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We study the dynamics and patterning of polar contractile filaments on the surface of a cylindrical cell

using active hydrodynamic equations that incorporate couplings between curvature and filament orienta-

tion. Cables and rings spontaneously emerge as steady state configurations on the cylinder, and can be

stationary or moving, helical or tilted segments moving along helical trajectories. We observe phase

transitions in the steady state patterns upon changing cell diameter or motor-driven activity and make

several testable predictions. Our results are relevant to the dynamics and patterning of a variety of active

biopolymers in cylindrical cells.
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Cytokinesis, a common mechanism by which cells di-
vide, involves the regulated assembly and constriction of a
contractile actomyosin ring. A well studied model system
of the dynamics of assembly of the contractile ring is
fission yeast (S. pombe) [1]. The contractile ring appears
to assemble on the inner cell surface via heterogeneous
nucleation of nodes and growth of actin cables [1]. Recent
experiments on cylindrical fission yeast and its mutants
have shown that the stability and dynamics of the contrac-
tile ring is greatly influenced by cell geometry [2]. In this
Letter, we present a general model that takes into account
the interplay between cell geometry and actomyosin
activity, which accounts for the various phenotypes exhib-
ited by the actomyosin filaments. Indeed this interplay
between geometry and cytoskeletal mechanics has been
well appreciated in the context of mitotic division in epi-
thelial cells [3].

We present an extensive analysis of the steady state
patterns of active polar filaments (e.g., actomyosin) on
the (inner) surface of a nondeformable cylindrical cell,
using the equations of active hydrodynamics [4] general-
ized to include the coupling of geometry to filament ori-
entation [5]. Such nondeformable cylindrical cell surfaces
are realized in rod-shaped bacteria and fission yeast cells,
due to their strong coupling to a rigid cell wall [1]. While
our study complements the approach based on microscopic
agent-based simulations [6,7], it has significant points of
difference, notably the influence of cell geometry and cell
size. Our main results are (a) rings and cables appear as
generic steady state patterns, either from a spinodal insta-
bility of the homogenous configuration (Figs. 1 and 2) or
from a nucleation and growth of an actin node (Fig. 3).
Rings or cables may be either stationary or mobile, and
their width is set by the curvature-dependent, active Peclét
length Lp. (b) Phase transitions between the different

steady state configurations can be achieved by changing

cell diameter (Fig. 1). (c) Because of the intrinsic
anisotropy in the curvature of the cylindrical cell, the
active filaments can exhibit helical shapes or tilted
segments which move along helical trajectories

FIG. 1 (color online). Phase diagram in �-R at high filament
concentration and net mean orientation, obtained from linear
stability analysis, for (a) �� > 0 and �� > �z and (b) �z > 0 and
�z > ��. The steady state patterns corresponding to these phases
are depicted in Fig. 2. Uniform phase refers to homogeneous,
oriented phase along (a) �̂ and (b) ẑ. The phase boundaries in
(a) correspond to �c1 ¼ Dð�� � �zÞ=c0vz (thick line) and �c2 ¼
2D��=c0v� (thin line), and in (b) correspond to �c1 ¼ Dð�z �
��Þ=c0v� (thick line) and �c2 ¼ 2D�z=c0vz (thin line).
(c) Scaling of the inverse of the fastest growing wave vector
qm with � (for fixed R ¼ 10) and (inset) with R (for fixed
� ¼ 20), corresponding to the ring phase in (a). Values of other
parameters are as listed in Ref. [11].
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(Fig. 4). (d) Proximal rings merge to form one ring; the
dynamics of ring merger is controlled by activity. In addi-
tion to relating some of our results to existing experiments,
we make several quantitative predictions which could be
experimentally tested.

We describe the dynamics of active polar filaments in a
two-dimensional cylindrical surface S, in terms of a local
concentration cðr; tÞ and polarization nðr; tÞ ¼ ðn�; nzÞ,
representing the polar orientation (equivalently, the veloc-
ity of the filaments relative to the medium). Assuming that
momentum gets dissipated predominantly by friction at the
cortex, the hydrodynamic velocity is obtained from local
force balance, �v ¼ r � �, where � ¼ �Wcnn is active
contractile stress withW < 0 [8]. When the total number of
actin filaments in the cortex is conserved, @tc ¼ �r � J,

where r � ðR�1@�; @zÞ is the differential operator on the

surface of cylinder of radius R. The filament current Ji ¼
v0cni þ�kl

ij�
j
kcnl �Dric, where the first term is an ac-

tive advection [e.g., motor driven or (de)polymerization]
with speed v0, the second is an anisotropic advection due
to coupling between n and the curvature tensor �i

j, and the

third is a diffusive current with coefficient D. We will
implicitly assume that the filaments are short compared
to the cell size.
The dynamics of the polarization n is obtained by gen-

eralizing the Toner-Tu equations [9] to include symmetry
allowed couplings to cell geometry,

@n

@t
þ �ðn � rÞn ¼ K1r2nþ K2rðr � nÞ

þ �rcþ ð�� �jnj2Þnþ ��n; (1)

where the Laplacian is defined on the surface of the cylin-
der, and the last term implies tensor contraction. The non-
linear convective term � is purely active in origin [9], while
K1;2 are active torques that promote relative alignment of

neighboring filaments. The values of �, � are chosen such
that jnj � 1 almost everywhere.

The 4th rank tensor parameters �ij
kl and �

ij
kl are the most

general phenomenological couplings between curvature �i
j

and polar order n to lowest order. While the coupling

parameter �ij
kl can be present even in an equilibrium mem-

brane with a tilt field [10], the parameter �ij
kl is purely

active in origin. To arrive at the independent components
of these tensor parameters, we note that the dynamical
equations should be invariant under � ! �� and z !
�z; this together with the form of the curvature tensor
for the cylinder

� ¼ 1=R 0

0 0

 !

immediately implies that only (���
��, �

z�
�z) and (���

��, �
z�
�z),

denoted as �i, �i with i ¼ �, z, respectively, are

FIG. 2 (color online). Schematic of steady state patterns char-
acterizing the phases in Fig. 1: (a) stationary rings, (b) stationary
cables, (c) moving rings, (d) moving cables, (e) asters or nodes.
Small arrows (black) show texture and thick arrows (blue)
denote direction of movement of the rings or cables.

FIG. 4 (color online). (a) Orientation of tilted segment c ,
schematically represented in (b), with (short) arrows showing
n within the segment. The steady state tilt plotted as a function
of k1=4k2 shows a continuous transition from a ring segment
(c ¼ � 	

2 ) to a tilted segment (see text) at k1=4k2 ¼ 1. The

symmetries of a cylinder allow for four stable solutions: the two
shown above have a net orientation of n along c , while two
more have a net orientation of n along �c .

FIG. 3 (color online). Phase diagram in �c0 versus (a) R (at
constant A ¼ 30) and (b) A (at constant R ¼ 10) showing asters
(nodes), ring segment, and cable segment. Insets show the
‘‘energy’’ branches (units of K) of the three configurations,
Eq. (3). The energy branches in the insets have been plotted
for (a) �c0 ¼ 25 and (b) �c0 ¼ 40. Note that the form of E� in
Eq. (3) is valid for a ring segment of width D=vz, which does not
encircle the cylinder. For smaller values of R [below the kink in
(a)], the ring segment completely encircles the cylinder, its width
is now set by A=2	R. The orientation of n in these configura-
tions is shown in (c). All the parameters are in scaled units [11].
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independent [11]. Note that the �i’s trivially renormalize
the advection v0 in the c equation, giving rise to an
anisotropic advection vi ¼ v0 þ�i=R. Similarly, the
�i’s renormalize the coefficient of the linear term � in
Eq. (1) to �i ¼ �þ �i=R� 
i�K1=R

2, where 
ij is the

Kronecker delta. In what follows, we let �i have positive
and negative values, and restrictK1;2 to the positive domain

(see discussion).
The parameter � is a linear function of the mean fila-

ment concentration c0 and governs the transition from
orientationally disordered to polar ordered phase, while
� > 0 describes the tendency of contractile filaments to
reorient towards the gradient of concentration [12].
Because of activity, the filaments move relative to the
solvent in the direction of n; thus, reorientation is accom-
panied by movement of filaments towards each other
(if, �vi > 0) and can, for instance, be enhanced by increas-
ing motor activity. Since the number of parameters is large,
we restrict ourselves to parameter ranges which are both
representative and accessible to experimental manipula-
tion. We explore the steady state patterns of active fila-
ments on a cylindrical cell as a function of (i) c0, (ii) � , and
(iii) cell size R. Values of parameters used correspond to
those in fission yeast, and are tabulated in Ref. [11].

Spinodal instability.—We first study the instability of
the homogeneous phase when the filament concentration
is high, so that one or both of the �’s are positive
[�iðc0; RÞ> 0] and the homogeneous solution c ¼ c0 has
polar order (Fig. 1). The spontaneous polarization n0 is
determined by the largest � and can be along either the
azimuthal (� axis) or the axial (z axis) direction. This
homogeneous polar phase becomes linearly unstable to
the formation of spatial structures when � is increased
beyond a threshold. The nature of instability is the same
whether �� > �z or vice versa, and hence we discuss only

the former case, where we perturb the system around n0 ¼ffiffiffiffiffiffiffiffiffiffiffiffi
��=�

p
�̂. The orientation of the spatial structure is set by

the fastest growing wave vector qm of the dispersion

surface: (i) when �c2 > � > �c1 ¼ Dð����zÞ
c0vz

, the instability

is along ẑ, while (ii) when �c1 > � > �c2 ¼ 2D��

c0v�
, the insta-

bility is along �̂. Figure 1(c) shows the dependence of the
magnitude of the fastest growing wave vector on R and � ;
the exact expressions are displayed in Ref. [11].

While the onset of instability (phase boundaries) and
their nature can be obtained by a linear stability analysis
(Fig. 1), the final steady state configurations of c and n
cannot. To ascertain this, we numerically integrate the
dynamical equations for c and n using an implicit and
alternating direction method [13]. The finite wave vector
instability seen in the linear analysis shows up as a density
clumping along a specific direction. For parameter ranges
where the real part of the dispersion surface has only one
maxima, such as (i) and (ii) above, the direction of the
density clumping is set by the direction of the fastest

growing wave vector qm [11]; thus, when qm is along ẑ,

we obtain rings, while when qm is along �̂, we get cables.
These rings or cables can be stationary or moving as
determined by the imaginary part of the dispersion
relations. The steady state orientation n within the sta-
tionary or moving rings or cables, obtained from a numeri-
cal solution of the dynamical equations, is shown in
Fig. 2. On the other hand, when � >maxð�c2; �c1Þ, the
dispersion surface has two maxima, one along ẑ and the

other along �̂ [11], and a numerical solution of the dy-
namical equations shows that the steady state configuration
is an array of inward-pointing asters or nodes (Fig. 2). For
the case when �z > 0 and �z > �� (i.e., when the sponta-
neous polarization is along ẑ), the phase diagram is shown
in Fig. 1(b).
The magnitude of q�1

m corresponds to the periodic sepa-
ration between rings, as verified from a numerical solution
of the equations. This leads to two predictions [Fig. 1(c)]:
(i) the separation between rings increases monotonically
with R and saturates to a constant which depends on � and
(ii) for fixed R, the separation decreases with contractility
as 1=

ffiffiffi
�

p
(exact expressions for qm are given in Ref. [11]).

These scaling predictions can be tested experimentally.
The widthw of the rings and cables (and aster size) is set

by the ratio D=v�;z, the curvature-dependent active Peclét

length Lp, which balances diffusion with advection.

To obtain the leading contribution to the ring velocity,
we use the ansatz for an axisymmetric moving ring c �
c½z� z0ðtÞ� together with the assumption that the other
variables, such as w and the polarization profile are fast;
integration over the ring area then gives _z0ðtÞ ¼ vz � v0 þ
�z=R. Since �vi > 0, this immediately leads to another
prediction of the model; namely, the velocity of the moving
ring is higher for narrower cylinders and approaches v0

as �z=R, when R is large. Similar arguments suggest that
the velocity of moving cables is v�. These predictions can
be tested in experiments such as [14].
Nucleation and growth.—Thus far we have studied the

spinodal instability of the uniform phase to coherent struc-
tures. In the context of fission yeast, however, actin is
nucleated at the cell surface by the actin nucleator formin
[1], which first forms a node then grows into a ring or
cable. We study the transition between these domain
shapes [aster ! ring or cable segment, Fig. 3(c)] using a
variational calculation. Actin nucleation is modeled by a
source term in the c equation, which goes to vary the
domain area A, assuming that the concentration is uniform
at c0. The aster size is completely fixed by A, while the
dimensions of the ring or cable segments are fixed by A and
the width; the latter is obtained from current balance and is
given by the active Peclét length D=v�;z. To obtain the

texture within the domain S, we note that when � ! 0, the
steady state solutions of n, Eq. (1), can be obtained as
minimizers of an ‘‘energy’’ functional (strictly, Lyapunov
functional [15]),
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E½c;n�¼
Z
S
½ðK1þK2Þðr�nÞ2þK1ðr�nÞ2þ�cðr �nÞ�;

(2)

together with a local constraint on the magnitude, n � n �
n20 ¼ ��;z=�. Finally, we compare the ‘‘energies’’ of the

inward aster (Ea), ring segment (E�), and cable segment
(Ez) with the same area A and mean concentration c0, in a
one constant approximation, K1 ¼ K2 ¼ K,

Ea ¼ 	K ln
A

	�2
� 4	�c0

ffiffiffiffi
A

	

s
þ �c;

E�;z ¼
�
	2K

D2

�
v0 þ�z;�

R

�
2 � 2�c0

D

�
v0 þ�z;�

R

��
A;

(3)

where � and �c are the core size and energy, respectively.
Note that Ea is the same as in a planar geometry, since the
Gaussian curvature of a cylinder is zero [16]. The energy
branches and the phase diagram are shown in Fig. 3; a
typical nucleation and growth scenario would correspond
to a trajectory in the (�c0, A) plane and shows the transition
between node ! cable segment ! ring segment seen in
experiments [14].

Thus far, the steady state configurations correspond to
rings (cables) along the � (z) axis alone; no other orienta-
tion is permitted. However, in principle, the parameters
accompanying the nonlocal terms in (1), namely, K1, K2,
and � , can also have anisotropies consistent with cylindri-
cal symmetry. This could arise, for instance, from having
‘‘easy directions’’ [17] for spatial variations of n and c.

Consider a tilted segment at an angle c to the cylinder
axis, c ¼ cos�1ðm̂k � ẑÞ, where m̂k is the unit vector along
the segment boundary, Fig. 4(b), having a uniform width
wðc Þ and length lðc Þ such that the area A ¼ wl is fixed.
For simplicity, we assume that within the tilted segment,
the filament concentration c ¼ c0 is uniform. The texture
within the tilted segment is shown in Fig. 4(b), the orien-
tation of n changes by	 on a length scalewðc Þ. The width
of the tilted segment wðc Þ is set by a balance of the net
current J � m̂?, where m̂? is a unit vector normal to the
boundary. In the equal constants approximation, K1 ¼
K2 ¼ K, the energy (2) of this tilted segment is given by

Eðc Þ ¼ Kðc Þ 	2A

wðc Þ2 � 2�ðc Þc0 A

wðc Þ ; (4)

and the steady state orientation of the tilted segment is
obtained by setting @E

@c jA ¼ 0. To prove our point, it suffi-

ces to look at the anisotropy of Kðc Þ alone, which, owing
to cylindrical symmetry, can be written as Kðc Þ ¼P

mkm cos2mc , of which we take only the first two modes.
The phase diagram Fig. 4 shows a continuous transition
from a ring segment with c ¼ �	=2 to a tilted segment

with c ¼ cos�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 ð1� k1

4k2
Þ

q
, as k1=4k2 is varied. Because

the net polarization of these active tilted segments is along

c , short segments will appear to move on helical tracks.
On the other hand, longer tilted segments will appear as
moving helices. These results are relevant to recent obser-
vations on the movement of MreB filaments on helical
tracks, whose strong anchoring to the cell wall growth
machinery provides the easy directions on the surface of
these rod-shaped bacteria [18], and on propagating helices
of FtsZ in B. subtilis [19,20].
We end with a discussion on the fate of multiple rings,

both moving and stationary. Well separated rings moving
along theþz axis result in periodic oscillations in time (with
a time period  ¼ L=vz, which gets smaller for narrower
cylinders), when we impose no flux boundary conditions
along z or when the cylinder is capped on either end by
hemispheres. On the other hand, stationary rings, proximal
to each other, merge to eventually form a single ring whose
width is the same as the original rings, as observed in
experiments on reconstituted cylindrical liposomes [21].
Discussion.—In summary, we have presented a detailed

analysis of the effect of curvature-orientation coupling on
the patterning of active filaments in a cylindrical cell and
predict a rich variety of steady state patterns which include
asters (nodes) and stationary and moving rings and cables.
Our work is valid in those situations where we can ignore
the deformation of the cell membrane, which can itself
contribute to additional instabilities [22]. We have implic-
itly assumed that K1;2 � 0, thus obtaining parallel filament

orientations within the ring. However, the steady states also
admit antiparallel filament orientations [23] if K1;2 < 0;
one then needs to augment Eq. (1) by a symmetry allowed
fourth-order spatial derivative for stability. The coarse-
grained symmetry-based approach presented here is
complementary to the more microscopic agent-based
simulations, and has the advantage of being applicable to
a variety of cellular contexts such as (i) actin filaments in
fission yeast cells [1], (ii) reconstituted cytoskeletal ele-
ments on cylindrical liposomes [21], (iii) FtsZ filaments in
bacteria (and reconstituted in yeast [24]), and (iv) MreB
filaments in rod-shaped bacteria [18]. A more detailed
comparison to experiments will be taken up later. Our
work sets the stage to study the dynamics of quenches
from one phase to another, which is appropriate to the
study of the growth of cables or rings from the nucleation
of nodes of actomyosin filaments in fission yeast [25,26].
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