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We investigate the connection between a formal property of the critical behavior of several disordered
systems, known as ‘“‘dimensional reduction,” and the presence in these systems at zero temperature of
collective events known as “avalanches.” Avalanches generically produce nonanalyticities in the func-
tional dependence of the cumulants of the renormalized disorder. We show that this leads to a breakdown
of the dimensional reduction predictions if and only if the fractal dimension characterizing the scaling
properties of the avalanches is exactly equal to the difference between the dimension of space and the
scaling dimension of the primary field. This is proven by combining scaling theory and the functional
renormalization group. We therefore clarify the puzzle of why dimensional reduction remains valid in
random field systems above a nontrivial dimension (but fails below), always applies to the statistics of
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branched polymer, and is always wrong in elastic models of interfaces in a random environment.
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In the theory of disordered systems, ‘‘dimensional
reduction” (DR) is the property shared by several models
that the long-distance physics in the presence of quenched
disorder in some spatial dimension d is the same as that
of the pure model with no disorder in a reduced spatial
dimension d — 2. In the known examples where it has
been found through perturbation theory, i.e., the random
field Ising model (RFIM) [1], elastic manifolds in a
random environment [2] (abbreviated below as RM), the
random field (RF) and random anisotropy (RA) O(N)
models [1,3], and the statistics of dilute branched polymers
(BP) [4], it entails two conditions: (1) that the long-
distance physics is controlled by a zero-temperature fixed
point, so that it can be equally described from the solution
(s) of a stochastic field equation at zero temperature
(I'=0), and (2) that an underlying supersymmetry
emerges in the field-theoretical treatment of the stochastic
equation [5-7]. DR, however, is known to be wrong in the
RF and RA models in low enough dimension (a rigorous
proof [8] exists for the RFIM in d = 2 and 3) and the RM
model [2]. On the other hand, it is proven to be right for the
BP case in all dimensions below the upper critical one [9].

We have recently shown that the breakdown of DR and
the spontaneous breaking of the underlying supersymmetry
take place below a nontrivial critical dimension [10] in the
RF O(N) model: This dimension is close to 5 for the Ising
(N = 1) version and decreases continuously as N increases
until it reaches 4 when N approaches 18 (the upper critical
dimension is equal to 6 for random field systems) [12—14].
Describing this phenomenon requires a renormalization
group (RG) approach that is functional, as the origin of
the DR breakdown is the appearance of a nonanalytic
dependence of the renormalized cumulants of the RF
(a linear ‘“‘cusp’) in the dimensionless fields, and non-
perturbative, as it takes place away from regimes where
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some form of perturbation analysis is possible (except
for the O(N) model when d is close to the lower critical
dimension [12,14]). A similar conclusion was previously
reached for the RM case, but there the DR predictions fail
for all dimensions at and below the upper critical dimen-
sion and can be already assessed through a functional but
perturbative RG [15-17].

The existence of a cusp in the cumulants of the renor-
malized disorder can be assigned to the presence of
collective events known as ‘“‘avalanches.” In any typical
sample of a disordered model, the ground state, which is
the relevant configuration that describes the equilibrium
properties of the system at 7 = 0, abruptly changes for
specific (sample-dependent) values of the external source;
such a change is precisely an avalanche [18-24]. The same
phenomenon is observed, still at 7 = 0, when the system
is driven by the external source without being allowed to
equilibrate. The corresponding avalanches then take place
out of equilibrium, between two metastable states of the
system [23,25-28]. The fact that abrupt changes corre-
sponding to discontinuous variations of the magnetization
(in the language of magnetic systems) are found at 7 = 0
should actually come as no surprise. In disordered systems,
this can take place even in zero-dimensional models [14].
The central question, which we address in this Letter, is
then the following: Under which conditions can avalanches
influence the long-distance properties of a given disordered
system and lead to a breakdown of DR?

Consider a disordered system of linear size L at T = 0
in which avalanches are present. We use the language of
magnetic systems and characterize configurations by the
local magnetization. All considerations, however, apply
equally well to configurations described by a continuous
field, in or out of equilibrium, and to nonmagnetic systems.
We also focus on situations in which the local order
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parameter (the ‘“magnetization”) is linearly coupled to the
external source J, which for simplicity is taken as uniform
in space. The avalanches can then be characterized by their
size S (the overall change in the fotal magnetization)
whose distribution is described by a density p; (S, J).

The magnetization m, (J; h) is the spatial average of the
local order-parameter field for a given sample character-
ized by the disorder realization h. Its change between two
values of the external source J; and J, (with, say, J, > J;)
is the sum of two contributions: A first one comes from
the smooth changes in the configuration, and another one
comes from the avalanches that take place between J,
and J,. As a consequence of the latter, the even moments
of the difference [m; (J;; h) — my (J,; h)], which are sym-
metric in the exchange of J; and J,, display a linear cusp
when J, — J;:

[my(Jy:h) = mp(J;; )]

= |J, — Jy|L 2 ] " dssp (8, 0) + O, — I\,
S

min

)

where S,;, is a microscopic lower cutoff and the overline
denotes the average over the quenched disorder.

It is easily realized that the nth moment is obtained by
considering disorder averages over n copies of the same
sample, with each copy coupled to a distinct external source
J,,a =1, ..., n.Forinstance, the second moment is expres-
sible in terms of a two-point Green’s function at zero
momentum G, (q = 0;J,, J,) = Lm;(J;;h)m;(Jo;h) —
my(J;;h)mp(Jo;h)], which is an extension to generic
sources J; # J, of whatis usually called the “disconnected”
two-point function in the theory of disordered systems.
One-particle irreducible (1PI) correlation functions (or
proper vertices) [29] associated with the above Green’s
functions can be introduced along the same lines. From
Eq. (1), with p = 1, one immediately derives that, for
instance, the two-point Green’s function GL(q =0;J, =
J—6J,J, =J+ 8J) has a nonanalytic dependence as
6J — 0, with the amplitude of the linear cusp related to the
second moment of the avalanches. This can be transposed to
the associated 1PI vertices and can be generalized to higher
orders as well.

Avalanches, therefore, always induce a linear cusp in the
functional dependence of the correlation functions associ-
ated with the cumulants of the renormalized disorder at
T = 0. However, we are interested in situations where
avalanches occur on all scales, as found for instance in
the RFIM at criticality, in the rough phase or at the depin-
ning transition of a RM, etc.

At large scale, when the correlation length and the extent
of the largest typical avalanches have reached the system
size L, one expects that the avalanche size distribution can
be written in a scaling form [23,24,28,30]:

S
pr(S,T) = po,L(J)S*TD(S—, - Jclsw), ®)
L

where S; ~ L% is the size of the largest typical “critical”
avalanches (see Ref. [28] for a careful discussion) which acts
as a cutoff for D that decays exponentially for S/S; = 1.
The critical conditions correspond to J = J,. (for the RFIM
at equilibrium, one has J. = 0 due to the Z, symmetry,
and, for the RM, there is no condition on J, as the whole
phase is critical), and p,; (J) is an overall factor such that
p(S)/por is normalized. This factor can be evaluated
by considering the so-called ‘“‘connected” susceptibility
X1 (J), which is the standard magnetic susceptibility di-
vided by the temperature and which is obtained by deriving
my with respect to J. x,(J) can be expressed as

, 1 [
XC,L(J)=XZf‘2°°‘h(J)+ﬁ /S dssSp;(S, 7). (3)

For J = J., x.r goes as L~ 7. Under the natural assump-
tion that the contribution from the avalanches is at least of
the order of the smooth one, by using Egs. (2) and (3) and
the fact that the first moment of the avalanches is domi-
nated by large avalanches (which is true when 1 < 7 <2,
a condition usually fulfilled), one then obtains that
porL(J)L™4TC=Ddr — 1271 Ag a result, Eq. (1) leads to
[mp(Jo; h) — mp(J;; )PP ~ |J, — Jy|L2 7~ Cr=Dd=dp),
The linear cusp in G,(¢ =0;J — 8J,J + 8J) when
6J — 0 is then found as

Gilg=0;J.— 8], ], +8]) = Gr(qg=0:J.J,)
~ |8J|Lr 2, “4)

The amplitude of the cusp therefore diverges as L — oo.
[One should, however, keep in mind that the whole func-
tion G, (g = 0) itself diverges as L*~7 at criticality.] From
Eq. (4), it is easily derived that the associated 1PI correla-
tion function A;(g = 0;m;, m,), which is the second
cumulant of the renormalized disorder, also has a cusp
in |m, —m;| as my, — m;. Indeed, after introducing
m; =m,— ém and my, = m,+ ém, where om— 0
and m, corresponds to the value of the average magnet-
izationat criticality, and using the relation between
Green’s functions and 1PI functions [29] as well as
om =my(J. + 6J;h) —my(J. — 6J;h) = 8Jx..(J.)
when 6J — 0, we derive

A (g=0;m.— ém,m,+ ém) — A (g =0;m,, m,)
= /\/c,L(Jc)72[GL(C] = O?‘IL - 6-], Jc + 6‘])
~Gr(qg=0,J.,J)]~ [dm|L%~22"m. (5)

As already stressed, the functional RG (FRG) is a power-
ful and necessary framework to describe the critical behav-
ior of the disordered systems of interest. Within such an
approach, which is a version of Wilson’s continuous RG
[31-34], the fluctuations are progressively taken into
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account by introducing an infrared cutoff that enforces the
decoupling of the low- and high-momentum modes at a
running scale k. Flow equations then describe the evolution
as one decreases k, and for k = 0 all fluctuations are
included. Contrary to the standard RG that considers
only a few coupling constants, the FRG accounts for an
infinity of couplings through the flow of full functions.
Here, one ends up with flow equations for the moments
of the renormalized disorder. For instance, an equation is
obtained for the second cumulant of the renormalized
random field or random force Ay (g = 0; ¢, ¢,) [12-17],
which is the quantity already considered in the previous
sections, with ¢ and k playing here the same role as the
local magnetization m and the inverse system size 1/L.

In order to reach the fixed point that controls the long-
distance behavior under study, one must introduce scaling
dimensions and convert the quantities appearing in the RG
flow equations from ‘“‘dimensionful” to ‘“dimensionless.”
For the cases of interest, we have stressed that the fixed
point is at zero temperature. Temperature is then a danger-
ously irrelevant variable, and an associated exponent 8 > 0
is introduced through an appropriate definition of a renor-
malized temperature T} [12-17,35]: T, ~ k?. Near the
zero-temperature fixed point, the dimension d of the field
¢ is modified from its standard value of (d — 2 + 7)/2,
with 7 the anomalous dimension, by a term involving
the temperature exponent: dy = (d —2+ 1 —0)/2 =
(d —4+ 75)/2, where we have also introduced the
additional anomalous dimension % through the relation
0 =2+ n — 7. Similarly, the second cumulant A, has
the scaling dimension of a two-point 1PI vertex 2 — 7,
modified by the temperature exponent, i.e., 2 — 1 — 0 =
—2m + %; it can be put in dimensionless form as
Alg=0:¢p1, $2) ~ k=171 5,001, @), where ¢ is the
dimensionless field.

DR corresponds to § =2 (7 = ) and to all other
exponents equal to their value in the system without
disorder in dimension d — 2. The main outcome of the
FRG studies is that DR breakdown is related to the pres-
ence of a cusp in the functional dependence of the dimen-
sionless second cumulant of the renormalized random field
or force 8,(0; ¢, ;) in the vicinity of the T = 0 fixed
point [12-17]. More concretely, after introducing ¢ =
(@1 + ¢y)/2and 6¢ = (¢, — ¢1)/2, the “cuspy” behav-
ior that changes the critical exponents from their DR
prediction is of the form [13,14]

8.0, =8¢, 0+ 8¢)=8.0(e) + 8..,(0) 60| + 0(5¢?),
(6)

when ¢ — 0, with J., < 0; the star indicates the fixed-
point value at k = 0. As a result of a nonzero 8, ,, the
exponent 6 takes a nontrivial d-dependent value <2 and 7
and 7 differ from the dimensional reduction values,
with § # 7.

The connection between the quantities computed
through the FRG and those previously discussed is made
by associating the infrared cutoff k with 1/L [34].
Equation (5) can then be expressed in a dimensionless
form by dividing the cumulant A; and the magnetization
dm by their scaling dimensions L27~7 and L~@=4F1/2,
respectively. We immediately obtain that the amplitude of
the linear cusp in dimensionless form scales as

Ld_f'_2(2_7l)_<27l_ﬁ)_(d_4+ﬁ)/2 = Ldf_(d+4—‘f])/2’ (7)

which can also be rewritten as L% ~¢~4s)_ By comparison
with Eq. (6), one therefore finds that the cusp persists in the
dimensionless quantities when L — oo, i.e., at the fixed
point, ifand only ifdy = d — dy. If dy < d — d, the cusp
is only subdominant and does not affect the leading critical
behavior and the associated exponents. (Note that the
condition dy > d — dy4 is not compatible with the result
of the FRG studies, in which proper renormalized theories
have always been found with no stronger nonanalyticities
than the linear cusp.)

We conclude from the above derivation that DR breaks
down iff dy=d —d. On the other hand, DR remains valid
if dy <d —d,, despite the presence of the avalanches
and of a cusp in the dimensionful cumulants of the effec-
tive disorder at T = 0. In the latter case, the difference
(d —dy — dy) can be reinterpreted and computed in the
FRG: When perturbing the “cuspless” fixed-point value of
the dimensionless cumulant with a function that itself dis-
plays a linear cusp, the amplitude of the cuspy perturbation
should go to zero as k — 0 so that

8:0;0 — 6,0 +6¢) =600 —bp, ¢+ )
+ KM fA(p, So), ®)

with A = (d — dy) —dy >0 and f)(p, §¢) = [5elfr(p)
when 8¢ — 0. The fractal dimension d; can then be
obtained from an investigation of the irrelevant directions
associated with nonanalytic eigenfunctions around the
fixed point. This is what we have done by solving the
nonperturbative FRG equations derived in Ref. [14] for
a function 6, of the form given in Eq. (8) (see the
Supplemental Material [36]).

We are now in a position to discuss the consequences of
the above conditions for several systems in which DR is
predicted by standard perturbation theory. Consider first
the mean-field limit. The exponents 7 and d; in Eq. (2) can
easily be derived for fully connected models [30], and one
finds 7=3/2 and d; =4 [37]. At the upper critical
dimension d,., the anomalous dimension %7 = 0 so that
dy = (dy. —4)/2. One should thus compare d; = 4 and
d —dy = dy/2 + 2. For RF and RA models (we include
here models with N-component fields which we expect
to behave in a similar manner as that of the single-
component one), d,. =6 so that DR should apply.
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FIG. 1 (color online). Theoretical prediction for the avalanche
fractal dimension d; versus d for the equilibrium RFIM. Filled
circles indicate the known values at d. and d,.; The crosses and
square are the numerical estimates for the out-of-equilibrium
[23,27,28] and equilibrium [23] behaviors in d = 3, respectively.
The dashed line is the upper bound (d; = d). The numerical
resolution of the FRG flow equations becomes extremely diffi-
cult in low dimension, typically for d < 2.9, and when approach-
ing dpr = dgygp = 5.1 from below, so that we have no results
there.

The same is true for the BP statistics for which d,. = 8
[39]. On the other hand, for the RM case, d,, = 4: A
failure of DR is then expected, possibly only in logarithmic
corrections at d = d,. but more severe as one lowers the
dimension.

Below d,, there must be a nonzero range of dimensions
for which the DR predictions correctly describe the critical
behavior of the RF, RA, and BP models but likely not that
of the RM one. Actually, the latter has been studied in great
detail through the perturbative FRG in d=4—¢
[19,25,38]. It was found that d; is equal to d + ¢, where
{ is the exponent describing the roughness of the interface
(for a single-component displacement field). As the dimen-
sion dy of the field is itself equal to —Z, it follows that
the equality d; = d — d is always verified and that DR
never applies, as indeed found by direct computation of
the critical exponents within the FRG or in computer
simulations. This conclusion is valid for the pinned phase,
in equilibrium, and for the depinning threshold in the
driven case.

For the RFIM at equilibrium, we have shown through a
nonperturbative FRG that DR breaks down below a
nontrivial dimension dg, = 5.1 [10,13,14]. According to
the above conditions, the avalanche exponent d; should
then be equal to d —d, = (d +4 — 7)/2 below d
and to (d +4 — n)/2 — A, where A is the eigenvalue
associated with the irrelevant cuspy directions around
the cuspless fixed point, above d,. In Fig. 1, we plot
the theoretical prediction for d; based on the above rela-
tions and on the computation of d and A from the solution
of the nonperturbative FRG flow equations [14] (see the
Supplemental Material [36]). At the lower critical

dimension, d;, = 2, one expects the avalanches to be com-
pact even at criticality, with therefore d; = d = 2 (see also
Ref. [27]). As dd» = (, one then finds that df =d - ddn as
predicted.

Finally, for the BP statistics, so long as DR applies, 7 =
2m and is negative. In consequence, d —dy =d +4 —
7 > d + 4. As the fractal dimension d should also be less
than the dimension of the embedding space, one can see
that d; = d <(d + 4)/2 when d < 4. We therefore con-
clude that DR applies, at least, when d = 4 and in the
vicinity of the upper critical dimension d,, = 8 (see
above); the existence of an intermediate range of dimen-
sions characterized by DR breakdown is highly unlikely.
This is of course in agreement with the known exact
results [9].

To summarize, we have related the breakdown of DR to
the scaling characteristics of avalanches and clarified that
the intriguing result of why DR fails below a nontrivial
dimension for the RFIM is always broken for random
elastic manifolds but applies to the branched-polymer
problem. Already, in this latter example, the present results
and formalism go beyond the realm of disordered systems.
They may also be useful in other quite different contexts,
such as turbulence, structural glasses, hysteresis in a
variety of materials, socioeconomic phenomena, or non-
Abelian gauge theories.
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