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The mechanism of second thresholds observed in several experiments is theoretically revealed by
studying the BEC-BCS-laser crossover in exciton-polariton systems. We find that there are two
different types of second thresholds: one is a crossover within quasiequilibrium phases and the other

is into nonequilibrium (lasing). In both cases, the light-induced band renormalization causes gaps in

the conduction and valence bands, which indicates the existence of bound electron-hole pairs in
contrast to earlier expectations. We also show that these two types can be distinguished by the gain

spectra.
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In semiconductor exciton-polariton systems, Bose-
Einstein condensation (BEC) of exciton-polaritons has
been observed in recent years [1-6]. A hot issue is, now,
how the exciton-polariton BEC, a thermal equilibrium
phenomenon, changes into the lasing operation resulting
from the electron-hole (e-h) plasma gain [7], which is
essentially a nonequilibrium phenomenon [8,9]. Earlier
experiments showed that there are two distinct thresh-
olds when increasing the excitation density: the
first one is the critical density for the BEC [10,11] and
the second one is recognized as the standard lasing
[10-15]. In most cases, the second-threshold mechanism
is explained by a shift into the weak coupling regime due
to dissociations of Coulomb-bound e-/ pairs (excitons)
into the e-h plasma. However, there is no convincing
discussion why such dissociations lead to nonequilibra-
tion of the system essential for lasing. As another
possibility, a new ordered state involving Bardeen-
Cooper-Schrieffer (BCS)-like correlation is also
speculated [16]. The second threshold is, thus, currently
subject to intense debate. In this Letter, our purpose is to
reveal the mechanism of the second threshold by study-
ing the BEC-BCS-laser crossover theories [17-19]. As a
result, we found that there are two different types of
second thresholds: one is a crossover into photonic
polariton BEC (quasiequilibrium) [20,21] and the other
is into lasing (nonequilibrium) [22]. In both cases, the
light-induced band renormalization causes gaps inside
the conduction and valence bands, which indicates that
there are still light-induced e-h pairs even after the
second thresholds, in contrast to the above scenario.
We also show that these two types can be distinguished
by the gain spectra.

Our model Hamiltonian
where
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are the system, reservoir, and their interaction

Hamiltonians, respectively, where a, @’ € {c, v} [19]. In
Eq. (1), é.x (¢, ) is the conduction (valence) band electron
annihilation operators with the electronic dispersion
Ecjuk = Ocjpr + hlu/2, a, is the cavity photon annihi-
lation operator with the photonic dispersion &y, =
wpng —h ', and 27w is an oscillation frequency of
the photon and polarization fields, which corresponds to
the energy of the main peak in photoluminescence. The
carriers are interacting with each other through the
Coulomb interaction Uy, and they can emit photons via
the light-matter coupling constant g. Similarly, in Egs. (2)
and (3), bAC, x and l;v, « denote fermion annihilation operators
of pumping baths and ¥ p s a boson annihilation operator
of free-space vacuum fields. In this model, Egs. (2) and (3)
are responsible for the incoherent fermionic pumping and
photon decay (see the Supplemental Material [23]). Based
on the above Hamiltonians, we focus on steady states
described by the polarization function p; = (63),(60,,(},
the number of electrons n,; = (62,(65,,{) and holes n;, _; =

1 - <5I,kév,k>’ and a coherent photon field formed in the
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q = 0 state (a,) = &,0a, with the oscillation frequency
h~! . These are the minimum variables for describing the
BEC, BCS states, and semiconductor lasers.

The band renormalization of the e-/ system can, then, be
conveniently studied by the poles of the single-particle
spectral function A, (»; k). Within the Hartree-Fock appr-
oximation (HFA), a standard Green’s function technique
yields

Acc/vv(V; k) = ZluklzL(V: IEk) + 2|Uk|2L(V: iE‘k)’ (4)

where  2up=[1+&,,/E]V? and 2u,=e%[1-
5:h,k/Ek]1/2 with EkE[(fjh,k)z—i- |[A?]'/?  are the
Bogoliubov coefficients, L(v, =E;) = hy/[(hv —
h&,,x = hEp)? + (hy)?] is the Lorentz function, A, =
|Ale® = g*ay + h™ 'Y U, _, pr is a composite order
parameter, and vy is the thermalization rate of the e-h
system (see the Supplemental Material [23]). In the deri-
vation, the notation is transformed into the e-A picture with
Eonk = (Eox = Enp)/2, where €,)x = @, /px + 213/(?5( -
h~'u/2 describes the single particle energy renormalized
by the Coulomb interactions Zh320% = =30 Upr_ynepnis
including the band-gap renormalization (BGR).

In Eq. (4), there are remarkable similarities to supercon-
ductivities [24]. Itis then clear that min[ 2/ E;, | represents the
gap energy opened at u/2 in the renormalized conduction
and valence bands [typically Figs. 1(a) and 1(b)]. Such a
picture is well known, for e.g., the BEC-BCS crossover
but, now, one should notice that Eq. (4) is also applicable
for lasing [22] because thermal equilibrium is not required
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FIG. 1 (color online). Renormalized conduction bands for
(a) large (| — Eg| < min[2hEy]) and (b) small (min[27E;] <
u — Eg) gap energies. Here, E, =E, + hZEg’EO + hzl,ii’io
and the gray dotted lines show the energies by ignoring A,
in E;. Relations to ff/h(i v) are also illustrated in panel
(c) for quasiequilibrium [condition (I)] and panel (d) for lasing
[condition (ID)]. w,; = @, and uB = u® are assumed.

in the derivation. In this case, w is not the chemical
potential but the laser frequency. Furthermore, the gap
is opened at w/2 whenever lasing because ay, # 0 and
pr # 0 result in min[2AEy ] # 0. The origin of the gap is
analogous to the Rabi splitting in resonance fluorescence
[25-28]. This can be understood from the expression of
min[2hE,] = 2hlgl, /iy (ny, = lagl|?) obtained by assum-
ing free electrons (U[I = 0) with u > E, (E,; the bare band
gap energy), which is equivalent to the Rabi frequency in
resonance fluorescence. Hence, it is worth noting that the
existence of the gap indicates that light-induced e-h pairs
do exist whenever lasing even though there is no e-h pair
before lasing. This is one of our important results despite
the quite simple analysis.

For later convenience, two typical situations for large
and small gap energies are shown in Figs. 1(a) and 1(b),
respectively. In Fig. 1(a), the renormalized conduction
band has a gap around k = 0 with flattened dispersions
because e-h band mixing occurs for large k regions. In
contrast, in Fig. 1(b), the renormalization is mainly focused
on particular k regions. In both cases, the renormalized
bands have gaps at u/2 and the same holds for the valence
band (not shown).

In order to discuss the second-threshold mechanism,
however, the unknown variables ay, py, n,g, 1y, and u
in Eq. (4) should be determined in a comprehensive way
including BEC, BCS, and laser physics [17-19]. Within
the HFA, the simultaneous steady-state equations, derived
from Egs. (1)-(3), can formally be written as

d;a0 = 0= —i&ypoa0 + igzpk — Kay, (%)
3

9,px =0 = —2i€},  pr — iAN; = 2y(p — PY), (6)
az”e/h,k =0= _2%[Akp;;] - 27(ne/h,k - ng/hyk): (7

where Ny =n,; + n,; — 1 is the population inversion
and « is the photon loss rate. Note that Egs. (5)—(7) have
well-known forms of the Maxwell-semiconductor Bloch
equations (MSBEs) under the relaxation time approxima-
tion (RTA) if n? ni is Teplaced by the Fermi distribution
with p; = 0[7,19,27,29]. In general, the MSBE under the
RTA can describe the physics of semiconductor lasers but
cannot describe the BEC and BCS states. However, the key
point here is that Egs. (5)—(7) become able to describe the
BEC, BCS, and laser physics in a unified way when p{ and
1), are described by

=i AL 68, 1 — £ 01 GBI,

dlhv]
ok = [ S oW Acesun(Evik),

where f7,(v) = [exp{B[hv — (ng), — w/2 + 117" is
the bath Fermi distribution with the chemical potential
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,uf he The exact expression of Gga', & 18 given in the Supple-
mental Material [23]. Then, by assuming w,;=w
and a charge neutrality u? = u? with puz = ub + ub,
it can be shown that Egs. (5)—(7) can recover the BCS gap
equation when (I) min[2AE;] = up — u + 2hy + 2kgT
(quasiequilibrium). In contrast, there appear k regions
described by the MSBE when (Il) uz — p = min[2hE; |+
2hy + 2kgT (lasing; nonequilibrium). The physical mean-
ings of these conditions are discussed in detail in Ref. [19]
(see also the Supplemental Material [23]) and not repe-
ated here. Instead, these conditions are illustrated in
Figs. 1(c) and 1(d) in relation to ff/h(i v) for quasiequili-
brium and lasing conditions, respectively. It is, then, clear
that the system enters into lasing phases when wp — u
roughly goes beyond the energy gap min[2#E}, ] by ignor-
ing the broadening due to y and 7.
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FIG. 2 (color online). Numerical solutions of (a) the number of
photons |ay|?, (b) the oscillation frequency w, and (c) the gap
energy min[2#E ] as a function up for ik = 0.1 ueV (squares)
and 100 weV (circles). Red and blue colors are used when
satisfying the quasiequilibrium condition (I) and the lasing
condition (II) in the text, respectively. Green colors are used
when both of them are not satisfied. As a result, plots for ik =
100 weV can be divided into three regimes: quasiequilibrium
(red, wp — hop =< 6.0 X 10" meV), crossover (green, 6.0 X
10" meV < up — hop < 1.0 X 10> meV), and lasing (blue,
1.0 X 10> meV < wg — hwrp). In contrast, all plots for ik =
0.1 peV are in quasiequilibrium regime (red). For comparison,
black solid lines show the results by thermal-equilibrium theo-
ries [20,21].

Based on the above formalism, we have performed
numerical calculations, where the cavity level (= hiwg ()
is in resonance with the (1S) exciton level located at
10 meV below E, and the lower polariton level hwyp
is formed at 20 meV below E, (see the Supplemental
Material [23]). For ik, we have used values of 0.1 ueV
and 100 peV to study the effects of nonequilibrium. We
note, however, that ik = 100 ueV is a reasonable value
in current experiments. Figure 2 shows the calculated
results of |ag|?, w, and min[2AE,] as a function of ug,
the pumping parameter. In the case of the equilibrium
theories, |ag|* diverges in the limit of wp— hwyg
because it is preferable to increase photons rather than
electrons and holes due to the phase space filling effects.
As a result, the photonic polariton BEC is achieved by the
photon-mediated e-# attraction [20,21]. In contrast, in the
case with finite pumping and losses (plots), the behaviors
are different in many aspects. Focusing on the plots
for ix = 0.1 peV, two distinct thresholds can be seen
(upg — hop = 5.0 X 107! meV and 6.0 X 10° meV) in
Fig. 2(a). At the same time, u is gradually blueshifted
from hw;p and then approaches the bare cavity resonance
[Fig. 2(b)]. Similar qualitative behaviors also can be
seen for ik = 100 weV. These behaviors are consistent
with experiments. However, there is a crucial difference
between the two; according to the above-mentioned
conditions (I) and (II), all plots are in quasiequilibrium
for ik = 0.1 weV but there are plots (blue, up — hwip =
1.0 X 10> meV) in lasing for hx = 100 ueV after the
second threshold.

The difference is also reflected in n,; and p;, as shown
in Fig. 3. Before the second thresholds, n,; and p, for
Ak = 0.1 peV [Fig. 3(a)] are similar to those for ik =
100 weV [Fig. 3(d)]. However, after the second thresholds,
ner and p, are quite different, depending on the value
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FIG. 3 (color online). Calculated distributions 7, ; and polar-
izations |p;| corresponding to the triangles indicated by a—f in
Fig. 2(a). Panels (a)—(c) are for ix = 0.1 peV and panels (d)—(f)
are for ik = 100 peV. Arrows show the kinetic hole burning.
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of iik. In the case of ik = 0.1 ueV, n,; monotonically
decreases as a function of k and p; has a plateau =~ 0.5
[Figs. 3(b) and 3(c)], which are the same features as the
photonic polariton BEC in quasiequilibrium [20,21]. In
contrast, in the case of ik = 100 ueV, the kinetic hole
burning appears as a signature of lasing and the Fermi
surface is formed with the population inversion n,; >
0.5 [Fig. 3(e)]. For larger wp, such behaviors become
much more pronounced [Fig. 3(f)]. These results directly
show that the second thresholds for 7k = 0.1 weV and
100 peV in Fig. 2(a) are formed by different mechanisms.

In fact, for ik = 0.1 eV, the second threshold is
formed by the same mechanism as the photon divergence
in the equilibrium theories, and therefore, it results from
the crossover into the photonic polariton BEC. In the
present case, there are finite losses of cavity photons
even if the system is in quasiequilibrium. As a result, the
divergence is avoided and the second threshold appears
instead. After the second threshold, the monotonic increase
of min[2hE, ] [Fig. 2(c)] indicates the enhancement of the
light-induced e-h pairing and expands the flattened region
of dispersion in Fig. 1(a). It is, then, clear that the plateau
of p;, = 0.5 in Figs. 3(b) and 3(c) is formed by the e-h
mixing around such flattened dispersions. In the case of
Ak = 100 weV, on the other hand, the second threshold is
related to the crossover into lasing, explained as follows.
Before the second threshold, the system stays in quasie-
quilibrium (red circles in Fig. 2, up — hop =
6.0 X 10' meV), where the relationship between the renor-
malized band and the pumping baths is well expressed in
Fig. 1(c). In this situation, the pumping is blocked inside
the gap min[2%E}]. However, by increasing the pumping
Mg, g — w exceed the gap, wp — w = min[2hE,], and
then, electrons above the gap can be supplied suddenly.
Such a feeding mechanism causes a rapid increase of
photons, resulting in the second threshold. Here, by ignor-
ing the effects of v and 7, this situation ugp — u =
min[2%E, ] is equivalent to the above-described condition
(II) for the lasing phases. Consequently, the second thresh-
old is accompanied by the change into lasing (nonequilib-
rium). By increasing the pumping further, p is fixed
around the cavity [Fig. 2(b)], min[2hE;] is decreased
[Fig. 2(c)], and the effective band gap E; =E,+ hEEgEO +
hEEﬁEO shrinks, of course. The lasing situation is then
well captured in Fig. 1(d), where the gap min[2AE,] is
decreased but still opened around the laser frequency. The
decrease of the gap for wz — u = min[2hE; | implies that
the particle flux up — u beyond min[2%E; ] acts toward
e-h pair breaking but the e-h pairs cannot be fully disso-
ciated because min[2hE;] # 0. As a result, light-induced
e-h pairs are still formed around the laser frequency,
typically around the energy regions of the kinetic hole
burning [Figs. 3(e) and 3(f)]. This is, in turn, somewhat
analogous to the e-h Cooper pairs formed around the Fermi
energy, i.e., weakly correlated e-A# pairs in momentum

space. The difference is that the e-h pairs are formed
around the laser frequency rather than the Fermi energy.

These results indicate that it would be reasonable to
explain the second thresholds reported in current experi-
ments by the crossover into lasing because k = 100 ueV
is a reasonable value for them, in agreement with earlier
explanations [10,12—15]. Our theory, however, shows that
the crossover is not accompanied by the dissociations of
bound e-A pairs. Instead, the pairing mechanism changes
into the light-induced one around the laser frequency. This
is in contrast to the commonly accepted ideas but a natural
picture of lasing.

We have thus discussed two different types of second
thresholds. However, it is difficult to directly distinguish
them by the excitation dependence of the number of
photons [Fig. 2(a)], in principle. Therefore, we finally
study the measurable optical gain spectra G(w) [30,31]
by assuming an additional perturbative Hamiltonian
A'(t) = —F()X4d. (6] 2, + He.). Here, F(1) is the
weak light field irradiated from the outside and d..,, is the
dipole matrix element. Within the linear response [32],
G(w) is estimated with the ladder approximation [33].
Figures 4(a)-4(f) show the gain spectra corresponding to
Figs. 3(a)-3(f), respectively. In the case of ik = 0.1 ueV,
two absorption peaks can be found, which result from the
two flattened dispersions shown in Fig. 1(a). Therefore, the
separation of the peaks corresponds to min[4#%E;, ], the sum
of the gaps in the conduction and valence bands. Here, we
note that absorption dominates the spectra because there is
no or little population inversion (n,; > 0.5) for the con-
densed phases in equilibrium [Figs. 3(a)-3(c)]. In the case
of ik = 100 peV, however, gain appears when the system
enters into the lasing phase [Figs. 4(e) and 4(f)] although
absorption still dominates in the quasiequilibrium case
[Fig. 4(d)]. The spectral hole (or gap) with a separation
of min[4hE,] in Fig. 4(f) reflects the gap formed in the
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FIG. 4 (color online). Optical gain spectra. Panels (a)—(f)
correspond to Figs. 3(a)-3(f), respectively. Positive and negative
values represents the gain and absorption, respectively.
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renormalized band [Fig. 1(d)]. The existence of the gain
after the second threshold is due to the population inversion
for lasing [Figs. 3(e) and 3(f)] and, as a result, can be used
to distinguish the two types of second thresholds in
experiments.

To summarize, we have shown that there are two differ-
ent types of second thresholds. In both cases, dissociations
of bound e-h pairs do not occur due to the light-induced
pairing, in contrast to earlier expectations. The gain spectra
are also studied and the existence of the gain would be
useful to distinguish the two different types of second
thresholds.
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