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Non-Abelian gauge theories play an important role in the standard model of particle physics, and unfold

a partially unexplored world of exciting physical phenomena. In this Letter, we suggest a realization of a

non-Abelian lattice gauge theory—SU(2) Yang-Mills in (1þ 1) dimensions, using ultracold atoms.

Remarkably, and in contrast to previous proposals, in our model gauge invariance is a direct consequence

of angular momentum conservation and thus is fundamental and robust. Our proposal may serve as well as

a starting point for higher-dimensional realizations.
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The importance of gauge theories, being at the heart of
the standard model of modern particle physics, cannot be
overestimated. Gauge fields give rise to the long-range
causal interactions between matter particles. However,
while QED is an Abelian gauge theory, the strong inter-
actions are described by QCD, a non-Abelian SUð3Þ Yang-
Mills gauge theory. This gives rise to many significant
differences. For example, non-Abelian theories involve
the effect of quark confinement [1,2], which is responsible
for the forces that ‘‘bind quarks together,’’ forbidding the
existence of free quarks. This gives rise to the familiar
structure of hadrons. This effect, as well as other non-
perturbative phenomena of ð3þ 1ÞD dimensional non-
Abelian models, required the development of new methods
and techniques, such as lattice gauge theory [1,3–5]. It has
been helpful to study fundamental QCD effects using
simpler models that manifest the same essential ingre-
dients. For example, confinement of quarks could be
examined within the confining phase of (Abelian) compact
QED [1,3,6,7], which already in (2þ 1) dimensions gives
rise to flux loops and plaquette interactions. Another
approach is to use the ð1þ 1ÞD version of SUðNcÞ Yang-
Mills theories [such as QCD2, the ð1þ 1ÞD version of
QCD]; (1þ 1)-dimensional models have been used in
numerous nonperturbative methods to study the hadronic
spectrum of such gauge theories [8–14].

The field of quantum simulations [15–17] has been
extensively developed theoretically and experimentally
with the aim of advancing new quantum computational
approaches to many-body systems, in particular, in the
context of condensed matter physics. Recently, it has
been realized that quantum simulations could be used
also for exploring high energy physics models and effects
[18]. Simulations of high energy physics models are in
general more demanding, as compared with condensed
matter ones for several reasons. Matter and gauge fields
are described by fermionic and bosonic fields, and thus the
use of several atomic species is needed. Furthermore, the
continuum limit of the models must include relativistic
symmetries, which can be simulated with nonrelativistic

atoms by using lattices, as in lattice gauge theories. There
have been several suggestions for the simulation of rela-
tivistic field theories involving bosons [19–21], fermions,
free or interacting with external (classical) gauge fields
[22–24], or fermions interacting with (bosonic quantum)
gauge fields in ð1þ 1ÞD [25].
The simulation of dynamic gauge theories is even more

challenging. First, gauge invariance must be respected.
Moreover, it requires a special form of the many-body
interactions, which are usually not available in most sys-
tems. In particular, lattice models involve plaquette inter-
actions among the links of the lattice. Second, Gauss law
(involving gauge bosons and fermions) has to be imple-
mented as a constraint. The special interactions could be
obtained as a low-energy effective gauge invariant theory
of the original system.
Very recently, realizations of Abelian dynamic gauge

theories, employing trapped atoms in optical lattices, have
been proposed, simulating ð2þ 1ÞD Kogut-Susskind
Abelian compact QED, that manifests confinement of
charges, using either Bose-Einstein condensates [26] or
single atoms (a truncated version) [27]. These can also be
extended to include dynamic matter, as proposed for the
(1þ 1)-dimensional Schwinger model [28], which can
be compared to exact available solutions, and for a
(2þ 1)-dimensional truncated Kogut-Susskind model
[29]. Simulations of other Abelian gauge theories [30–32]
have been proposed as well.
In this Letter we present a simulation scheme for an

SUð2ÞYang-Mills theory, where both the fermions (matter)
and gauge bosons are dynamical. The main idea is to
introduce additional fermionic and bosonic fields (ancillas)
to obtain the desired non-Abelian aspect. Remarkably, and
in contrast to previous proposals, in our model gauge
invariance is fundamental and a direct consequence of
angular momentum conservation, making this important
property fundamental and robust.
Lattice Yang-Mills theory.—The system we wish to

simulate includes a non-Abelian gauge field and dynamic
fermionic matter. In ordinary lattice theory the gauge field
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degrees of freedom are defined on the lattice’s links,
whereas the matter fields are located on the vertices
[3–5]. The gauge field is represented by unitary matrices
Ur

n, whose elements ðUr
nÞkl are constructed out of operators

in the local (gauge field) Hilbert space. The index n labels
the link (according to the vertex from which it emanates),
and r the representation. In our SUð2Þ case, the fundamen-
tal representation is r ¼ 1=2 and we shall suppress the

index r in this case. Thus, Un � U1=2
n are 2� 2 matrices

of operators.
Non-Abelian fields generally carry color charges, and

hence, unlike in the Abelian case, each link carries two
different electric color fields, the left and right field char-
acterized by the operators fLn;ag, fRn;ag. Their difference
along a link can be interpreted as the color charge carried
by it. These are, in fact, the left and right generators of the
group, and hence they must satisfy the (matrix) algebra of
SUð2Þ [33],

½La;U
r� ¼ �r

aU
r; ½Ra;U

r� ¼ Ur�r
a; (1)

where f�r
ag, the representation matrices, and �r¼1=2

a ¼
1=2�a. As generators of SUð2Þ, the left and right electric
fields satisfy the algebra

½Ln;a;Ln;b�¼�i�abcLn;c; ½Rn;a;Rn;b�¼ i�abcRn;c: (2)

The left and right generators can be shown to commute
with each other, and thus give rise to the same Casimir
operator, L2 ¼ P

aLaLa ¼ R2. Thus, in SUð2Þ the gauge
field Hilbert space on a single link is characterized by three
different integer quantum numbers, j, m, m0, satisfying

L2jjmm0i ¼ R2jjmm0i ¼ jðjþ 1Þjjmm0i;
Lzjjmm0i ¼ mjjmm0i; Rzjjmm0i ¼ m0jjmm0i: (3)

Finally, the r ¼ 1=2 matter fields are introduced as
two-component spinors c n defined at the vertices.

The local color charges are defined by Qn;a ¼
1=2

P
k;lc

y
n;kð�aÞklc n;l. The local gauge invariance is man-

ifested by the conservation of Gauss’s law at each vertex,
Ln;a � Rn�1;a ¼ Qn;a, for each group index a separately.

In local gauge transformations, one picks a group element
Vn for each vertex and acts with it on the gauge and matter

fields: c n ! Vnc n; Un ! VnUnV
y
nþ1. This is a transfor-

mation in ‘‘group space,’’ i.e., on group indices, and thus,
in a gauge invariant Hamiltonian, all the group space
indices (of matter and gauge fields) must be fully con-
tracted (effectively ‘‘traced out’’). Thus, the simplest ‘‘pure

gauge’’ terms are of the form / TrgroupðU1U2U
y
3U

y
4 Þ,

where the product is of group elements around a plaquette.
Such terms give rise to the propagating effects in (dþ 1)
dimensions where d > 1, but are absent in ð1þ 1ÞD, where
the only possible interactions are gauge-matter ones. In the
following, we shall use the staggered fermions method in
(1þ 1) dimensions [34–36], where the gauge invariant
Hamiltonian is

H ¼ X
n

�
g2

2
L2

n þmð�1Þnc y
nc n

þ i�ðc y
nUnc nþ1 � H:c:Þ

�
; (4)

where g is the theory’s coupling constant and m is the
fermion’s mass. We shall denote by jvaci the zeroth-order
ground state in the strong coupling limit (g2 � �, where
the � part is treated as a perturbation). This state satisfies

jvaci ¼ �linksj000i �vertices n jc y
nc n ¼ 1� ð�1Þni. The

double filling in the odd vertices (‘‘negative mass’’ verti-
ces) is the ‘‘Dirac sea’’; in the continuum limit of staggered
fermions, two neighboring two-component spinors become
a single four-component one.
In order to simulate this Hamiltonian, one has to find an

appropriate realization for the group elements fUng and
generators fLn;ag, fRn;ag fulfilling the unitarity and

algebra demands [Eqs. (1)–(3)]. The well-known Jordan-
Schwinger map [37,38], connecting harmonic oscillators
(bosons) and angular momentum can be generalized to
mapping between SUðNÞ and bosonic systems [39,40].
This allows one to express the gauge field operators using
bosonic atoms in the prepotential representation [41,42].
(One could also use the quantum link model [43,44],
or the generalization with fermionic building blocks
[45,46], which provides a finite dimensional Hilbert space
approach [47].)
In the prepotential representation, for SUð2Þ, one defines

four bosonic species on each link n: the first two are
identified by the operators a1, a2 on the left side, and the
other two b1, b2 on the right side, constrained byNL ¼ NR,

where NL � ay1a1 þ ay2a2 and NR � by1b1 þ by2b2. Then,
one can express the unitary operators on each link as
U ¼ ULUR, where

UL ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL þ 1

p
� ay1 �a2

ay2 a1

�
;

UR ¼
�

by1 by2
�b2 b1

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NR þ 1
p :

(5)

Then, by identifying j ¼ NL=2 ¼ NR=2, the generators

La ¼ 1

2

X
k;l

ayk ð�aÞlkal; Ra ¼ 1

2

X
k;l

byk ð�aÞklbl (6)

and L2 ¼ NL=2ðNL=2þ 1Þ, R2 ¼ NR=2ðNR=2þ 1Þ,
Eqs. (1)–(3) follow.
Pure gauge simulation.—First, we shall discuss the

simulation of the gauge field, disregarding the fermions.
The simulating system required for that is a set of optical
lattices [15]. Each minimum can contain two different
(bosonic) atomic species out of four, A1;2 or B1;2. The A,
B minima alternate [see Figs. 1(a) and 1(b)]. We assume
that the energy levels of the bosonic modes on each minima
are fairly separated, such that we can consider only the
lowest one. Since nearest-neighbor minima cannot contain
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similar atomic species, tunneling is eliminated, and thus
the only remaining interactions are within the minima—
scattering and number terms. Tuning the optical parame-
ters and the chemical potential properly, one gets the
Hamiltonian

HE ¼ 1

2

X
n

�
gL

NL;n

2

�
NL;n

2
þ 1

�
þ gR

NR;n

2

�
NR;n

2
þ 1

��
;

(7)

with gR þ gL ¼ g2, but since ½HE;NL;n � NR;n� ¼ 0, if
the constraint NL;n ¼ NR;n is initially fulfilled at all links,

we get the desired Hamiltonian, HE ¼ g2=2
P

nL
2
n. This

corresponds to a (1þ 1)-dimensional SUð2Þ pure gauge
theory. However, since this system has no dynamics at all,
we would like to introduce some dynamic color charges
(fermions).

Dynamic fermions simulation.—First, we show how to
realize the fermionic mass term. In order to do that, we
introduce two-component spinors c n at every vertex [see
Fig. 1(c)], i.e., to the left of the A bosonic minima, with an
alternating chemical potential, yielding the requested

Hamiltonian Hm ¼ m
P

nð�1Þnc y
nc n. This requires the

use of a superlattice, as indicated in Fig. 1(c). Next, we
introduce the nontrivial interaction term. In order to do
that, we introduce ancillary fermionic species, ‘‘sitting’’ in
the middle of the links, to the right of the A bosonic minima
[see Fig. 1(d)]. On each such ‘‘virtual vertex’’ we define a
two-component spinor �n with the local Hamiltonian

H� ¼ �
P

n�
y
n�n. In addition to these spinors, we intro-

duce more bosonic species, C1;2 and D1;2, whose minima

overlap with the ones of A1;2 and B1;2, respectively [see

Figs. 1(a) and 1(b)], serving as reference baths, all prepared
in an identical coherent (i.e., Bose-Einstein condensate)
state j�i, where � 2 R, � � 1.

The required boson-fermion interaction is obtained as a
boson-assisted tunneling, where fermionic tunneling is
accompanied by an internal boson change, specifically,

Hf ¼ �

21=4�

X
n;i;j

½ðc y
n Þið ~WL;nÞijð�nÞj

þ ð�y
n Þið ~WR;nÞijðc nþ1Þj þ H:c:�; (8)

where

~W L ¼ ay1c1 �a2c
y
2

ay2c2 a1c
y
1

 !
; ~WR ¼ by1d1 by2d2

�b2d
y
2 b1d

y
1

 !
:

(9)

The overlapping of the Wannier functions of the different
atomic species (see Fig. 1) naturally gives rise to such
interactions. The minima of the same species are always
separated by minima of other ones, and hence tunneling
between neighboring same-species minima are unlikely.
Thus, only the scattering processes contribute. Their coef-
ficients (such as g2, the �=� ratio, or �, which will be
defined later) can be tuned by optical Feshbach resonances
[48–50].
In order to eliminate undesired processes and keep only

the needed ones, one has to carefully select the hyperfine
levels of each of the atomic species such that only the
desired processes would conserve angular momentum.
Thus, gauge invariance will be a fundamental property of
the system (and not an effective one), arising from the
natural atomic angular momentum conservation. There
are many possible choices for the magnetic levels to be
used. If one, for example, chooses 7Li atoms for the bosons
and 40K atoms for the fermions, there are many choices of
mF values that should work (the selection rules we con-
sider depend only on the magnetic level mF). A possible
choice is mðA1Þ ¼ 3, mðA2Þ ¼ 2, mðB1Þ ¼ �3, mðB2Þ ¼
�2, mðC1Þ ¼ 1, mðC2Þ ¼ �3, mðD1Þ ¼ �1, mðD2Þ ¼ 3,
mðc 1Þ ¼ 3=2, mðc 2Þ ¼ �3=2, mð�1Þ ¼ 7=2, mð�2Þ ¼
�7=2 [51]. A detailed discussion can be found in the
Supplemental Material [52].
Another term which conserves angular momentum and

arises in the proposed setup is ~Hf ¼ �
P

nc
y
nc nðNR;n�1 þ

NL;nÞ, but this can be eliminated by a proper choice of the

Hamiltonian parameters, as is explained later. Scattering

terms of the form �y
n�nðNL;n þ NR;nÞ are also angular

momentum conserving and thus possible. However, they
vanish in the relevant subspace M, where the dynamics
takes place (see below). Finally, the only angular momen-
tum allowed c -� and �-� scattering processes vanish in
M. The local c -c scattering should be made as small as
possible. Bosonic ‘‘undesired’’ angular momentum
allowed processes (Ci-Aj and Bi-Dj scattering) may be

eliminated by the use of local linear (number) counterterms

(for example, cy1c1a
y
1a1 may be eliminated using a counter-

term / �2ay1a1).
Since cij�i ¼ �j�i, and cyi j�i � �j�i (because

� 2 R, � � 1, and the same applies for di), we get that
effectively, within our subspace of interest, we can replace
~WL, ~WR with �WL, �WR, where WL ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

NL þ 1
p

UL and
WR ¼ UR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NR þ 1

p
. Thus, one effectively gets

FIG. 1 (color online). A schematic representation of the re-
quired bosons (a), (b) and fermions (c), (d) superlattice structure;
panel (e) shows schematically the combination of all the species
to form the links-vertices structure. We have exaggerated the
distance between the wells in order to make the structure more
clear.
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Hf ¼ �

21=4

X
n;i;j

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL;n þ 1

q
ðc y

n ÞiðUL;nÞijð�nÞj

þ ð�y
n ÞiðUR;nÞijðc nþ1Þj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NR;n þ 1

q
þ H:c:

�
: (10)

Note that this Hamiltonian is gauge invariant, if we take into
account the�’s as well when doing a gauge transformation.

Next, assume thatH� is the largest energy scale, i.e.,� �
g2,m, �. In that case, we can treatHE þHm þHf þ ~Hf as

perturbations to the large constraint H�. If we initially

prepare the system with no � atoms at all, we adiabatically
eliminate them and obtain an effective Hamiltonian expan-
sion in this subspace [53], which we denote by M. In first
order, we get HE þHm þ ~Hf. In second order, there are

several possible contributions. Each virtual action of Hf

requires a second operation of it on the same link, in order to
return to M. The first type of processes yields the

Hamiltonian H0
f ¼ ��2=

ffiffiffi
2

p
�� ~Hf (see the Supplemental

Material [52] for details). Choosing�2=
ffiffiffi
2

p
� ¼ �, we elimi-

nate both ~Hf, H
0
f as anticipated above.

The other type of processes are of utmost interest. There,
a fermion hops to the middle of a link, and then makes
its way to the other side. Mathematically (details in

the Supplemental Material [52]), one gets H� ¼
�ffiffi
2

p P
nðc y

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NL;n þ 1

p
Un

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NR;n þ 1

p
c nþ1 þ H:c:Þ, where

� � ��2=�. This yields the full effective Hamiltonian,
to second order, Heff ¼ HE þHm þH�. The gauge-

fermions coupling is folded withinH�. Now, let us redefine

the fermionic degrees of freedom, by performing on all the
‘‘real’’ fermions the canonical transformation c n ! inc n.
This transformation leavesHm invariant, but introduces the
missing complex factors to H�.

Define the strong limit vacuum jvaci, in which the C, D
atoms are in the j�i state previously defined, and there are
no other bosons all over the lattice. The fermions should be
prepared as explained before. All the gauge invariant states
can be constructed by operating on jvaci with products of
H� elements.

Consider the case of small �, comparing to the other
energy scales. Then, if one initially starts with the state
jvaci, the dynamics will be correct to fifth order in � [52].
A single action of H� on jvaci raises the flux on the

relevant link to j ¼ 1
2 ðNL ¼ NR ¼ 1Þ. Since a link in its

ground state contains no A, B bosons, only the creation
operators part of U, Uþ would contribute, and one would

get, before its operation,
ffiffiffiffiffiffiffiffiffiffiffiffi
Nþ1

p jvaci¼ jvaci, and after its

action,
ffiffiffiffiffiffiffiffiffiffiffiffi
Nþ1

p
Ujvaci¼ ffiffiffiffiffiffiffiffiffiffiffiffi

Nþ1
p

Uþjvaci¼
ffiffiffi
2

p
Uþjvaci¼ffiffiffi

2
p

Ujvaci. Thus, we conclude that H�jvaci ¼
i�
P

nðc y
nUnc nþ1 � H:c:Þjvaci as desired. One can also

show (as done in the Supplemental Material [52]) that a
double operation of H� on jvaci is equivalent to the

simulated system’s case as well, since the flux never
exceeds j ¼ 1=2 in the second order. In fact, given the
initial state jvaci, the flux never exceeds j ¼ 1=2 until the

sixth order [52], and thus, for small �, one can effectively
drop the square roots of number operators and get, for the
initial jvaci, a fifth-order accurate simulation of the matter-
gauge interactions,

H� ¼ i�
X
n

ðc y
nUnc nþ1 � H:c:Þ: (11)

Initial state preparation and possible measurements.—
Initially, one can prepare the system in the ground state of
the strong limit, jvaci. The fermion interactions should be
switched off, i.e., � ¼ 0 (or � ¼ 0, in terms of the funda-
mental Hamiltonian), for example, by deepening the optical
lattice minima. If one turns on the interactions, accurate
dynamics will be obtained up to fifth order in �.
Alternatively, before turning the interactions on, one can
create, using single addressing lasers [54,55], charges with
the appropriate flux tubes connecting them. One could either
create mesons, whose length should be odd (since we are
using staggered fermions and ‘‘quarks’’ and ‘‘antiquarks’’
are on alternating vertices) or baryons, sitting on the same
vertex, as described in Ref. [36]. In the case of such initial
states, the dynamics will be slightly different than in the
simulated model but will manifest, qualitatively, the same
effects. After turning the fermionic dynamics on, one can
change the parameters m, g, and if it is done adiabatically,
one can see the consequences, as long as �< g2 (no phase
transition is expected in 1 spatial dimension, of course).
Measurements can be done by locally probing the number
of ‘‘real’’ fermions andA, B bosons over the lattice. Another
possibility is to realize the Wilson-loop area law measure-
ment, proposed in Refs. [29,56] for a non-Abelian system.
Before concluding, we shall emphasize again that in this

model gauge invariance is fundamental and exact, inher-
ited from angular momentum conservation. This makes the
model robust against errors and corrections: as the sym-
metry is already manifested in the basic Hamiltonian (8),
the system cannot leave the gauge invariant subspace.
Generalization to more dimensions.—As mentioned

before, lattice gauge theories in (dþ 1) dimensions
(d > 1) contain ‘‘magnetic’’ plaquette terms, unlike the
(1þ 1)-dimensional case presented here. Thus, the general-
ization to higher dimensions requires more complicated
techniques [57]. Another important consequence of these

terms is that for d > 1, the
ffiffiffiffiffiffiffiffiffiffiffiffiffi
N þ 1

p
operators encountered

here cannot be avoided, since these closed flux loops raise the
flux to j > 1=2 in lower orders, making the dynamics less
accurate. In this work we have considered the simpler
(1þ 1)-dimensional model, although some of the ideas
introduced here may be used as a basis to build higher-
dimensional versions.
Finally, let us emphasize that it is fair to recognize that

the simulation proposed here requires setups that are much
more complex than the ones required for the simulation of
condensed matter models, something which will make the
realization of the present proposal extremely challenging.
However, the purpose of our work is to show that this, in
principle, is possible, and to trigger the development of the
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required experimental techniques, since simulation of
gauge theories may have a strong impact well beyond
atomic and condensed matter physics.
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Note added.—Recently, two other proposals for quan-
tum simulations of non-Abelian gauge theories with cold
atoms have been suggested, for a strong-coupling rishon-
link model [58] and an SUð2Þ gauge magnet [59].
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