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Geometric frustration, the inability of an ordered system to find a unique ground state plays a key role in
a wide range of systems. We present a new experimental approach to observe large-scale geometric
frustration with 1500 negatively coupled lasers arranged in a kagome lattice. We show how dissipation
drives the lasers into a phase-locked state that directly maps to the classical XY spin Hamiltonian ground
state. In our system, frustration is manifested by the lack of long range phase ordering. Finally, we show
how next-nearest-neighbor coupling removes frustration and restores order.
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Geometric frustration may arise in ordered systems
when competing interactions forbid simultaneous minimi-
zation of all interaction energies. Geometric frustration in
either quantum or classical systems arises from the same
source: a macroscopic degeneracy of the ground state of
the Hamiltonian, and will therefore arise for both in the
same geometry, resulting in finite entropy even at zero
temperature [1-5]. Geometric frustration is manifested,
in certain synthetic exotic materials, by the lack of mag-
netic ordering even when cooled to very low temperatures
[4-7]. Recently, frustrated spin systems were simulated
by a small model system of three trapped ions [8], and
are currently being pursued in optical lattices, where anti-
ferromagnetic spin systems have already been simulated
[9-11] but not yet with frustrated geometries [12]. All
these systems are externally cooled to their ground state
so as to reveal frustration.

Here, we demonstrate a new experimental approach to
couple and phase lock thousands of lasers in any 2D ge-
ometry. We observe geometric frustration with 1500 nega-
tively coupled lasers arranged in a kagome lattice with
nearest neighbor interactions. In laser systems, coupling
by means of mutual light injection from one laser to another
introduces losses which depend on the relative phase
between the lasers and can lead to phase locking [13—16].
Such dissipative coupling [14] drives the system to a steady
state solution that can be directly mapped to the ground
state of the classical XY spin Hamiltonian [17]. Mapping
of the phase of each laser to the angular orientation of a
planar spin means that the highly degenerate and frustrated
spin ground state can be simulated even when operating
the lasers at room temperature. Photonic devices such as
mode locked lasers [18], high Fresnel number laser cavities
[19,20], and coupled photonic crystal waveguides [21,22]
have been used in the past for observing the dynamics of
interacting systems and thermodynamic phenomena. We
believe that coupled laser systems offer a wide range of
tunability and can be useful experimental tools to simulate
interactions of large-scale systems using photonic devices.
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Our experimental system is based on a unique degener-
ate laser cavity design which is presented schematically in
Fig. 1(a). Itincludes a 10 mm wide Nd-Yag gain medium, a
high reflecting mirror and a 90% reflectivity output coupler
(O.C.), and two lenses in a 4 f telescope that image one end
of the cavity (O.C. plane) to the other end of the cavity
(mirror plane). This assures that any field distribution will
be reimaged on itself after each cavity round trip; hence,
any field is an eigenmode of this high Fresnel number
degenerate laser cavity [19,20]. A mask of apertures, placed
adjacent to the O.C., forms independent near-Gaussian
laser channels arranged in a desired two-dimensional lattice
[Fig. 1(b)]. The 4f telescope eliminates diffraction from
one laser to another, ensuring the lasers remain well local-
ized and uncoupled.

Phase independence among the uncoupled lasers is veri-
fied by comparing the far-field intensity of a single laser to
that of 1700 lasers [Fig. 1(c)]. As evident, the lack of
interference fringes and essentially identical distributions
indicate no phase correlation between different lasers in the
lattice, as expected for the degenerate cavity [16]. Coupling
between the different lasers is introduced gradually by dis-
placing the O.C. further away from the mask plane so light
diffracted from each laser is now coupled into its neighbor-
ing lasers. As the coupling strength depends on the over-
lapping Gaussian tails of the free space diffracting laser
beams [23], sufficiently strong nearest-neighbor (NN) cou-
pling and negligible next-nearest-neighbor (NNN) coupling
can occur concomitantly.

In general, lasers have many degrees of freedom such as
phase, amplitude, lasing frequency, polarization and gain.
In an effort to reduce amplitude and frequency variations as
well as spontaneous emission noise, the lasers operate well
above lasing threshold and with coupling strengths well
above the critical coupling value [24,25]. The use of the
same two flat cavity mirrors assured that all lasers have
similar cavity length and thereby near common lasing
frequencies. Additional efforts to reduce disorder were
made (see Ref. [26]). These efforts allowed us to consider
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FIG. 1 (color online). Experimental arrangement for coupling
more than a thousand independent lasers. (a) An arrangement of
a degenerate cavity that supports many independent lasers. It is
comprised of gain medium, a back mirror and an O.C. placed at
either ends of the cavity, a mask of apertures that forms the many
laser channels and two lenses in a 4f telescope arrangement that
images the mask plane to the back mirror plane. A CCD camera
positioned at the focal plane of a focusing lens detects the far-
field interference pattern, from which the relative phase between
the lasers is determined. (b) An example of the experimental
near-field intensity pattern of ~1500 individual Gaussian laser
beams arranged in 2D kagome lattice. (c) Phase independence
among the different lasers is experimentally verified by compar-
ing the far-field intensity distribution from a single laser to that
from 1700 lasers.

a simplified model whereby only the lasers phases are
taken into account.

Assuming equal amplitudes and negligible disorder, the
equations that describe the lasers phase dynamics ¢;(?),
reduce to a simple form of the Kuramoto model [17] which
describes a general class of oscillators

de; .
d¢ = K z sin(e; — @), (1)
! J=()nn

where « is the coupling coefficient and the sum j = (i)ny
is over laser i’s NN. This dynamics describe an over

damped motion under a potential flow @ = —6V(¢7)
where,
Vie) =~k Y cos(e; — @)). 2)
(&, )nn

Thus, the steady state solution of Eq. (1) occurs when the
potential V(¢) is minimal and exactly equals the ground
state solution to the classical Hamiltonian for the XY
model given by

H =—-7Y cosle;— @), 3)
(&, /)nn

where J is the interaction energy term and ¢; describes the
orientation of the classical planar spin ¢; = (cosg;, sing;).

Hence, by mapping the phase of each laser to the orienta-
tion of a classical planar spin [26], the ground state of the
classical XY Hamiltonian is simulated by simply observing
the steady state of the coupled lasers [17]. Intuitively, this
result reflects that fact that mode competition in each laser,
which favors states with minimum losses, drives their
dissipative motion to these minimal loss phase locked
states [14].

In our experiments we place the output coupler near the
quarter Talbot distance from the mask so that coupling
between NN lasers becomes negative [23], thus driving
the relative phase between them towards 7 [27,28]. The
negative coupling (k < 0) is mapped to an antiferromag-
netic interactions (J < 0), which for some frustrated ge-
ometries, has a large accidental degeneracy that is not
related to the symmetry of the Hamiltonian [4,5,29,30].

For a triangle of three lasers with negative coupling, a
state where all pairs of NN lasers phase lock with a relative
7r phase cannot exist. Thus, the minimal-loss steady-state
solution has the relative +27/3 phase between neighbor-
ing lasers, as for spins with antiferromagnetic interactions
(top left of Fig. 2). This yields a twofold Z, discrete
degeneracy in addition to the continuous U(1) degeneracy
of a uniform rotation of all phase [24]. In one degenerate
state, the phase winds clockwise along the triangular
plaquette whereas in the other it winds counter clockwise,
giving rise to either positive or negative chirality. For a
triangle lattice, the U(1) X Z, degeneracy extends through-
out the entire lattice, where plaquettes with positive and
negative chiralities regularly alternate with each other,
forming long range phase ordering [Fig. 2(a)]. The experi-
mental results for the near and far field patterns obtained
for a triangular lattice of above 2000 lasers are shown in
Fig. 2(a). The high contrast far-field interference pattern
indicates that a high degree of phase locking occurs
between the lasers. Specifically, the dark center and six
sharp intense “Bragg” peaks along the edges of the first
Brillioun zone indicate antiferromagnetic phase ordering
throughout the entire system [26].

A kagome lattice is formed by removing 1/4 of the sites
from a triangular lattice such that any two triangular pla-
quettes share at most only one common site [Fig. 2(b)].
Here again, each plaquette in the steady state solution has
either positive or negative chirality. However, since the
plaquettes now interact via only a single site, the ordering
constraint of the chiralities is substantially less restrictive
than in the triangular lattice. This leads to a highly frus-
trated system where, in addition to the continuous U(1)
degeneracy, an exponentially large discreet degeneracy
exists, resulting in a finite residual entropy per site
[3-5,29,30]. Consequently, the number of phase-locked
states with the same minimal losses exponentially
increases with the lattice size [3]. Specifically, even when
all lasers are phase locked, long range phase ordering does
not occur. The experimental results for the near and far
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FIG. 2 (color online). Near and far field experimental results
for negatively coupled lasers arranged in a triangular, kagome,
and hexagonal lattices. The top left corner schematically shows
the two degenerate phase-locking minimal-loss states that occur
in each triangle of laser. In one, the phase increases by 277/3 in
the clockwise direction whereas in the other it increases by 27/3
in the counter clockwise direction, giving rise to a vortex with
either positive or negative chirality. (a) Experimental results for a
triangular lattice of ~2000 lasers where phase locking occurs
with triangular plaquettes with regularly alternating positive and
negative chiralities. This causes long range phase ordering as
observed by the sharp intense ‘“Bragg” peaks in the far-field
pattern. (b) Experimental results for a kagome lattice of ~1500
lasers where phase locking occurs with the chirality of one
triangular plaquette not dictated by the chirality of another.
This causes frustration resulting in a lack of long range phase
ordering as observed by the lacking of sharp peaks in the far-field
pattern. The “bowties” observed in the far field pattern are a
signature of a frustrated ground state of a kagome lattice similar
to the one in (5). (c) Experimental results for a hexagonal lattice
of ~1300 lasers where phase locking occurs with neighboring
lasers locking to a relative 7 phase shift. This causes long
range phase ordering as is observed by the sharp peaks in the
far-field pattern.

field patterns obtained for a kagome lattice of ~1500 lasers
are shown in Fig. 2(b). Here again, the center of the far-
field pattern is dark indicating near perfect phase locking
within each plaquette. However, unlike for the triangular
lattice, here the light is spread out over a large area along
the edges of the first Brillouin zone and is no longer
concentrated in sharp peaks, a clear signature of the lack
of long range phase ordering caused by the frustration. This
lack of long range phase ordering was verified by directly
measuring the phase correlations between pairs of lasers at
different distances (see Ref. [26]).

The removal of sites from a triangular lattice does not
always lead to frustration. On the contrary, in some cases
removal of sites leads to a bipartied lattice that has only one
ground state. The hexagonal, (graphene) lattice [Fig. 2(c)],

is constructed by removing 1/3 of the sites from a triangu-
lar lattice [22]. The system occupies a phase distribution
state that has NN lasers phase locked with a relative o
phase resulting in antiferromagnetic long range phase
ordering, as verified by the experimental results [Fig. 2(c)].

In general, the technique most commonly used for deter-
mining the structure factor Sk of a lattice is to measure the
angular dependence of its scattering cross section. Using a
Monte Carlo simulation [3,29], we calculated the ground
state structure factor of the XY model on a frustrated
kagome lattice of 42 spins [Fig. 3(a) right inset], and
compared it to the experimental far-field interference pat-
tern of the lasers [Fig. 3(a) left inset]. Figure 3(a) presents
the cross section along a closed trajectory of points I', K,
and M appearing in the insets. Error bars denote the
standard deviation of the cross sections calculated along
the other five lobes of the far field intensity pattern (for a
detailed account of the contribution factors to the errors see
Ref. [26]). The blue solid line is the structure factor calcu-
lated from the Monte Carlo simulations and the red circles
are along the lasers far field intensity profile. The good
agreement indicates that our lasers indeed simulate a state
that is very near a true zero temperature ground state of the
XY model [26].

Finally, we considered the interactions between NNN
lasers, which were predicted to have a significant effect on
frustrated magnetism in a kagome lattice [29,30]. As NNN
coupling adds another interaction term between neighbor-
ing plaquettes, the number of possible degenerate chirality
configurations is substantially reduced leading to U(1) X
Z, degeneracy and restoring long range phase ordering.
Moreover, phase transitions that are associated with either
proliferations of domain walls or with unbinding of vortex
pairs are expected to occur with both ferromagnetic and
anti-ferromagnetic NNN interactions [24,25]. The NNN
coupling is readily implemented in our lasers system by
further displacing the output coupler, thereby increasing
the amount of free space diffraction and consequently the
overlap of the diffracted Gaussian tails in a well controlled
and calibrated manner [23]. To quantitatively determine
the transition into long range phase ordering, we calculated
the widths of the Bragg peaks in the far field interference
pattern, which indicate the range of phase ordering.
Figure 3(b) presents the inverse average widths of the
four narrowest Bragg peaks as a function of the coupling
strength between NNN lasers. The Bragg peak widths are
normalized by the Brillouin zone width 7/d, where d =
300 wm is the distance between lasers. Error bars denote
the errors of the measured width arising from the finite pixel
size in our CCD camera, and are thus more substantial for
the widths of the narrow peaks. For NNN coupling of
k = 0.008, frustration leads to Bragg peaks widths that
are only slightly narrower than the width of the Brillouin
zone, indicating that phase ordering occurs only between
neighboring lasers. For NNN coupling of xk = 0.014, the
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Quantifying the phase locking state on a kagome lattice and the effect of next nearest neighbor interactions.

(a) Top: the calculated magnetic structure factor for zero temperature ground states of the XY model using Monte Carlo simulations,
and the experimental far field interference pattern of the lasers. Bottom: cross sections of the calculated structure factor along a closed
trajectory of points I', K, and M (blue solid line), in good agreement with the experimental far-field intensity profile of the lasers (red
circles). Error bars denote the standard deviation of the cross sections of all six lobes in the far-field intensity pattern. (b) The inverse
widths (at 1/¢) of the Bragg peaks in the experimental far field interference pattern, indicating the range of phase ordering, as a
function of the calculated NNN coupling strength. The widths are normalized by the Brillouin zone width, (twice the reciprocal lattice
vector 7/2d where d is the distance between neighboring lasers). The left insets show the wide Bragg peaks for a frustrated kagome
lattice with NNN coupling of k = 0.008. The right inset shows the narrow Bragg peaks that occur when NNN coupling is k = 0.014,

indicating phase ordering throughout the entire system.

kagome lattice exhibits Bragg peaks widths that are >20
times narrower than the width of the Brillouin zone. Such a
narrowing indicates that there is no frustration and now phase
ordering occurs between lasers positioned >20 sites apart;
i.e., phase ordering occurs throughout the entire system.

The wide range of tunability and simplicity offered by
coupled lasers makes them an ideal and highly versatile
platform for probing additional aspects of geometric frus-
tration as well as other more general phenomena of quasi-
lattices and disorder. For example, in a kagome lattice,
coupled lasers can be exploited for determining how the
NNN interaction sign affects the transition temperature to
an ordered state, an unresolved issue is still disputed among
theoreticians [29,30]. Imaginary coupling [23] could be
used to implement the Dzyaloshinsky-Moriya interactions
thereby giving rise to many intriguing investigations related
to symmetry breaking [31,32]. The effects of defects on
frustrated systems and their influence on the glass transition
could now be explored on the single-particle level [33,34].
The effects of quantum noise in large scale systems can be
explored by operating the lasers near the lasing threshold
[24,25]. Finally, by removing the mask, it is possible to
investigate the interactions between large numbers of
modes in a high Fresnel number laser cavity [19,20].

The ability to control the coupling range offers new
opportunities to address open questions. For example,
resolve whether a second order phase transition to a phase-
locked state would occur as predicted by the Kuramoto
model [17] or whether strong chaotic amplitude fluctuations
[35] would lead to a first order phase transition [36]. Global
coupling can also help to investigate the intriguing

millennium bridge synchronization [37]. Furthermore, by
resorting to an intracavity spatial filter tailored to achieve a
desired complex coupling pattern, it should be possible to
implement the RKKY [38] interactions and observe the
Edwards-Anderson model for the glassy phase [39].
Finally, phase locking a very large number of lasers has
important implications for laser beam combining as a means
to obtain high brightness laser sources [40].

To conclude, a new experimental approach to observe
large-scale geometric frustrated magnetism with 1500
negatively coupled lasers in a kagome lattice was imple-
mented. We showed that dissipation drives the coupled
lasers into a phase-locked state whereby frustration is man-
ifested by the lack of long range phase ordering as directly
observed from the far field interference pattern. In addition,
we demonstrated how the introduction of next-nearest-
neighbor interaction removes the frustration and restores
long range phase ordering throughout the entire system.

The work was supported in part by the USA-Israel
Binational Science Foundation and ISF Bikura founda-
tions. We would like to thank E. Altman, S. Huber, M.
Fridman, and E. Dalla Torre for stimulating discussions.
M. Nixon and E. Ronen contributed equally to this work.

*To whom all correspondence should be addressed.
Nir.Davidson@weizmann.ac.il
[1] A.P. Ramirez, Annu. Rev. Mater. Sci. 24, 453 (1994).
[2] J.-F. Sadoc and R. Mosseri, Geometrical Frustration
(Cambridge University Press, Cambridge, England, 1999).

184102-4


http://dx.doi.org/10.1146/annurev.ms.24.080194.002321

PRL 110, 184102 (2013)

PHYSICAL REVIEW LETTERS

week ending
3 MAY 2013

(3]
(4]
(5]
(6]
(71

(8]

D. A. Huse and A.D. Rutenberg, Phys. Rev. B 45, 7536
(1992).

J.T. Chalker, P.C.W. Holdsworth, and E.F. Shender,
Phys. Rev. Lett. 68, 855 (1992).

R. Moessner and J. T. Chalker, Phys. Rev. B 58, 12049
(1998).

S.G. Jason, J. Phys. Condens. Matter 23,
(2011).

S.-H. Lee, C. Broholm, W. Ratcliff, G. Gasparovic, Q.
Huang, T.H. Kim, and S.-W. Cheong, Nature (London)
418, 856 (2002).

K. Kim, M.-S. Chang, S. Korenblit, R. Islam, E.E.
Edwards, J. K. Freericks, G.-D. Lin, L.-M. Duan, and C.
Monroe, Nature (London) 465, 590 (2010).

J. Simon, W. S. Bakr, R. Ma, M. E. Tai, P. M. Preiss, and
M. Greiner, Nature (London) 472, 307 (2011).

J. Struck, C. Olschlager, R. Le Targat, P. Soltan-Panabhi,
A. Eckardt, M. Lewenstein, P. Windpassinger, and K.
Sengstock, Science 333, 996 (2011).

J.W. Britton, B.C. Sawyer, A.C. Keith, C.-C.J. Wang,
J.K. Freericks, H. Uys, M. J. Biercuk, and J.J. Bollinger,
Nature (London) 484, 489 (2012).

G.-B. Jo, J. Guzman, C.K. Thomas, P. Hosur, A.
Vishwanath, and D.M. Stamper-Kurn, Phys. Rev. Lett.
108, 045305 (2012).

L. Bao, N.-H. Kim, L.J. Mawst, N.N. Elkin, V.N.
Troshchieva, D.V. Vysotsky, and A.P. Napartovich,
Appl. Phys. Lett. 84, 320 (2004).

V. Eckhouse, M. Fridman, N. Davidson, and A.A.
Friesem, Phys. Rev. Lett. 100, 024102 (2008).

T. Fan, IEEE J. Sel. Top. Quantum Electron. 11, 567
(2005).

M. Nixon, M. Friedman, E. Ronen, A.A. Friesem, N.
Davidson, and 1. Kanter, Phys. Rev. Lett. 106, 223901
(2011).

J. A. Acebron, L. L. Bonilla, C.J. P. Vicente, F. Ritort, and
R. Spigler, Rev. Mod. Phys. 77, 137 (2005).

R. Weill, B. Fischer, and O. Gat, Phys. Rev. Lett. 104,
173901 (2010).

J. Tredicce, E. Quel, A. Ghazzawi, C. Green, M. Pernigo,
L. Narducci, and L. Lugiato, Phys. Rev. Lett. 62, 1274
(1989).

160301

(20]

(21]
[22]

(23]
[24]
[25]

[26]

[27]
(28]

[29]
(30]

(31]
(32]

[33]

[34]

184102-5

E. Louvergneaux, F. Rogister, and P. Glorieux, Phys. Rev.
Lett. 99, 263901 (2007).

S. Longhi, Appl. Phys. B 104, 453 (2011).

O. Peleg, G. Bartal, B. Freedman, O. Manela, M. Segev, and
D. Christodoulides, Phys. Rev. Lett. 98, 103901 (2007).
D. Mehuys, W. Streifer, R. G. Waarts, and D.F. Welch,
Opt. Lett. 16, 823 (1991).

M. Fridman, V. Eckhouse, N. Davidson, and A.A.
Friesem, Phys. Rev. A 77, 61803 (2008).

W.-S. Lam, P. N. Guzdar, and R. Roy, Int. J. Mod. Phys. B
17, 4123 (2003).

See Supplemental Material at http:/link.aps.org/
supplemental/10.1103/PhysRevLett.110.184102 for addi-
tional experimental and numerical results, mathematical
derivations and technical details.

K. Rastani, M. Orenstein, E. Kapon, and A. C. Vonlehmen,
Opt. Lett. 16, 919 (1991).

N.S. Kapany, J.J.J. Burke, and K. Frame, Appl. Opt. 4,
1534 (1965).

S.E. Korshunov, Phys. Rev. B 65, 054416 (2002).

R.S. Gekht and I. N. Bondarenko, J. Exp. Theor. Phys. 86,
1209 (1998).

T. Moriya, Phys. Rev. 120, 91 (1960).

M. Elhajal, B. Canals, and C. Lacroix, Phys. Rev. B 66,
014422 (2002).

B. Chakraborty, L. Gu, and H. Yin, J. Phys. Condens.
Matter 12, 6487 (2000).

Y. Han, Y. Shokef, A.M. Alsayed, P. Yunker, T.C.
Lubensky, and A.G. Yodh, Nature (London) 456, 898
(2008).

K. S. Thornburg, M. Méller, R. Roy, T. W. Carr, R.-D. Li,
and T. Erneux, Phys. Rev. E 55, 3865 (1997).

Z. Jiang and M. McCall, J. Opt. Soc. Am. B 10, 155
(1993).

B. Eckhardt, E. Ott, S.H. Strogatz, D. M. Abrams, and
A. McRobie, Phys. Rev. E 75, 021110 (2007).

M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).
S.F. Edwards and P.W. Anderson, J. Phys. F 5, 965
(1975).

D. Kouznetsov, J. Bisson, A. Shirakawa, and K. Ueda, in
Lasers and Electro-Optics, CLEO/Pacific Rim 2005.
Pacific Rim Conference on 1061-10632005, 2005.


http://dx.doi.org/10.1103/PhysRevB.45.7536
http://dx.doi.org/10.1103/PhysRevB.45.7536
http://dx.doi.org/10.1103/PhysRevLett.68.855
http://dx.doi.org/10.1103/PhysRevB.58.12049
http://dx.doi.org/10.1103/PhysRevB.58.12049
http://dx.doi.org/10.1088/0953-8984/23/16/160301
http://dx.doi.org/10.1088/0953-8984/23/16/160301
http://dx.doi.org/10.1038/nature00964
http://dx.doi.org/10.1038/nature00964
http://dx.doi.org/10.1038/nature09071
http://dx.doi.org/10.1038/nature09994
http://dx.doi.org/10.1126/science.1207239
http://dx.doi.org/10.1038/nature10981
http://dx.doi.org/10.1103/PhysRevLett.108.045305
http://dx.doi.org/10.1103/PhysRevLett.108.045305
http://dx.doi.org/10.1063/1.1640799
http://dx.doi.org/10.1103/PhysRevLett.100.024102
http://dx.doi.org/10.1109/JSTQE.2005.850241
http://dx.doi.org/10.1109/JSTQE.2005.850241
http://dx.doi.org/10.1103/PhysRevLett.106.223901
http://dx.doi.org/10.1103/PhysRevLett.106.223901
http://dx.doi.org/10.1103/RevModPhys.77.137
http://dx.doi.org/10.1103/PhysRevLett.104.173901
http://dx.doi.org/10.1103/PhysRevLett.104.173901
http://dx.doi.org/10.1103/PhysRevLett.62.1274
http://dx.doi.org/10.1103/PhysRevLett.62.1274
http://dx.doi.org/10.1103/PhysRevLett.99.263901
http://dx.doi.org/10.1103/PhysRevLett.99.263901
http://dx.doi.org/10.1007/s00340-011-4628-7
http://dx.doi.org/10.1103/PhysRevLett.98.103901
http://dx.doi.org/10.1364/OL.16.000823
http://dx.doi.org/10.1103/PhysRevA.77.061803
http://dx.doi.org/10.1142/S021797920302209X
http://dx.doi.org/10.1142/S021797920302209X
http://link.aps.org/supplemental/10.1103/PhysRevLett.110.184102
http://link.aps.org/supplemental/10.1103/PhysRevLett.110.184102
http://dx.doi.org/10.1364/OL.16.000919
http://dx.doi.org/10.1364/AO.4.001534
http://dx.doi.org/10.1364/AO.4.001534
http://dx.doi.org/10.1103/PhysRevB.65.054416
http://dx.doi.org/10.1134/1.558592
http://dx.doi.org/10.1134/1.558592
http://dx.doi.org/10.1103/PhysRev.120.91
http://dx.doi.org/10.1103/PhysRevB.66.014422
http://dx.doi.org/10.1103/PhysRevB.66.014422
http://dx.doi.org/10.1088/0953-8984/12/29/320
http://dx.doi.org/10.1088/0953-8984/12/29/320
http://dx.doi.org/10.1038/nature07595
http://dx.doi.org/10.1038/nature07595
http://dx.doi.org/10.1103/PhysRevE.55.3865
http://dx.doi.org/10.1364/JOSAB.10.000155
http://dx.doi.org/10.1364/JOSAB.10.000155
http://dx.doi.org/10.1103/PhysRevE.75.021110
http://dx.doi.org/10.1103/PhysRev.96.99
http://dx.doi.org/10.1088/0305-4608/5/5/017
http://dx.doi.org/10.1088/0305-4608/5/5/017

