
3D Quasioptical Theory of Terahertz Superradiance of an Extended Electron Bunch
Moving Over a Corrugated Surface

N. S. Ginzburg,1,2 A.M. Malkin,1 A. S. Sergeev,1 I. V. Zotova,1 V.Yu. Zaslavsky,1,2 and I. V. Zheleznov1

1Institute of Applied Physics, RAS, 603950 Nizhny Novgorod, Russia
2Nizhny Novgorod State University, 603950 Nizhny Novgorod, Russia

(Received 18 January 2013; published 2 May 2013)

We consider the superradiance of an extended relativistic electron bunch moving over a periodically

corrugated surface for the generation of multimegawatt terahertz pulses. To study the above process we

have developed a three-dimensional, self-consistent, quasioptical theory of Cherenkov stimulated emis-

sion which includes a description of the formation of an evanescent wave over a corrugated surface and its

excitation by rf current induced in the electron bunch.
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In recent years, significant progress has been gained in
the generation of electromagnetic pulses in the centimeter
and millimeter wavelength ranges based on the Cherenkov
superradiance (SR) of high-current subnanosecond elec-
tron bunches with particle energies of 300–400 keV [1–5]
propagating in periodically corrugated single-mode wave-
guides. In these frequency ranges SR pulses of subnano-
second duration with record-breaking gigawatt peak power
were obtained by means of compact high-current accelera-
tors. The typical duration of bunches employed in these
experiments was, on the one hand, large compared to the
wavelength and, on the other hand, it was limited by the
so-called coherence length within which coherent emission
of a single electromagnetic pulse from the entire bunch
volume is possible due to the slippage of radiation relative
to the particles. This SR emission includes electron self-
bunching, and the peak power of SR pulses is approxi-
mately proportional to the square of the total number of
particles in the electron pulse.

A natural continuation of this research is the develop-
ment of Cherenkov SR sources operating at shorter wave-
length values, including the terahertz frequency range.
Technological advancements in the fabrication of spatially
periodic microstructures also encourage such studies. In
order to generate powerful single pulses in the THz range,
it is necessary to reduce the duration of the electron
bunches to several tens of picoseconds with a correspond-
ing increase in electron densities. In turn, to obtain stable
transverse focusing of dense electron bunches, it would be
necessary to increase the particle energy up to several
MeV. This increase is also a positive factor in view of
improving the impedance of coupling to a surface wave.
It should be recalled that for the Cherenkov radiation
mechanism the spatial scale of the transverse field decay

L? � ��=2� (where � ¼ ð1� �2
0Þ�1=2 is the relativistic

Lorentz factor) increases with the particle energy due to a
decrease in the requirements for the waves deceleration.
High brightness electron bunches generated by photoinjec-
tors [6,7] can satisfy the above conditions.

We should emphasize that the methods used for the
theoretical description of stimulated Cherenkov radiation
from relativistic electron beams in the short wavelength
range must differ significantly from the approach devel-
oped previously for the microwave range. The existing
theory of relativistic Cherenkov radiation sources operating
in the regimes of both long-pulse (quasi-stationary) [8–10]
and short-pulse (SR) [1–3] generation was based on an
assumption that the transverse size of the microwave sys-
tem is comparable to the radiation wavelength. Under these
conditions, the Cherenkov radiation was described using a
formalism according to which the electron beam interacted
with a spatial harmonic of the volume waveguide mode
possessing a fixed transverse structure.
For wavelengths shorter than one millimeter, the condi-

tions of ensuring the electron beam transport and reducing
Ohmic losses imply the use of oversized (or open) slow-
wave systems. Accordingly, it is necessary to take into
account the diffraction effects and to use a quasioptical
approach for the description of Cherenkov radiation from
relativistic electron beams moving over periodically corru-
gated surfaces. In the case of a quasistationary electron
beam such an approach was developed in Ref. [11] for
consideration of surface-wave oscillators. In this Letter we
demonstrate that a similar method can be effectively used
for analysis of stimulated emission of extended electron
bunches moving above a corrugated surface. The validity
of our consideration is confirmed by direct particle-in-cell
(PIC) simulations based on CST STUDIO 3D code.
We consider a three dimensional (3D) model of the

Cherenkov SR from an extended electron bunch that
moves rectilinearly at a velocity of �0 ¼ �0c along a

guiding magnetic field ~H0 ¼ H0 ~z0 over a plane with a
shallow periodic sinusoidal corrugation

bðzÞ ¼ b1 cosð �hzÞ; (1)

where b1 � d is the corrugation amplitude, d is the period,
and �h ¼ 2�=d. We assume that an electron bunch has finite
dimensions lex;y;z in the three space coordinates [Fig. 1(a)].
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The radiation field near the corrugated surface can be
presented as a sum of two counterpropagating TM-
polarized wave beams with the following components of
the magnetic field

Hx¼Re½Aþðz;x;y; tÞeið!t�kzÞ þA�ðz;x;y;tÞeið!tþkzÞ�; (2)

k ¼ !=c. Correspondingly, the electric field satisfies

the Maxwell equation ~E ¼ �i=krot ~H and possesses the
components

Ey ¼ �Re½Aþeið!t�kzÞ � A�eið!tþkzÞ�;
Ez ¼ �Re

i

k

�
@Aþ
@y

eið!t�kzÞ þ @A�
@y

eið!tþkzÞ
�
: (3)

Under the Bragg resonance condition �h � 2k coupling and
mutual scattering of the counterpropagating wave beams
(2) takes place. To describe the waves coupling on the
periodic structure located at y ¼ 0 we use the surface
magnetic currents concept [12,13]. In the planar geometry
under consideration, the surface current can be written as

jmx ¼ � c

4�
Ez ¼ � c

4�

�
@ðbðzÞEyÞ

@z
þ i!Hx

bðzÞ
c

�
: (4)

In general form, field excitation by the surface magnetic
jmx and volume electric jez (see below) currents is described
by the wave equation

�Hx � 1

c2
@2Hx

@t2
¼ 4�

c2
@jmx
@t

�ðyÞ � 4�

c

@jez
@y

: (5)

Here, �ðyÞ is the delta function. In (2) and (3) we chose a
carrier frequency equal to the Bragg frequency �! ¼ �hc=2.
Taking into account the Bragg resonance condition after
substituting the fields (2) and (3) and the magnetic currents
(4) into Eq. (5), we obtain a system of coupled parabolic
equations (here we take jez ¼ 0):

�@A�
@z

þ @A�
c@t

þ i
�h

@2A�
@x2

þ i
�h

@2A�
@y2

¼ i�A��ðyÞ; (6)

where � ¼ �hb1=4 is the coupling parameter.
To demonstrate that Eq. (6) describe formation of surface

waves, let us derive a dispersion relation for the normal
wave propagating near the infinite corrugated surface. For
simplicity we consider here a 2D model, neglecting the
radiation diffraction in the x direction. We should present
the solution of the above equations in the region y > 0 as

A� � expið�t� �z� g�yÞ, where g�¼i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� �hð�=c��Þp

are the transverse wave numbers. Taking into account the
boundary conditions on the corrugated surface ð@A�=@y�
� �hA�Þjy¼0 ¼ 0 which follow from Eq. (6) we get the

dispersion equations

gþg� ¼ � �h2�2 or
�2

c2
� �2 ¼ �h2�4: (7)

As seen from Fig. 1(b), a dispersion curve of the normal
wave is located below the light cone and corresponds to an
evanescent slow wave with exponential decay of amplitude
along the vertical y coordinate. For ultrarelativistic elec-
trons and shallow corrugation the typical crossing point of
the dispersion curve of the normal surface wave and the
electron beam line�=c ¼ ��þ �0� belongs to the slope
where the group velocity of the surface wave is codirected
with the electron longitudinal velocity.
Under the conditions of Cherenkov interaction, micro-

bunching of electrons takes place under the action of the
longitudinal electric field component Ez. This process is
described by the equations

�
@

@Z
þ 1

�0

@

@�

�
2
	 ¼ Re

�
@Âþ
@Y

ei	
�
; (8)

	jZ¼0 ¼ 	0 þ r cos	0; 	0 2 ½0; 2�Þ; r � 1;�
@

@Z
þ 1

�0

@

@�

�
	

��������Z¼0
¼ �̂; (9)

Moving electron bunch

(a)

(b)

Corrugated
surface

FIG. 1 (color online). (a) Principal scheme of generation of SR
pulses by an extended electron bunch moving over a periodically
corrugated surface. (b) The dispersion diagram of the normal
surface wave and resonance point in the case of a relativistic
rectilinear electron beam.
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where 	 ¼ �!ðt� z=cÞ is the phase of electrons relative

to the copropagating partial wave Aþ, �̂ ¼ 2�= �hG. The
microbunching induces a high frequency electron current
that can be presented in the form

j!z ¼ �Q�0

V
fðz� �0t; x; yÞJ; (10)

where Jðz; x; yÞ ¼ ð1=�ÞR2�
0 expð�i	Þd	0, Q is the total

bunch charge, V is its volume, and the function fðz; x; yÞ
defines the unperturbed bunch profile.

Substituting (10) in Eq. (5) we get equations that
describe the excitation of a surface wave by the electron
bunch

@Âþ
@Z

þ @Âþ
@�

þ i
@2Âþ
@X2

þ i
@2Âþ
@Y2

þ 
�ðYÞÂþ

¼ i�̂�ðYÞÂ� � @

@Y
ðJFðZ� �0�; X; YÞÞ;

� @Â�
@Z

þ @Â�
@�

þ i
@2Â�
@X2

þ i
@2Â�
@Y2

þ 
�ðYÞÂ�

¼ i�̂�ðYÞÂþ: (11)

The self-consistent system (8) and (11) was written using

the following normalization: Z¼G �!z=c, X¼ ffiffiffiffiffiffiffi
2G

p
�!x=c,

Y¼ ffiffiffiffiffiffiffi
2G

p
�!y=c, �¼G �!t, Â�¼

ffiffiffi
2

p
eA�=ðmc �!�3

0G
3=2Þ,

�̂¼ ffiffiffiffiffiffiffiffiffi
2=G

p
�, G ¼ ½ðe�2Q�0Þ=ðmc3��3

0VÞ�1=2 is the gain

parameter. Belowwe assume for simplicity that the electron
density has uniform distribution over all three space coor-
dinates. It should be noted that in Eqs. (11) theOhmic losses
are also taken into account through being characterized by

the parameter 
 ¼ k"
ffiffiffiffiffiffiffiffiffi
2=G

p
, where " is the skin depth.

In the simulations we have used the following boundary
conditions. In the longitudinal direction we assume that
the corrugation has a finite length L ¼ G �!l=c and elec-
tromagnetic energy fluxes from outside are absent:

ÂþjZ¼0 ¼ 0, Â�jZ¼L ¼ 0. In the vertical y direction we
take into account that in practice the electron bunch should
be transported in the vacuum channel formed by the planar
waveguide. In this case Eqs. (11) should be supplemented
by an additional boundary condition at the second

regular plate of the waveguide: @Â�=@YjY¼B¼0, where

B¼ ffiffiffiffiffiffiffi
2G

p
�!b=c is the normalized gap between the plates.

If this gap is sufficiently large (B � 1) the position of
the second plate does not affect the characteristics of the
electron-wave interaction due to the exponential decay of
the surface wave in the y direction. Nevertheless, it allows
us to present the solution of Eqs. (11) as a sum of the modes

of the regular planar waveguide Â� ¼ P1
n¼0 Â

n�ðZ; X; �Þ	
cosðn�Y=BÞ for the numerical simulation. In the hori-
zontal x direction we used the artificial cyclical boundary
conditions which were imposed at a large distance from
the bunch.

Simulations of the Cherenkov SR were performed in
the terahertz range for an electron bunch with a length of

lez ¼ 1:2 cm, transverse dimensions of lex ¼ 0:45 mm and
ley ¼ 0:3 mm, particle energies of 1.4 MeV and a total

bunch charge of 2.2 nC. These parameters can be obtained
for the electron bunches generated by photoinjectors [6,7].
The bunch was propagating over a plane with a corrugated
region of length 13 cm, a corrugation period of 0.15 mm
and a corrugation amplitude of 22 �m. For a copper
surface the skin depth in the terahertz range is "�0:07�.
These physical parameters correspond to the normalized
quantities G ¼ 3:5	 10�3, �̂ ¼ 5:5, � ¼ 10:5, L ¼ 9:7,
Le
x ¼ 0:78, Le

y ¼ 0:53, Le
z ¼ 0:9, and 
 ¼ 0:035. We used

the initial small electron density fluctuations governed by
the parameter r � 1 as initial conditions.
The results of these simulations showed that the main

fraction of the radiation is emitted in the form of a short
SR pulse in the positive direction of the axis z, i.e., in
the direction of propagation of the electron bunch.
The temporal dependence of the total radiation power

FIG. 2. SR pulse temporal profile for physical parameters
indicated in the text.

FIG. 3 (color online). Spatial structures of the partial waves
Â�ðY; ZÞ that correspond to formation of normal surface wave
(X ¼ 0, � ¼ 10).
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Pþ ¼ G2ðð�2
0m

2c5Þ=ð32�e2ÞÞ R1
0

R1
0 jÂþðZ ¼ LÞj2dXdY

is shown in Fig. 2. The radiation process includes electron
bunching (both linear and nonlinear stages) and debunch-
ing. In fact, the level of bunching determines the maximal
peak power of SR pulse. The process of pulse formation is
illustrated by Fig. 3, where spatial structures of the partial
waves are presented. One can see that the amplitudes of
both partial waves exponentially decay in the direction of
the y axis with increasing distance from the corrugated
surface. In Fig. 4, spatial profiles of the electric field on the
cross-section Y ¼ 0:6 are shown in consecutive moments
of time. As follows from the dispersion diagrams Fig. 1(b)
the electron velocity in the resonance point exceeds the
group velocity of the normal wave. It leads to formation
of wakefields behind the electron bunch that is clearly
observed in Fig. 4. The peak power of the SR pulse
amounted to 3.5 MW at a pulse duration of �100 ps.

Results obtained in the framework of a quasi-optical
model were confirmed by direct CST STUDIO PIC simu-
lations. Figures 5(a) and 5(b) shows the SR pulse and its
spectrum with a central frequency of 0.8 THz obtained for
the physical parameters of the periodic system and electron
bunch indicated above. In the case of realistic Ohmic losses
for metallic surface made from brass the total radiation
power was about 3.7 MW. The fields had the structures
corresponding to a surface evanescent wave located near
the corrugated surface. Figure 5(c) demonstrates the for-
mation of the wakefield.

Thus, the results of our analysis show the possibility of
generating single high-power terahertz pulses using the
phenomenon of Cherenkov superradiance of extended
electron bunches that move in free space over a corrugated

surface. We believe that it is expedient to study the possi-
bility of moving to still shorter wavelengths, which can be
achieved by decreasing the period of the diffraction grat-
ings and increasing the density and energy of the particles
in the electron bunches.
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