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We propose a general framework to solve tight binding models in D dimensional lattices driven by ac

electric fields. Our method is valid for arbitrary driving regimes and allows us to obtain effective

Hamiltonians for different external field configurations. We establish an equivalence with time-

independent lattices in Dþ 1 dimensions and analyze their topological properties. Furthermore, we

demonstrate that nonadiabaticity drives a transition from topological invariants defined in Dþ 1 to D

dimensions. Our results have potential applications in topological states of matter and nonadiabatic

topological quantum computation, predicting novel outcomes for future experiments.
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Introduction.—Periodically driven quantum systems
have been a fast-growing research field in recent years.
The development of effective Hamiltonians describing ac-
driven systems at certain regimes has allowed us to predict
novel properties such as topological phases [1–5] and
quantum phase transitions [6,7] that otherwise would be
impossible to achieve in the undriven case. Therefore, the
application of ac fields has become a very promising tool to
engineer quantum systems. On the other hand, to obtain
effective Hamiltonians can be a difficult task, depending on
the driving regime to be considered.

In this Letter, we provide a general framework to study
periodically driven quantum lattices. By means of our
approach, it is possible to solve with arbitrary accuracy
their time evolution and obtain effective Hamiltonians for
the different driving regimes. We consider solutions of
Floquet-Bloch form, based on the symmetries of the sys-
tem, and characterize the states in terms of the quasiener-
gies. As wewill see below, it allows us to formally describe
the ac-driven D dimensional lattice, as an analogue to a
time-independent Dþ 1 dimensional lattice. This descrip-
tion enlightens the underlaying structure of periodically
driven systems, in which the initial Bloch band splits into
several copies (Floquet-Bloch bands), where the coupling
between them directly depends on the driving regime [8].
Interestingly, the isolated Floquet-Bloch bands possess the
same topological properties as the Bloch bands of the
undriven system, now tuned by the external field parame-
ters. Thus, the topological invariants for the isolated
Floquet-Bloch bands can be obtained following the general
classification of time-independent systems [Altland-
Zirnbauer (AZ) classes [9–11] ]. However, we also dem-
onstrate that on lowering the frequency, the bands couple to
each other. In that case, the topological structures are
classified according to a base manifold of dimension
Dþ 1.

Our approach is valid for arbitrary dimension, and it
allows us to independently analyze the effect of the field
amplitude and frequency. We show that the field amplitude

controls the renormalization of the system parameters,
while the frequency acts analogously to a dc electric field
in the extra dimension. In particular, this last property
relates the high-frequency regime with the existence of
Bloch oscillations and Landau-Zener transitions between
bands [12], establishing a direct relation between diabatic
regime and localization [13]. We illustrate our formalism
with the analysis of an ac-driven dimer chain [14–16].
Theory.—We consider a Hamiltonian with lattice

and time translation invariance Hðxþ ai; tþ TÞ ¼
Hðxþ ai; tÞ ¼ Hðx; tþ TÞ, characterized by lattice
vectors ai and time period T ¼ 2�=!. Under these as-
sumptions, we use the Floquet-Bloch ansatz [17]
j��;kðx; tÞi ¼ eik�x�i��;ktju�;kðx; tÞi, with ��;k the quasi-

energy for the Floquet state, � a band index, and k the
wave vector. The Floquet-Bloch states ju�;kðx; tÞi are pe-

riodic in both x and t and map the time-dependent
Schrödinger equation to the eigenvalue equation in which
t and k are both parameters,

H ðk; tÞju�;ki ¼ ��;kju�;ki; (1)

H ðk; tÞ � e�ik�xðHðtÞ � i@tÞeik�x ¼ HkðtÞ � i@t; (2)

whereH ðk; tÞ is the Floquet operator. Because of the time
periodicity, the Floquet states can be expressed in terms of
their Fourier components ju�;k;ni. It allows one to consider
the composed Hilbert space S ¼ H �T [18] for the
basis fju�;k;nig, where T is the space of T-periodic func-
tions and H is the Hilbert space. We also introduce the
composed scalar product hh� � �ii ¼ R

T
0 h� � �idt=T, which

gets rid of the time dependence. Finally, we define the
Floquet-Bloch annihilation and creation operators cðtÞ�;k,
cðtÞy�;k, which satisfy

½cðtÞy�;k; cðtÞ�;k0 �� ¼ �k;k0��;�

for boson and fermions, respectively [19], where the time
dependence of cðtÞ�;k is given by the time evolution op-

erator. We propose below that an exact mapping between a
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D dimensional ac-driven system and aDþ 1 undriven one
can be established, in which H ðk; tÞ is equivalent to a
static Hamiltonian. It will allow us to classify the topologi-
cal invariants in terms of the mappings from the parameter
space to the set of Floquet operators H ðk; tÞ, being the
parameter space now given by S1 � Tn, where n is the
dimension of the first Brillouin zone (FBZ).

We first define the Fourier transforms

cðtÞ�;k ¼ N�D=2
XN
j¼1

X1
n¼�1

c�;j;ne
�ik�Rjþin!t;

cðtÞy�;k ¼ N�D=2
XN
j¼1

X1
n¼�1

cy�;j;neik�Rj�in!t;

(3)

where N is the number of sites in the lattice with periodic
boundary conditions and D is the dimension of the
undriven system. For a time-dependent Hamiltonian in
the dipolar approximation, the relation between undriven
and driven system is given by the minimal coupling k !
KðtÞ ¼ kþAðtÞ, where AðtÞ is the vector potential. Thus,
one can obtain the time-dependent tight binding (TB)
model by using the minimal coupling in the inverse
Fourier transform, leading to the time-dependent hoppings

�ðtÞ�;�j;l ¼ ��;�j;l eiAðtÞ�ðRj�RlÞ and yielding the Hamiltonian

HkðtÞ ¼ N�D
X
�;k

X
j;l

�ðtÞ�;�j;l eik�ðRj�RlÞcðtÞy�;kcðtÞ�;k; (4)

where the time dependence in the operators is now

included. Expansion in Fourier series cðtÞ�;k and cðtÞy�;k
[Eq. (3)] gives

HkðtÞ ¼ N�D
X
�;k

X
n;m

X
j;l

�ðtÞ�;�j;l cy�;k;nc�;k;me
i�ðtÞ�ð�n;j��m;lÞ;

(5)

with the quadrivectors �ðtÞ� ð�t;kÞ and �n;j � ðn!;RjÞ.
Equation (5) gives a description of the time-dependent
Hamiltonian in terms of the time-independent operators

fc�;k;n; cy�;k;ng. Finally, the use of the composed scalar

product allows one to obtain the quasienergies by diago-
nalization of the matrix,

hh	�;k;njH ðk; tÞju�;k;mii ¼ ~��;�n;m � n!�n;m��;�; (6)

~� �;�
n;m � 1

T

Z T

0
N�D

XN
j;l

�ðtÞ�;�j;l ei�ðtÞ�ð�n;j��m;lÞdt; (7)

where n!�n;m is the Fourier space representation of �i@t.
Equation (6) is analogous to a time-independent TB model
in Dþ 1 dimensions with an electric field of unit intensity
applied along the extra dimension and sites labeled by
(n, j) (see Fig. 1). The effective electric field breaks trans-
lational symmetry in the E axis, and one can differentiate
two regimes of low and high frequency.

In the low-frequency regime (! � ��;�j;i ), it is a good

approximation to neglect the effect of the time derivative in

the Floquet operator [Eq. (2)], or equivalently, the Stark
shift due to the effective electric field. Then, we restore the
E axis translational symmetry, and the operator can be
diagonalized by a Fourier transform of Eq. (6) to the t
domain. The obtained H ðk; tÞ is analogous to a
Hamiltonian over a Dþ 1 compact base manifold that
we define as the first Floquet Brillouin zone (FFBZ),
parametrized by ft;kg 2 S1 � Tn (see the Supplemental
Material [20]). Hence, the system topology is classified
according to the AZ class of Dþ 1 static Hamiltonians.
Note that if one initially assumes adiabatic evolution, the
Floquet structure, the parameters renormalization by the
field amplitude, and the additional dimension of the base
manifold are not obtained. Thus, the topological classifi-
cation is not clearly established.
For high frequency (! 	 �j;l), the effective electric field

produces Bloch-Zener transitions and Bloch oscillations
[12,13], inducing localization in n!, and decoupling the
Floquet bands. Then, Eq. (6) becomes block diagonal in
Fourier space and the effective Floquet operator time inde-
pendent. In addition, it is defined over aD dimensional base
manifold k 2 Tn (FBZ). In consequence, the topological
classification is given by the AZ classes for time-
independent systems in D dimensions. The transition
from a Dþ 1 to a D dimensional base manifold (equiva-
lently, from the FFBZ to the FBZ), as one increases the
frequency!, is driven by the nonadiabatic processes along
the t axis [21].
Importantly, note that in general the hopping between n,

m neighbors depends on the amplitude of the vector po-
tential [Eq. (7)]. It allows us to design ‘‘effective lattices’’
by tuning the hoppings with the ac field [22].
Periodically driven dimer chain.—Here, we consider a

dimer chain coupled to an ac electric field, with hoppings �

FIG. 1 (color online). Equivalence between a periodically
driven 1D chain and the effective static lattice in 2D. The array
of dots at E ¼ 0 (blue) shows the positions of the undressed
states at sites ra, r 2 Z. Each site is coupled to a set of dressed
states (arrays of dots at E � 0, red color), with coupling /
�JpðA0Þ, with p ¼ n�m the difference in the number of

photons and A0 the vector potential amplitude. We draw the
Wigner-Seitz unit cell (green square) and the effective dc electric
field (see text) along the energy axis E (green dotted arrow).
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and �0, and periodic boundary conditions (Fig. 2). The
electric field EðtÞ ¼ �@tAðtÞ is given by the vector
potential AðtÞ ¼ A0 sinð!tÞ, where A0 � qE0=! (we fix
q ¼ �1).

From Eq. (7), one obtains in the basis of atom A=B

~��;�n;m ¼ �
0 �FðkÞ

~�FðkÞ 0

 !
;

�FðkÞ � 
e�ikb0Jn�mðA0b0Þ þ eikða0�b0ÞJm�nðA0ða0 � b0ÞÞ;
~�FðkÞ � 
eikb0Jm�nðA0b0Þ þ e�ikða0�b0ÞJn�mðA0ða0 � b0ÞÞ;

(8)

where 
 ¼ �0=�, and ðn;mÞ 2 Z. In contrast with the
undriven case, the spectrum depends on the intradimer
distance b0, and the hoppings are renormalized by the field
amplitude. Note that for the limit A0 ! 0, the quasiener-
gies match the energies of the undriven system.

We first consider the high-frequency regime (! 	 �, �0),
where the Floquet operator is block diagonal and the
system can be described by a time-independent 2� 2
matrix

H ð0Þ
k ¼ � ~gðkÞ � ~�; (9)

where ~gðkÞ ¼ ð<ð~�FÞ;=ð~�FÞ; 0Þ for n ¼ m ¼ 0, and ~� ¼
ð�x; �y; �zÞ are the Pauli matrices. Figure 3 shows the

quasienergy spectrum in high-frequency regime. We
include in green dotted lines the regions of existence of
edge states, obtained from the numerical calculation of the

finite size system with Hamiltonian HðtÞ ¼ H0 þ qEðtÞx,
with H0 the time-independent TB Hamiltonian and qEðtÞx
the coupling with the electric field (details in the
Supplemental Material [20]). The appearance of zero en-
ergy modes is a finite size effect linked to the underlying
topology of the system. The bulk to edge correspondence
relates the number of zero energy modes at the boundary,
carrying a topological number, with the bulk topological
invariants [23]. Therefore, the calculation of the topologi-

cal invariants ofH ð0Þ
k should predict their existence in this

regime (Fig. 3).H ð0Þ
k belongs to the chiral orthogonal class

(BDI) class (as the one corresponding to the undriven
system), with time reversal, particle-hole, and chiral sym-
metry [11]. In one dimension (1D), the BDI class is char-
acterized by a winding number �1, which classifies
mappingsT1 ! R2 � f0g ’ S1, from the FBZ to the family

of Hamiltonians H ð0Þ
k

�1 ¼
I
hu�;kji@kju�;kidk

¼ �

2
½1þ sgnðJ20ðyÞ � 
2J20ðxÞÞ�; (10)

where y � A0ða0 � b0Þ, x � A0b0, and ju�;ki are the

closed lifts of H ð0Þ
k . Equation (10) shows that in contrast

with the undriven case [14], one can create nontrivial
topological phases even for 
 > 1, where the undriven
system is in the trivial phase (Fig. 4 left). This is an
example of topology induced by the driving.
In Fig. 4 (right), we plot the phase diagram for 
 ¼ 0:3,

which correctly predicts the existence of edge states for
b0 ¼ 0 (Fig. 3). In summary, we have shown that in the
high-frequency regime, the topological properties can be

obtained using an effective static Hamiltonian H ð0Þ
k and

that they can be tuned by the field amplitude.
As we decrease !, the different Floquet bands couple to

each other, and the isolated band picture is not accurate. In

FIG. 2 (color online). Schematic figure for a dimer chain with
two inequivalent atoms (A, B) for unit cell (green rectangle). b0
is the intradimer distance, a0 is the lattice translation vector, and
�0 (�) is the intra(inter) dimer hopping.
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FIG. 3 (color online). Quasienergy spectrum vs E0=! for 
 ¼
0:3 and b0 ¼ 0, considering Eq. (9) (high frequency). The band
structure is obtained by considering 10 k vectors equally spaced
within the FBZ.We also included in green dashed lines the gapless
modes obtained from the numerical calculation (! ¼ 10�).

FIG. 4 (color online). Topological phase diagram at high fre-
quency for an ac-driven dimer chain with 
 ¼ 1:5 (left) and

¼0:3 (right). Dark shading: �1 ¼ �, and light shading: �1¼0.
Note that even for 
 > 1 we can induce a nontrivial topology, in
contrast with the undriven case. Furthermore, the phase diagram
for 
 ¼ 0:3 (right) agrees with the existence of the edge states in
Fig. 3 (b0 ¼ 0).
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this regime, one must consider the full Floquet operator
[Eq. (1)], which for this system is not exactly solvable.
Because of the coupling between Floquet bands, two dif-
ferent but related effects happen as ! is reduced: band
inversions, and the emergence of aDþ 1 parameter space.

Band inversions correspond to crossings of the bands, in
which the symmetry is exchanged (e.g., it occurs in quan-
tum wells of HgTe/CdTe as the well thickness reaches a
critical value [23]). This effect happens in ac-driven sys-
tems as we decrease the frequency, because the distance
between Floquet bands is proportional to !. If the maxi-
mumwidth of an isolated Floquet band is given by �� 
 !
(�� 2 ½�!=2; !=2�), the Floquet bands at �! close the
gap when ! ¼ ��=2. As a general rule, band inversions
happen for every

!n ¼ ��

2n
; n 2 Zþ; (11)

where Zþ denotes the set of positive integers. Therefore, at
!n the �n! Floquet bands close the gap, switching
between an ordinary and a topological insulating phase.
For example, for a dimer chain with b0 ¼ 0, the maximum

width coincides with the undriven system band width �� ¼
�E ¼ 2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 
2 þ 2


p
. Then, it is possible to track the

bands inversions in terms of the undriven system (see the
Supplemental Material [20]).

For ! � �, �0, a large number of bands inversions
occur, and it is difficult to track all of them. In addition,
the presence of aDþ 1 base manifold becomes important.
In that case, one can neglect the time derivative in Eq. (2)
and diagonalize the operator in the t domain. In that case,
one obtains a 2� 2 Floquet operatorH ðk; tÞ ’ Hðk; tÞNNN
defined over the FFBZ, where Hðk; tÞNNN extends up to
next-nearest neighbors coupling in (n, m) (it is a good
approximation for A0 
 1). However, two-dimensional
(2D) Hamiltonians in the BDI class are topologically triv-
ial, and only the 1D topological invariant �1 is still non-
zero. It means that all changes in the topological properties
will be reflected in �1. In addition, for BDI Hamiltonians,
one can compute the winding number graphically [14],
in terms of the divergences of the phase ðk; tÞ ¼
arctanðgy=gxÞ over the FFBZ (Fig. 5), with gx;y the com-

ponents of the vector

Hðk; tÞNNN ¼ � ~gðk; tÞ � ~�: (12)

Note that in difference with Eq. (9), ~gðk; tÞ now depends on
t, and �1 can be defined along the two inequivalent axes of
the torus

�1ð�Þ ¼ 1

2

I @

@	
ð	;�Þd	; 	;� ¼ k; t:

For the case of a finite chain, the existence of boundary
states depends on the loops along the k axis, i.e., on�1ðtÞ [14].
In Fig. 5, �1ðtÞ ¼ � for all t values, independent of the value
of E0=! (trajectories always cross two discontinuities).

Thus, gap inversions are not relevant for the existence of
edge states at low frequency, being a feature of the transition
from the FBZ to the FFBZ. This can be seen numerically in
the finite size system, inwhich zero energymodes are present
independently on the gap inversions (see the Supplemental
Material [20]).
Conclusions.—We have derived a general approach to

solve periodically driven D dimensional lattices. It allows
us to obtain effective Hamiltonians for the different driving
regimes and a complete topological classification in terms
of AZ classes. We show that even for high frequency, the
underlying topology of the undriven system is present due
to the time periodicity. In addition, we show that for low
frequency, the Floquet operator is analogous to the one of a
static system in Dþ 1 dimensions, leading to interesting
topological states of matter which otherwise would be
inaccessible. Finally, we also described the mechanism of
band inversion in ac-driven systems and its relation with
the topology of the system.
For the dimer chain, we have obtained exact expressions

in Fourier space for the quasienergies, without invoking a
low-energy approximation, which accounts for both the
lattice and field symmetries. It allows us to obtain the
effective Hamiltonian at low frequency, which in differ-
ence with the one in high frequency, presents boundary
states for a wide range of field amplitudes. In addition, the
simplicity of the system and its relation with other systems
such as graphene [14] motivates the study of it. We expect
that ac-driven superconducting systems in 1D would be
interesting to study due to their change in the topological
invariant from 1D to 2D. Also, the present results can be
useful for the cold atoms and quantum dots communities as
well as for nonadiabatic topological quantum computation.
Finally, we have shown a large horizon of possibilities

for periodically driven systems, which in addition, can be
studied experimentally, e.g., by measuring the electric
polarizability [13] or the appearance of boundary states.
The driving allows us to simulate properties of undriven

FIG. 5 (color online). Plot of ðk; tÞ all over the FFBZ for
A0 ¼ 0 (left) and A0 ¼ 2 (right). Paths parallel to k cross two
discontinuities meaning �1 ¼ � (red horizontal arrows), and on
the other hand, paths parallel to t, or those which do not cross a
discontinuity, have �1 ¼ 0 because they wind back and forth
(black arrows).
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systems in higher dimensions and the obtention of new
topological phases due to tunable hoppings [22]. One could
also think of more exotic types of zero energy modes in the
low-frequency regime, for example, those in the boundary
between driven and undriven materials. Also, further stud-
ies in the case of bichromatic ac fields could be interesting.
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