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We investigate force-induced and temperature-induced unfolding of proteins using the combination of a

Gaussian network model and a crack propagation model based on ‘‘bond’’-breaking independent events.

We assume the existence of threshold values for the mean strain and strain fluctuations that dictate bond

rupture. Surprisingly, we find that this stepwise process usually leads to a few cooperative, first-order-like,

transitions in which several bonds break simultaneously, reminiscent of the ‘‘avalanches’’ seen in

disordered networks.
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Protein folding and unfolding under temperature varia-
tion and other ‘‘denaturation’’ conditions, such as pulling
forces or solvent changes, have remained one of the fun-
damental enigmas of modern molecular biology [1–3].
In the last few years, some progress has been made both
theoretically and experimentally [4,5]. Experimental
progress has been achieved by single molecule techniques
such as fluorescence resonance energy transfer [6], atomic
force microscopy [7], and laser tweezers [8]. Fluorescence
resonance energy transfer allows us to follow one coordi-
nate in time during the transition, and so far, has been used
under temperature variation and denaturating solvent.
Single molecule force manipulations are mainly done by
atomic force microscopy and are limited to a short period
of pulling [9], although recently the use of a laser tweezers
setup allowed long time investigation of the fold structure
[10]. Theoretically, unfolding dynamics has been studied
mostly by molecular dynamics (MD) [5], Monte Carlo
simulations [11,12], and by phenomenological models
[13]. Some coarse-grained elastic network models
[14,15] also have been used to study the unfolding behav-
ior of proteins. Most of these experimental and theoretical
studies follow the kinetics of unfolding under a large
temperature jump [3–5] or force jump [3–5], and therefore,
may detect both nonequilibrium and equilibrium pathways
of the folding-unfolding transition.

Yet, there is a lack of understanding of this transition.
Biochemists usually refer to a unique unfolding (or dena-
turation) temperature above which the protein entirely
unfolds. The common two state model allows for the two
states to coexist at any temperature with fractions deter-
mined by the Boltzmann factor. The continuous decrease in
enzyme activity above its optimal temperature is usually
explained by the increased fraction of unfolded enzymes vs
folded ones. However, on the microscopic level, one could
expect that unfolding occurs as a stepwise process in which

neighboring amino acids (not along the backbone) are
disconnecting from each other and attain higher mobility,
similar to monomers of a solvated polymer. An intriguing
question is therefore: Does a stepwise process lead to a
single unfolding temperature, or a single force level, above
which the whole protein unfolds?
In this Letter, we commence by investigating thermal

unfolding of proteins in a quasiequilibrium situation based
on the stepwise rupture of the native contacts between the
residues (‘‘bonds’’). We assume the existence of a critical
value for local (nearest-neighbor) strain fluctuations that
dictates the rupture of a bond. To apply this idea, we use the
Gaussian network model (GNM) that describes interac-
tions between amino acids on a coarse grained level and
is based on a known folded protein structure [16]. Using
the GNM, we compute the variance of thermal fluctuations
of all bond lengths at a given temperature. When this
variance reaches a threshold value, the bond ruptures.
The GNM is now applied to the modified network, and
any bond having fluctuations above the threshold, at the
same temperature, ruptures too. We then raise the tempera-
ture by a small amount and repeat the process. The tem-
perature is further raised until all (or most) bonds rupture
mimicking an unfolded protein. Surprisingly, we find that
this stepwise, single event, unfolding process usually leads
to a few cooperative, first-order-like, transitions in which
several bonds rupture at the same temperature. In some
proteins, only two distinct group of states appear, the
folded and the unfolded structures. This cooperativity is
the result of an instability that develops when a single bond
ruptures. As the network becomes more loose after the
break, thermal fluctuations are enhanced, which can
(although they do not have to) cause the rupture of other
bonds having thermal fluctuations above the threshold.
An analogous scheme is used to investigate the pulling

force induced unfolding of proteins at constant force
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conditions and at ‘‘zero temperature,’’ which is considered
mostly for illustrative purposes. Here, too, unfolding is
visualized as a series of ‘‘bond’’-rupture independent
events. Force is applied to a pair of amino acids, not
necessarily those at the sequence ends, disregarding pos-
sible experimental difficulties. Starting with computing the
GNM elastic response to the applied force, we locate the
most strained (nonbackbone) bond in the network and
determine its rupture based on a threshold value. Upon
rupture, a new (slightly loose) network is formed, whose
deformation at the same applied force is recalculated, and a
check is performed for bonds whose strain is already above
the threshold strain value. If such bonds are found, they are
ruptured too. The force is then increased by a small incre-
ment and the above process is repeated until all bonds are
ruptured. Similar to the thermal unfolding, here, too, we
find a few cooperative, first-order-like, unfolding events,
that lead to plateaus in force-extension curves. It is inter-
esting to note that similar models have been considered for
studying crack propagation in disorder networks [17], even
though, in our case, the network is not random, but dictated
by the native fold structure and the GNM cutoff distanceRc

defining the interaction range. Interestingly, ‘‘avalanches’’
of bond-breaking events are also seen in disordered net-
works [17]. Closely related is the self-organized criticality,
observed in random resistor networks in which resistors cut
(‘‘burn’’) when the current passing through them over-
comes a threshold [18].

The GNM is a coarse grained model of a bead-spring
network which is topology based and is independent of the
sequence specificity [19]. In this model, each amino acid is
represented by its � carbon (C�), and is interacting with its
first-shell neighbors residing below a cutoff distance Rc via
harmonic springs. Despite its simplicity, GNM has been
successful in predicting both local fluctuations and large
scale conformational motion [20–22]. In the conventional
GNM, all spring constants are identical; however, for better
accuracy, we have distinguished between the (nearest-
neighbor) backbone interactions, characterized by a spring
constant c�, and the nonbackbone inter-residue interac-
tions, described by a spring constant � [15]. The
Hamiltonian of the system can be written as

H ¼ 1

2
�
X

hiji
�ijð ~ui � ~ujÞ2; (1)

where the sum runs over all pairs hiji, f ~uig are the displace-
ment vectors in 3D space, �ij is a connectivity (spring

constant) matrix distinguishing between backbone and
nonbackbone springs,

�ij ¼
8
><
>:

c if ji� jj ¼ 1

1 if ji� jj> 1 and Rij � Rc

0 if ji� jj> 1 and Rij > Rc

; (2)

Rij is the distance between ith and jth C�s, and Rc is the

cutoff distance (7 �A in this work). Transforming to a
standard quadratic form, we get

H ¼ 1

2
�

X

m¼x;y;z

uT
m �� � um; (3)

where the elements of the matrix � are

�ij ¼
8
<
:

��ij if i � j
P
k�i

�ik if i ¼ j ; (4)

and um is a vector in residue space of length N, the number
of residues. To determine the value of � and c for a
particular protein, we have fitted the theoretically calcu-

lated B factors ( 8�
2

3 h ~u2i i) [16,23] to their x-ray values.

We applied our models to two well characterized pro-
teins: (i) chymotrypsin inhibitor [CI2, Protein Data Bank
(PDB) code 2CI2] that is an 83 residue protein consisting
of an �-helix and three �-sheet strands, and (ii) barnase
(PDB code 1A2P), that is a 110-residue ribonuclease that
consists of four �-helix and five �-sheet strands (see the
Supplemental Material [24]). We commence with a
description of thermal unfolding. We denote the tempera-
ture at which the first bond ruptures as T0. Figure 1 shows
results for CI2. In Fig. 1(A), the number of ruptured bonds
is plotted against the reduced temperature T=T0. Figure 1(B)
shows the corresponding connectivity maps at different
reduced temperatures. We can observe four large jumps,
where in each jump several bonds rupture simultaneously,
due to an avalanchelike effect. Each jump corresponds to
the opening of a different domain: from state (a) to state
(b), bonds connecting the N term and �3 domains break;
from (c) to (d), the connecting bonds �-loop2, �2-�3, and
�1-�2 break simultaneously; from (d) to (e), bonds asso-
ciated with different�-sheet strands and loops rupture; and
from (e) to (f), the �-helix bonds open. Thus, each jump in
the plot signifies a first-order-like transition between differ-
ent partially unfolded states. Apparently, the first two
transitions correspond mainly to tertiary bond ruptures
(i.e., bonds forming the ternary structure), and the last
two transitions are secondary bond ruptures.
These results are consistent with MD [25,26] and MC

[12] simulations. We note however that these simulations
follow the kinetics of unfolding upon a large temperature
jump, rather than predicting the equilibrium state at each
temperature. Moreover, although unfolding is seen to take
place by a few major cooperative transitions between
intermediate states [26], these transitions are much clearer
in the present study. We also note that in a similar, GNM
based, study of unfolding, no cooperative behavior was
revealed [15]. It should be emphasized that these coop-
erative transitions are not a preassumption, and it is
gratifying that this cooperativity is predicted by such a
simple model, even if some details may be inaccurately
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predicted. If we assign T0 to be the room temperature
(’ 300 K), then complete unfolding is predicted to occur
at T ’ 350 K, close to the reported melting temperature
(348 K). Results for barnase are presented in the
Supplemental Material (see Fig. S1 in the Supplemental
Material [24]). Here, too, unfolding occurs via first-order,
avalanchelike, transitions. As for CI2, the sequence of
unfolding is similar to the sequences observed experimen-
tally by kinetic NMR studies [27], and those predicted by
MD [28] and MC studies [29], keeping in mind that these
are all kinetic studies that cannot be directly compared to
the one presented here.

We now turn to explore unfolding under a pulling
force. An obvious question is whether force induces simi-
lar unfolding pathways as thermal unfolding. While the
temperature is a scalar, the force is a vector. The force
can be exerted at different residue pairs, such that the
resulting tension is transmitted to the different bonds
unevenly, unlike temperature. Each elementary elastic
stage of unfolding is calculated using the GNM [cf.
Eq. (17) in the Supplemental Material [24]]. Bond rupture
occurs, as described in the introductory paragraphs, when
the nonbackbone bond stretching increases above a thresh-
old value.
We commence with CI2 with the force applied at the end

residues. Figure 2(A) shows the resulting force-extension
relation, i.e., the force vs end-to-end distance. We observe

FIG. 2 (color). (A) Phase diagram for CI2: Force vs extension.
A pulling force is applied at the end residues, colored in red. The
inset shows the CI2 GNM-based network. Nodes’ colors corre-
spond to the secondary structure of which they are a part, shown
in the inset of Fig. 1(A). (B) Snapshots of CI2 connectivity
network at states (a)–(c) marked in Fig. 2(A).

FIG. 1 (color). (A) Phase diagram for CI2: Number of ruptured
bonds vs temperature. Different protein states are denoted by
(a)–(f). The inset shows a cartoon representation of CI2, gen-
erated by using visual molecular dynamics [30]. For ease of
comparison with previous protein studies, residues are renum-
bered to begin with 1 instead 20, since information regarding the
first 19 residues is missing from the PDB. (B) Contact map of
CI2 at different states. Each native contact is shown by the
symbol *. The different colors correspond to the contacts being
removed between the consecutive states marked in Fig. 1(A):
(i) wine color—up to state (a), total of 7 native contacts get
opened, (ii) gray—from (a) to (b), 24 contacts, (iii) red—from
(b) to (c), 12 contacts, (iv) blue—from (c) to (d), 50 contacts, (v)
green—from (d) to (e), 40 contacts, and (vi) pink—from (e) to
(f), total of 37 native contacts get opened.
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a few first-order transition plateaus in the plot, correspond-
ing to several bonds rupturing simultaneously. Snapshots
of the intermediate protein states (a), (b), and (c) are shown
in Fig. 2(B). In Fig. 2, up to state (a), the connecting bonds
of the N term with �3 and of the � helix with loop2
rupture, from (a) to (b) the bonds in between the loops
rupture, and from (b) to (c) some of the connecting bonds
�1-�2 and �2-�3 rupture too. At state (c), there remain
47% of native bonds, and further increase of the force does
not lead to further unfolding. It is interesting to note that
the initial unfolding pathway that appears here is similar,
even if not identical, to the thermal unfolding.

However, this is not universally true for other residue
pairs at which the force is exerted. Figure 3(A) shows the
force-extension relation for CI2, when the force is applied
at the residue pair (15, 40). We note again a few first-order-
like plateaus, demonstrating multistage cooperative
unfolding; however, the sequence of unfolding is quite
different. Moreover, 81% of the protein get unfolded
(and further increasing of the force does not lead to further
unfolding). In Fig. 3, up to state (a) a few bonds connecting
the � helix and loop2 and connecting different loops get

ruptured, from state (a) to state (b) almost all bonds con-
necting the N term to �3 and � to loop2, and the majority
of bonds connecting �1 to �2 and within the � helix, get
ruptured, and from (b) to (c) bonds connecting the loops
get ruptured. At state (c), the contacts �2-�3 remain intact.
Thus, this sequence of unfolding is very different from the
sequence obtained for a force applied at the end residues.
Interestingly, while our bond rupture procedure, for

both thermal and force-induced unfolding, is a ‘‘crack
propagation’’ based model, it is possible to show, within
first order perturbation theory, that it is very close to a
thermodynamic criterion based on free-energy minimiza-
tion (for details, see the Supplemental Material [24]). The

Helmholtz free energy of a Gaussian network under force ~f
acting on residues (i, j), after n bonds have ruptured, is
(omitting irrelevant constants)

F¼ n�þ3

2
kBT

X

�

lnð��Þ� f2

2�

X

�

ðUi
��Uj

�Þ2
��

; (5)

where f��g are the eigenvalues of the matrix �, Ui
� stands

for the ith (residue) entry of the eigenvector U�, and�� is
the bond binding energy (� > 0). If �F is the free-energy
change in a single bond rupture event, the bond to be
chosen for rupture should be the one that will minimize
�F and the event should take place when �F ¼ 0. When
this �F is estimated within first order perturbation theory,
the result is an identical criterion for bond rupture in the
case of thermal unfolding, and a very similar (even if not
identical) criterion in the case of force-induced unfolding
at T ¼ 0. This is intuitively expected, as a highly fluctuat-
ing bond is likely to allow for extra internal protein motion
when ruptured, and thus significantly increase its config-
urational entropy, and a highly tensed bond is likely to
allow for a large increase in extension when ruptured, and
thus maximize the work. This implies that ‘‘crack propa-
gation’’ unfolding pathways are likely to be similar to
thermodynamic equilibrium pathways.
To conclude, single bond rupture events, that are either

based on a strain fluctuations threshold (thermal unfolding)
or a mean strain threshold (force-induced unfolding), lead
to cooperative, avalanchelike events, at which several
bonds rupture simultaneously. While some details of our
predictions could be inaccurate due to the major simplifi-
cation of the GNM and our associated algorithm, a few
general conclusions can be drawn. Unfolding always
occurs through a few intermediate states. These states are
not simply kinetic transition states and are stable in a
certain range of temperatures or forces. In thermal unfold-
ing, usually the tertiary structure unfolds first. Then, the
secondary structure unfolds, where usually � sheets come
first and � helix’s last. Force-induced unfolding pathways
are sensitive to the location of the applied force, and are, in
principle, different from thermal unfolding pathways.
Pulling at the end residues can sometimes induce unfolding
pathways similar to thermal unfolding, while the pathway

FIG. 3 (color). Same as Fig. 2, but with the force applied at
residue pair (15, 40), colored in red.
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generated from pulling at residues far away—along the
sequence—from the end residues, is likely to diverge from
that of thermal unfolding. Our results contradict the two
state, dogmatic, model (folded and unfolded), on which
interpretation of kinetic (experimental) studies is based [2].
A few intermediate states, though, have been observed in a
recent (constant) pulling force experiment, in accord with
our predictions [10].
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