Bruderer, and M.B. Plenio

Institut für Theoretische Physik, Albert-Einstein-Allee 11, Universität Ulm, 89069 Ulm, Germany
Center for Integrated Quantum Science and Technology, Albert-Einstein-Allee 11, Universität Ulm, 89069 Ulm, Germany

(Received 12 April 2013; published 22 July 2013)

Measuring heat flow through nanoscale devices poses formidable practical difficulties as there is no

‘‘ampere meter’’ for heat. We propose to overcome this problem in a chain of trapped ions, where laser

cooling the chain edges to different temperatures induces a heat current of local vibrations (vibrons). We

show how to efficiently control and measure this current, including fluctuations, by coupling vibrons to

internal ion states. This demonstrates that ion crystals provide an ideal platform for studying quantum

transport, e.g., through thermal analogues of quantum wires and quantum dots. Notably, ion crystals may

give access to measurements of the elusive bosonic fluctuations in heat currents and the onset of Fourier’s

law. Our results are strongly supported by numerical simulations for a realistic implementation with

specific ions and system parameters.
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In view of the rapid development of nanoscale technol-
ogies [1], understanding charge and heat transport at the
microscopic level has become a central topic of current
research. As already shown for fermions [2], charge
transport at the nanoscale is typically governed by quantum
effects. Transport of heat by bosons, e.g., phonons, is
expected to have analogous properties [3]. Thermal experi-
ments, however, are considerably more challenging as there
is no device capable of measuring local heat currents [3].
Moreover, heat reservoirs and temperature probes required
to study heat transport usually entail spurious interface
effects. Within these restrictions, most experimental efforts
have focused on detecting temperature profiles [4] in differ-
ent devices [1,5,6].

In this Letter, we show that trapped-ion crystals are
promising platforms for thermal experiments overcoming
these limitations. We introduce a quantum transport tool-
box containing all functionalities required for treating heat
currents on the same footing as electrical currents. By
exploiting laser-induced couplings between transverse
quantized vibrations (vibrons) and internal degrees of
freedom (spins) of the ions, we show how to control and
measure heat currents across ion chains [Fig. 1(a)].
Specifically, ions at the edges of the crystal are Doppler
cooled to different vibron numbers, equivalent to different
temperatures. The edge ions act as unbalanced thermal
reservoirs sustaining a heat flow in the form of vibron
hopping through the bulk [Fig. 1(b)]. For probing vibron
numbers and heat currents (including fluctuations), we map
their values onto the spins, which can be measured via
spin-dependent fluorescence [7]. We note that thermal
experiments with ions are a topic of increasing interest:
Propagation of vibrational excitations has been assessed in
Ref. [8], while the use of single ions as heat engines has
been proposed in Ref. [9]. More relevant to the topic of this
work, the thermalization of sympathetically cooled chains

has been studied in Ref. [10] by Langevin dynamics [11].
Our toolbox, which is based on thorough first-principles
derivations, will be useful for the development of experi-
ments about nonequilibrium statistical mechanics in the
quantum regime with trapped ions.
We demonstrate the versatility of this toolbox by the

examples of a thermal quantum wire (TQW) and a thermal
quantum dot (TQD). We first study the onset of tempera-
ture gradients across the TQW according to Fourier’s law
[12]. This requires the transition from ballistic to diffusive
transport, which we induce by (i) dephasing through noisy
modulations of the trap frequencies [13] or (ii) disorder in
the ion crystal due to engineered spin-vibron couplings
[14]. The TQD highlights the differences between bosonic
and fermionic transport [15], captured by the statistics of
the fluctuations in the heat current [16]. Building on
laser-assisted tunneling [17,18], we show how to measure
current fluctuations. Moreover, the TQD can be operated as
a switch for heat currents, a first step toward a single-spin
heat transistor.
Model.—We consider a linear Coulomb crystal with

three types of ions [Fig. 1(a)]. Unlike in phonon-mediated
quantum computing [19], we focus on vibrons: the quanta
of individual transverse oscillations responsible for a local
electric dipole. As demonstrated experimentally [20], the
interaction between these dipoles leads to a tight-binding
model (@ ¼ 1)

Htb ¼
X
�;i�

!i�a
y
i�
ai� þ

X
�;�

X
i��j�

ðJi�j�ayi�aj� þ H:c:Þ; (1)

where the bosonic operators ayi�ðai�Þ create (annihilate)

local vibrons, latin indices label lattice sites i, j 2
f1 � � �Ng, and greek subindices label species �, � 2
f�; �; �g [Fig. 1(a)]. The trapping and dipole-dipole
couplings yield the on-site energies !i� and long-range

tunnelings Ji�j� . The ion crystal is a natural playground for
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bosonic lattice models [21], where vibrons correspond to
bosonic particles, hopping between different lattice sites,
and the lattice is determined by the underlying crystal
structure. Additionally, we exploit two atomic levels of
each ion, denoted as spins jsi�i 2 fj"i�i; j#i�ig, with the

Hamiltonian H�
s ¼ ð1=2ÞPi�

!�
0�

z
i�
and �z

i�
¼ j"i�ih"i�j �

j#i�ih#i�j. The atomic transitions are characterized by their

frequency !�
0 and linewidth �eff

� .

We supplement the dynamics of the vibrons by incoher-
ent and coherent laser-induced processes which are neces-
sary to develop the tools for studying quantum transport.

(i) For incoherent dynamics, we employ a laser forming
a standing wave along the vibron direction. This drives
dipole-allowed transitions of the � spins and simulta-
neously increases or decreases the corresponding vibron
number. For fast decaying spins, the two processes yield an
effective vibron dissipation

Di�
v ð�Þ ¼D½�þ

i�
;ayi� ;ai��ð�ÞþD½��

i�
;ai� ;a

y
i�
�ð�Þ; (2)

where D½�; O1; O2�ð�Þ ¼ �ðO1 �O2 �O2O1�Þ þ H:c:
is a superoperator acting on the density matrix �. The
local heating (cooling) strength �þ

i�
(��

i�
) depends on the

spectral functions of the couplings [22] and is controlled by
the laser parameters [23].

(ii) For coherent dynamics, we apply a spin-dependent
traveling wave consisting of two noncopropagating laser
beams. The spin-vibron couplings originate from two-
photon processes [29], whereby the spin is virtually excited
by absorption (emission) of a photon from (into) a different
laser beam

Hi�
svðtÞ¼ ð1=2Þð�!þ

� þ�!�
��

z
i�
Þcosð��t�’�Þayi�ai� ; (3)

where �!�
� , ��, ’� are fully controllable.

Equations (1)–(3) form our Liouvillian heat transport
toolbox, the driven dissipative spin-vibron model

Lddsvð�Þ¼�i

�
Htbþ

X
�;i�2C

Hi�
svðtÞ;�

�
þ X

�;i�2I

Di�
v ð�Þ; (4)

where the sets C, I comprise ions subjected to coherent or
incoherent effects. We avoid single-ion laser addressing
by employing different species for each functionality,
such as the implementation of thermal reservoirs. Ideally,
these are capable of supplying or absorbing vibrons
without changing their state. This is achieved by using a
red-detuned laser, such that the cooling (2) with a rate
�i� ¼ Refð��

i�
Þ� ��þ

i�
g dominates over the tunneling

�i� � Ji�;j� (i.e., the strong-cooling limit) [31]. Thus,

the ions remain in a thermal state, providing an accurate
implementation of vibronic reservoirs.
Thermal quantum wire.—For designing a TQW, we

choose ion species with �eff
� � �eff

� , �eff
� and implement

dissipation only for the � ions (i.e., �, � 2 C, � 2 I). The
� ions, placed at the edges of the chain, are cooled to mean
vibron numbers �n1� > �nN�

, such that they act as vibronic

batteries, realising the starting point for many transport
studies [32]. The left (right) reservoir constantly supplies
(absorbs) vibrons in the attempt to equilibrate with the
TQW. If combined, the reservoirs sustain a flow of heat
along the TQW [Fig. 1(b)].
We assess how the TQW thermalizes in contact with

the reservoirs. In the strong-cooling regime, the edge
vibrons can be integrated out to obtain a dissipative spin-
vibron model for the reduced density matrix of the bulk
@t�bulk ¼ Lbulk

ddsvð�bulkÞ,

Lbulk
ddsvð�Þ ¼ �i

�
Hrtb þ

X
�;i�2C

Hi�
svðtÞ;�

�

þ X
�i�;�j�2C

Di�j�ð�Þ: (5)

Here, Hrtb is identical to Eq. (1) with renormalized
parameters. The dissipator is similar to Eq. (2) but

extended to all bulk ions Di�j� ¼ D½~�þ
i�;j� ; a

y
i�
; aj�� þ

D½~��
i�;j� ; ai� ; a

y
j�
�, where ~��

i�;j� depend on the tunneling

via the spectral densities �‘�
i�;j�

¼ 2	Ji�;‘�
‘�ð!i�ÞJ‘�;j� ,
including the reservoir density of states 
‘� [33]. Hence,

the bulk-reservoir-bulk tunneling of vibrons introduces an
effective dissipation responsible for the thermalization of
the TQW.
The dipolar decay of tunneling with distance suggests

that vibron exchange with bulk ions adjacent to the reser-
voirs dominates thermalization. In the strong-cooling
regime, we thus predict a homogeneous steady-state vibron
occupation

hni�iss ¼
�L �nL þ �R �nR

�L þ �R

; �; i� 2 C; (6)

(a) (b)

FIG. 1 (color online). Heat transport toolbox: (a) (top) A
mixed-species ion crystal in a linear Paul trap (similarly for
surface trap arrays). (bottom) Spins and vibrons are indicated
by arrows and wells, respectively. Laser arrangements Lsw

�

(Ltw
� , Ltw

� ) control the incoherent (coherent) vibrational dynamics
of the ions, with J�� the vibron tunneling. (b) (top) A TQW

connected to two reservoirs at different temperatures. (bottom)
Strong laser cooling with strengths ��

‘�
>�þ

‘�
allows us to treat

� ions as heat reservoirs, whereas bulk ions �, � act as the TQW.
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with the local couplings �L ¼ �1�
2�;2�

, �R ¼ �N�

ðN�1Þ�;ðN�1Þ�
and the reservoir mean occupations �nL ¼ �n1� , �nR ¼ �nN�

.

Similar arguments apply to the vibron current, defined
through @tni� ¼ Ivib!i�

� Ivibi�!, which is independent of the

TQW length

hIvibi�!iss¼hIvib!i�
iss¼ �L�R

�Lþ�R

ð �nL� �nRÞ; �;i�2C: (7)

Numerical solutions of the complete dissipative dynamics
in Eq. (5) fully confirm these predictions [31]. Our results
are different from Fourier’s law of thermal conduction
[12], which predicts (i) a linear temperature gradient, i.e.,
hni�iFL ¼ �nL þ ð �nR � �nLÞi�=N; and (ii) a heat current

inversely proportional to the length of the wire hIvibi�!iFL/ð �nL� �nRÞ=N. The disagreement is expected since Fourier’s
law applies to diffusive processes; in contrast, Eqs. (6) and
(7) describe ballistic transport of vibrons, analogous to
ballistic electronic transport [34].

We now consider two phase-breaking processes result-
ing in a ballistic-diffusive crossover: dephasing [35] and
disorder [36]. Dephasing can be engineered by modulating
trap frequencies with a noisy voltage [13]. We model such
noise as dynamic fluctuations of the on-site energies in
Eq. (1), !i� ! !i� þ �!i�ðtÞ, with �!i�ðtÞ a random

process. In a Born-Markov approximation, this leads to
an additional term in Eq. (4), Lddsv ! Lddsv þDd, where

Ddð�Þ ¼
X
�;�

X
i�;j�

�de
�½ðjr0i��r0j�

jÞ=�c�ðni� � nj� � nj�ni��Þ

þ H:c:;

with the dephasing rate �d and the noise correlation length
�c [37]. Figure 2(a) shows homogeneous vibron distribu-
tions along the TQW without dephasing. For dephasing
with �c � L, we observe the onset of a linear gradient
along the microtrap array [Fig. 2(b), left], pinpointing
diffusive transport. For the linear Paul trap, the inhomoge-
neous crystal modifies the gradient, yielding an anomalous
Fourier’s law [Fig. 2(b), right].

Disorder can be modeled by modifying the on-site
energies of Eq. (1), !i� ! !i� þ �!�, with �!� a static

random variable. To obtain such disorder, we apply a
strong static spin-vibron coupling (3) with parameters
�� ¼ 0, ’� ¼ 0, �!þ

� ¼ 0, and �!�
� � 0, such that

the vibrons experience a spin-dependent inhomogeneous
landscape of on-site energies, resulting in vibron scattering

[14]. With each bulk spin initialized in jþi�i ¼ ðj"i�i þ
j#i�iÞ=

ffiffiffi
2

p
, the tight-binding model becomes stochastic

Htb ! Hstb ¼ P
�;i�

i�a
y
i�
ai� þ

P
�;�

P
i��j�

Ji�j�a
y
i�
aj�þ

H:c: Here, the on-site energies are binary random variables
sampling i� 2 f!� � ð1=2Þ�!�

� ;!� þ ð1=2Þ�!�
� g with

probabilities pði�Þ ¼ 1=2 inherited from the quantum

parallelism. This randomness leads to Anderson localiza-
tion, whereby normal modes display a finite localization
length �loc [38]. For the small ion crystals of length L, the

modes with �loc � L contribute ballistically, those with
�loc & L introduce diffusion, and those with �loc � L do
not contribute to transport. We thus expect that the heat
transport is much richer in the disordered case. Figure 2(c)
shows the disorder-averaged distribution of vibron occu-
pations along the TQW, where we find clear anomalies in
Fourier’s law, measurable in experiments.
To distinguish ballistic from diffusive transport, we

suggest a measuring scheme inspired by Refs. [39,40].
We map the mean value of any vibron operator hOi�iss
and its fluctuation spectrum

SOi�Oi�
ð!Þ ¼

Z 1

0
dth ~Oi�ðtÞ ~Oi�ð0Þisse�i!t;

~Oi� ¼ Oi� � hOi�iss
onto the spin coherences, while disturbing the vibron
states minimally. This is achieved through Ramsey-type
interferometry based on engineered spin-vibron interactions
~HO
sv ¼

P
i�
ð1=2Þ�OOi��

z
i�
, with weak coupling �O [31].

A single � ion [41] initialized in the state jþi�i by a 	=2
pulse acquires phase information about the steady-state
vibron observable. We perform another 	=2 pulse and
measure the probability of observing the state j #i�i, which
is equivalent to measuring the spin coherences

h~�x
i�
ðtÞi ¼ cosð�OhOi�isstÞe��2

O
RefSOi�

Oi�
ð0Þgt

: (8)

Therefore, the period (decay) of the spin oscillations yields
the mean value (zero-frequency fluctuations) of the vibron

(a)

(b)

(c)

FIG. 2 (color online). Fourier’s law: Vibron distribution in the
steady state of a chain with N ¼ 20 ions (left: microtrap array,
right: linear Paul trap). (a) Ballistic regime (agreeing with
Ref. [10]), (b) the dephasing-induced diffusive regime, and
(c) the disorder-induced diffusive regime.
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operator hOi�iss [SOi�Oi�
ð0Þ]. Considering the excellent

accuracies achieved in projective spin measurements
[42], probing steady-state vibrons with this method prom-
ises to be very efficient. For measuring the mean vibron
number Oi� ¼ ni� , we choose a weak static spin-vibron

coupling (3) with ��¼0, ’�¼0, �!þ
� ¼0, and �!�

� � 0.
Similarly, vibron density-density correlators can be probed
by using several � ions.

Thermal quantum dot and single-spin heat switch.—The
TQD is formed by a single � ion at position p� in the center
of the bulk. We use the remaining � ions as thermal cont-
acts by employing a strong static spin-phonon coupling (3)
with parameters �� ¼ 0, ’� ¼ 0, �!þ

� ¼0, and �!�
� �0.

If the spins are initialized in jc 0i¼j#� ���#�ij��ij"� ���"�i,
there is a large shift of the on-site energies across p�,
inhibiting tunneling through the TQD. The two halves of
the chain thus thermalize independently, i.e., hni�iss ¼ �nL
for i� < p� and hni�iss ¼ �nR for i� > p�, functioning

as thermal leads connected to the quantum dot. The
Liouvillian is Lbulk

ddtb ¼ LL þLL�R þLR, where LL=R

describe the uncoupled halves (5) and LL�R describes the
TQD. Transport through the TQD is achieved by using a
dynamical spin-vibron coupling (3) for the � ion. For
spin-independent drivings �!�

� ¼ 0, the periodic modu-
lation of the on-site energies results in photon-assisted
tunneling, overcoming the on-site energy gradient between
the dot and the leads [18]. We exploit the spin dependence
of this driving to build a single-spin heat switch and a
current probe.

For the single-spin heat switch, the parameters of the
spin-vibron coupling (3) are �� ¼ ð1=2Þ�!�

� ,’� ¼ 0, and
�!�

� ¼ �!þ
� , which lead to LL�Rð�Þ ¼ �i½HPAT

L�R;�� þ
Dp�p�

ð�Þ, where
HPAT

L�R¼� X
i�<p�

JPATp�i�
ð�z

p�
Þayp�

ai�

þ X
i�>p�

JPATp�i�
ð�z

p�
Þayp�

ai� þH:c:

The tunneling is spin dependent, i.e., JPATp�i�
ð�z

p�
Þj#p�

i ¼ 0

and JPATp�i�
ð�z

p�
Þj"p�

i � 0, because of the operator argument

in the first Bessel function JPATp�i�
ð�z

p�
Þ ¼ ~Jp�i�J1½��ð1þ

�z
p�
Þ�, with ��¼�!þ

� =2�� [31]. Therefore, by controlling

the �-spin state via microwave 	 pulses, we can switch
on and off the heat current through the TQD. Different
switches have been studied in Ref. [43] to control the
entanglement in harmonic chains.

Probing vibron currents requires a minimally pertur-
bing mapping of the current onto the � spin. This requires
a bichromatic spin-vibron coupling (3) with specific
parameters [44]. The first frequency induces photon-
assisted tunneling

HPAT
L�R¼

X
i�

ð~JPATi�;p�
ayi�ap�

þH:c:Þ; ~JPATi�;p�
¼�i2~Ji�p�

J1ð	Þ;

such that the tunneling amplitude becomes purely imagi-
nary. This is crucial to devise the probe since the second

frequency leads to the necessary spin-current interactions

HI
sv¼ð1=2Þ~�II

vib
pk
�z

pk
, where Ipk

¼ ð1=2ÞðIvibpk! þ Ivib!pk
Þ. In

the limit �k;2 ! 0, ~�I 	4�k;2=	, we get a Ramsey probe (8)

for the current mean value hIvibpk
i and fluctuations SIvibpk

Ivibpk
ð0Þ.

Measuring fluctuations is essential for comparing
fermionic and bosonic currents via the Fano factor F ¼
SIvibpk

Ivibpk
ð0Þ=2hIvibpk

i. For heat currents through a symmetri-

cally coupled TQD, we expect strong super-Poissonian
fluctuations F � 1, which increase linearly with �nL in
the regime �nL � �nR [16,45]. Unlike the sub-Poissonian
fluctuations F < 1 in electrical currents, super-Poissonian
fluctuations in heat currents have not been observed yet.
Conclusions.—We have outlined the implementation of

an ion-trap toolbox for quantum heat transport, which
provides (i) thermal reservoirs, quantum dots, and wires,
(ii) engineered on-site disorder and dephasing, and
(iii) noninvasive probes for vibron occupations and cur-
rents. It would be of the utmost interest to assess the
validity of the proposed probes for capturing the full
counting statistics of heat transport. All these functional-
ities significantly extend the possible range of experiments
on heat transport. Laser-cooled edge ions in coherent or
squeezed vibron states [46] may constitute valuable
supplementary gadgets. We expect, moreover, interesting
effects in the presence of nonlinearities, e.g., the interplay
with Mott insulators [21], competition between dephasing
and interactions [47], thermal rectification [48], and struc-
tural phase transitions [49]. In a nonequilibrium version of
the spin-Peierls instability [50], correlations between struc-
tural change and heat currents may be explored.
A. B., M. B., and M.B. P. are supported by PICC and
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