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2Institut Matériaux Microélectronique Nanoscience de Provence, Aix-Marseille Université,
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We investigate the morphological evolution of SiGe quantum dots deposited on Si(100) during long-

time annealing. At low strain, the dots’ self-organization begins by an instability and interrupts when (105)

pyramids form. This evolution and the resulting island density are quantified by molecular-beam epitaxy.

A kinetic model accounting for elasticity, wetting, and anisotropy is shown to reproduce well the

experimental findings with appropriate wetting parameters. In this nucleationless regime, a mean-field

kinetic analysis explains the existence of nearly stationary states by the vanishing of the coarsening

driving force. The island size distribution follows in both experiments and theory the scaling law

associated with a single characteristic length scale.
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Self-assembled islands are extensively under scrutiny
both for their present and promising applications in elec-
tronics or optics and for their insights into the fundamental
processes of epitaxial growth. SiGe island formation
results from the Stranski-Krastanov mode, where the initial
planar growth enforced by wetting leads above a critical
height hc to islands relaxing the elastic strain. As time
proceeds, the initially defect-free islands grow, change
shape, or eventually dislocate [1]. At low misfit (�1%),
this evolution begins with a nucleationless instability [2,3]
where periodic ripples basically depicted by the Asaro-
Tiller-Grinfeld (ATG) instability allow partial elastic re-
laxation [4]. The atomic processes at the origin of this
evolution differ noticeably from the nucleation pathway
at work in the 2D or 3D transition for larger strain [5], so
that different growth dynamics and spatial organization
may result.

Of special interest is the coarsening of islands where the
largest, more relaxed ones grow at the expense of the
smallest. The initial isotropic mounds undergo a noninter-
rupted coarsening different from the standard Ostwald
power laws [6,7]. Once the island slopes reach 11�, (105)
facets and pyramids appear [2,8–10] whose coarsening is
initially enhanced by elasticity [11]. The ripening of the
subsequent anisotropic islands was first advocated to reach
equilibrium due to the balance between edge, surface, and
elastic energies [12,13], while an anomalous coarsening
was advocated based on real-time observations showing a
reversible shape evolution [14]. In the high-strain nuclea-
tion regime, e.g., for pure Ge on Si, coarsening was found
to be kinetically suppressed for sparse islands due to a size-
dependent nucleation barrier [15] or when supersaturation
is high enough [16].

We investigate in this Letter the coarsening in the nucle-
ationless low-strain regime considering the long-time
annealing of dense pyramids. We find nearly stationary
states with only pyramidal islands whose density depends
on the film thickness. We compare the experimental find-
ings with the nonlinear analysis of the surface diffusion
equation accounting for wetting, elasticity, and anisotropy
in order to rationalize the origin of the coarsening inter-
ruption. We find that both the system evolution and mor-
phology can be qualitatively and quantitatively described
by the continuum model with parameters extracted from
experiments. A mean-field analysis based on these parame-
ters shows that coarsening is interrupted when its driving
force vanishes thanks to anisotropy. The theoretical and
experimental island size distributions are also found to
closely match.
Experimental results and nearly stationary states.—

Growth experiments were performed by molecular-beam
epitaxy on a Si(100) substrate in a Riber system with a base
pressure of 10�11 Torr. After a 950 �C in situ flashing, a Si
50-nm-thick buffer layer is deposited at 750 �C to provide
a clean reproducible flat surface. The Si flux coming from
an electron-beam evaporator is constant, 0:03 nm=s, while
Ge is deposited from an effusion cell. Si substrates are
rotated during growth, and their temperature is controlled
in real time. The growth and annealing temperature is
550 �C, and the Si1�xGex composition varies between x ¼
0:15, 0.2, 0.25, 0.3, and 0.5. For the first four compositions,
the evolution is nucleationless, while nucleation is clearly
visible for x ¼ 0:5. In the following, when not specified,
the film composition is 0.3. Surface morphologies are
analyzed by atomic force microscopy (AFM) in the air
tapping mode.
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As-grown samples display the ATG instability morphol-
ogy characterized in real space by a standard deviation
w ¼ 0:2 nm and in Fourier space by a maximum for a
wave vector modulus corresponding to a 130� 20-nm
wavelength [Fig. 1(a)]. The subsequent in situ long-term
annealing at the growth temperature induces the develop-
ment and coarsening of dislocation-free islands above the
wetting layer; see Figs. 1(a)–1(d) for a 5-nm-thin epilayer
annealed for up to 54 h. To simplify the analysis, we focus
on a growth regime with only pyramidal islands [14],
contrary to thick films where both pyramids and domes
coexist [8]. Initially zero, the island density increases and,
after some time, saturates at 2:4� 1013 m�2 in a nearly
stationary regime. As checked by AFM profile angle analy-
sis, these islands are bounded by (105) facets and are
square or rectangular pyramids. A similar evolution is
found for a film thickness �h ¼ 8 nm: The instability dis-
plays a similar wavelength and amplitude and leads to a
nearly stationary state with an increased density of 2:9�
1013 m�2 [Fig. 1(d)]. Note that the time necessary to reach
this state is noticeably decreasing with �h (it is already
achieved after 18 h when �h ¼ 8 nm). We also deposited
films of thickness 3.5 and 4.3 nm which did not show any
evolution even after 72-h annealing, so that hc lies in
between 4.3 and 5.0 nm for x ¼ 0:3. For x ¼ 0:25, we
found a similar evolution but with (i) a larger hc,
(ii) thicker films up to 20 nm, and (iii) a larger character-
istic time. Films with similar thicknesses and x ¼ 0:15 and
0.2 did not show any significant evolution, as the character-
istic time scale is out of reach.

Continuum model and qualitative comparison.—In
order to investigate the origin of these nearly stationary
states, we use a continuum model dictated by mass
conservation [17,18] which allows us to describe self-
organization on large scales. During annealing, the evolu-
tion by surface diffusion of the film surface located at
z ¼ hðx; y; tÞ is

@h

@t
¼ D�s

�

�h
ðF s þF elÞ; (1)

with the diffusion coefficient D and the surface Laplacian
�s. Strain is present in the whole system, as the film-
substrate interface is coherent while the two materials

have different lattice parameters. The elastic energy F el

may be computed exactly [18] by solving mechanical
equilibrium for small slopes

F el ¼ E0

Z
dxdyh

�
1þ 2ð1þ �Þ

�
� 1

2
H ii½h�

� jrhj2 þH ij½h��ijklH kl½h�
��
; with

~H ij½h�ðkÞ ¼
kikj
jkj

~hðkÞ; (2)

with x or y indices, the flat film elastic energy density
E0, the Poisson ratio �, a geometrical tensor �ijkl, and the

nonlocal operator H ij defined in Fourier space along

x and y with the wave vector k. The surface energy
F s ¼ R

�dS accounts for wetting and crystalline anisot-
ropy. When h is small, the surface energy describing the
intermolecular broken bonds depends on the local environ-
ment and hence on h [19]. This crucial wetting effect [10]
rationalizes the existence of a critical thickness hc below
which the elastic instability cannot occur [19,20]. It also
suppresses the singularity of the ATG instability when
combined with nonlinear nonlocal effects [6,21]. We con-
sider the exponential dependence for semiconductors
[18,19]

�wðhÞ ¼ �fð1þ cwe
�h=�wÞ; (3)

with the thick film surface energy �f, which is consistent

with ab initio calculations [22,23] and is mainly important
at low thickness. In addition, the crystalline anisotropy
enforces an extra dependence on the surface slope [24].
The anisotropy of SiGe is such that (100) is stable but not a
facet orientation while (105) is a facet [25]. We simplify
the analysis of Ref. [18] and consider that � ¼ �wðhÞ þ
�anisðrhÞ, where

�anis ¼ �X
�

A� exp

�
���

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrh� rh�j2 þ ��

q �
; (4)

with the (100) and (105) orientations � and a flat minimum
for (100) and sharp ones for (105). Its simplicity allows an
efficient computation and hence a systematic analysis. In
our conditions (low x), the amount of intermixing is
expected to be low in contrast to the nucleation regime

(a) (b) (c) (d)

FIG. 1 (color online). AFM images of a 5-nm-thin Si0:70Ge0:30 layer (a) as grown (Fourier transform in inset), (b) after 18-h
annealing, and (c) after 54-h annealing at 550 �C. (d) Image of a 8-nm film after 18-h annealing. The [110] direction is horizontal.
(The scan area is 3� 3 �m2, and the vertical scale is 32 nm.)
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(high x) [26], and its effect is hence ignored in a first step.
Eventually, we neglect additional effects such as surface
stress, alloying, and segregation [7,27,28], but we show
below that it suffices to reproduce some experimental
results [10,29,30].

The evolution equation (1) was numerically integrated
on large time scales using a pseudospectral method [31].
The initial condition is given by the morphology of the
instability described by (1) with the same roughness
w ¼ 0:2 nm as in experiments. The typical surface evolu-
tion is depicted in Fig. 2, with the space and time scales
l0¼�f=½2ð1þ�ÞE0� and t0¼ l40=ðD�fÞ. As time increases,

the surface slope increases until it reaches the (105) ori-
entation. At some random locations, some pyramids arise
in groups while the instability is still developing in other
regions [Fig. 2(b)], which is qualitatively similar to the
intermediate experimental morphology in Fig. 1(b). It is
worthwhile noting that the coexistence of such regions
originates here from the intrinsic randomness of the insta-
bility but not from a nucleation process. On larger time, the
wetting layer is fully covered and coarsening produces
large pyramids [Fig. 2(c)]. Later on, the island density
does not significantly evolve and the system reaches a
nearly stationary state. Both square and rectangular pyra-
mids are visible, the latter being more numerous for larger
thicknesses [Figs. 1(d) and 2(d)].

Quantitative analysis.—The evolution described above
is found for different sets of parameters as long as the
typical SiGe anisotropy is included with stiff (105) minima
and a shallow (100) one. We now turn to a quantitative
analysis of the system. First-principles calculations [32]
show that the (105) strained orientation displays a surface
energy�1% lower than (100) for a strain corresponding to
x ¼ 0:3.We enforce this condition togetherwith amoderate
stiffness relative to�f for the (100) orientation, ~�100 ¼ 1:4.

We ensure the positiveness of ~� for the other orientations
and consider a shallow minimum for (100) with �100 ¼ 10
and �100 ¼ 0:01 and a sharp one for (105) with
�105 ¼ 20 and �105 ¼ 6� 10�4. We checked that these
parameters mainly rule the pyramidal shapes but do not
alter significantly the island densities. A first crucial pa-
rameter is the characteristic length which we set by the

instability wavelength. The Fourier transform of the experi-
mental initial corrugation [Fig. 1(a)] displays a maximum
for 	ATG ¼ 130 nm. It is described by the linear analysis

where an eik�r modulation grows as e
kt with 
¼��00ð �hÞ=
�fk

2þjkj3� ~�100k
4. This growth rate is maximum for a

given kmax that we set equal to 2�=	ATG, which leads to the
length scale l0 ’ 13 nm. This result is typical of an experi-
mental mean Ge concentration, which has small fluctua-
tions due to segregation and intermixing. These fluctuations
should slightly renormalize the instability wavelength [27],
but the adjusting procedure allows us to consider this effect
as second order.
Wetting also significantly impacts the quantitative

results. It is a function here of cw and �w. We fit the decay
given by first-principles calculations of �ðhÞ for a strained
film with different surface reconstructions [23] and
find �w ¼ 1:8 monolayers, which is 0.075 in dimension-
less units. The critical height associated with an exponen-
tial wetting potential (consistent with ab initio
calculations done for up to 5 monolayers [23]) is hc ¼
�w logð4~�100cw=�

2
wÞ. Experimentally, we found that hc lies

in between 4.3 and 5.0 nm. The relatively long time for the
instability to arise when �h ¼ 5:0 nm suggests that hc is in
the vicinity of this thickness. Eventually, we find a good
comparison between theory and experiments using
hc ¼ 0:37 (4.8 nm), which gives cw ¼ 0:14.
The results of the continuum model are confronted to

experiments in Fig. 3 where we plot the island density in the
nearly stationary state �fin as a function of �h. No islands are
found below hc when wetting enforces a stable strained
film. Above hc, the island density increases with �h as more
matter is available to fill more islands. The density given by
the model is 97% of the experiments for the 5- and 8-nm
films, while the measured and predicted densities both
increase by 20%. The overall agreement is satisfactory,
and we argue that the experiments are well described on
large scales by such a nucleationless interrupted coarsening.
Mean-field energy landscape.—To rationalize the origin

of this interruption, we turn to a mean-field description of
the ripening kinetics. In order to describe the mass transfer
between objects, the analysis of Ref. [33] was extended
in Ref. [18] by considering the coarsening of two islands.

(a) (b) (c) (d)

FIG. 2 (color online). Numerical resolution of the diffusion equation (1) for a strained anisotropic film for (a) a 5-nm film
and t ¼ 0 (Fourier transform in inset), (b) 18 h (240t0), (c) 54 h (720t0), and (d) an 8-nm film and t ¼ 18 h (240t0). [The scan area is
1:2� 1:2 �m2ð¼ ffiffiffi

2
p

64l0Þ, and the vertical scale is 31 nm.]
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We implement this analysis with the parameters found
above to find the characteristic time scale for coarsening.
We consider pyramidal islands on a wetting layer, with
different volumes V1 and V2 separated by d. The pyramidal
shape is crucial, as it implies that the relaxation energy is
merely proportional to V, while a larger relaxation which
would occur by changing the island shape is not consid-
ered. The formation energy is the sum for both islands of
Ref. [18],

�E¼ �̂V2=3�	elVþ ĉw½V2=3
w �V2=3�ðeV=�wd

2 �1Þ: (5)

The first term stands for the surface energy, and the second
one stands for the elastic relaxation. The last wetting term
describes the fact that, if matter goes from the wetting layer
to the islands, the former becomes thinner and hence has a
larger surface energy.

We consider numerical values appropriate for our sys-
tems: The pyramids are made of (105) facets, the film
thickness is 8 nm, andd is computed from the island density.
We use the parameters cw and �w found above and, simi-
larly, a (105) surface energy 1% lower than (100). The
energy �E as a function of the dimensionless volumes is
plotted in Fig. 4. At low volume, �E mainly decreases due
to the elastic �V relaxation but it raises steeply for larger
volumes, as the wetting layer is peeled due to mass conser-
vation. Separating these behaviors, a line of troughs (black

line) is bent downward so that the strict energy minima
correspond to a full coarsening where either V1 or V2

vanishes. However, different islands may coexist in the
valley of this energy landscape. The maximal difference
in energy per atom in this valley is�� ’ 4� 10�5 eV, and
the typical chemical potential gradient isr� ’ ��=d. The
surface diffusion flux is Js ¼ �Dsr�=a2kBT, with
the lattice parameter a and the diffusion coefficient Ds.
The diffusion coefficient is related to t0 [34], which may
be found from our experiments by fitting the timewhere the
theoretical morphology, Fig. 2(b) at t ¼ 240t0, resembles
the AFM image, Fig. 1(b) at t ¼ 18 h, with the result t0 ¼
270 s. This value is 10 times larger than the value which
would result from a surface diffusion barrier of 1.4 eV
computed for strained Ge [35]. Considering the mass con-
servation equation jdV1=dtj ¼ a3L1Js with the island
width L1, the time scale for such a low chemical potential
gradient is ’ 8500 h for the coarsening of two islands, well
above the experimental time scale. This rationalizes a
nucleationless interrupted coarsening by the vanishing of
the driving force for mass transfer. Note that this result
applies only with a single island shape and not when differ-
ent shapes coexist, as seen in experiments for a larger
thickness [36].
Size distribution.—We turn to the size distribution of the

resulting islands. For a submonolayer growth with a depos-
ited coverage �, the number Ns of islands with s atoms is
expected to follow the scaling form [37]

Ns ¼ �

hsi2 f
�
s

hsi
�
; (6)

in the absence of any characteristic length besides the mean
island size hsi. It is not modified by elastic interactions for
submonolayer islands [38], while it may be extended to 3D
objects by considering the volume distribution and� as the
coverage beyond the 2D-3D transition [39]. We checked the
validity of the scaling form both in experiments and theory;
see Fig. 5. It is significant, as the system results here from an
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FIG. 4 (color online). Energy of two islands as a function of
their volumes following the mean-field calculation (5). The
black line underlines the curvature of the trough.
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diamond) and red (plusses) lines correspond to the experiments
for the 5- and 8-nm films. The dashed gray (open diamond) and
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FIG. 3 (color online). Island density in the nearly stationary
state as a function of the film thickness in experiments (black
line and dots) and theory (red line and squares).
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instabilitywith a characteristicwavelength	ATG. The scaling
law is therefore at work both in the aggregation-diffusion
nucleation [39] and instability regimes even if they involve
different microscopic mechanisms. Moreover, the experi-
mental and theoretical scaling functions are relatively similar,
displaying amonotonic decrease and a noticeable dispersion,
showing again the relevance of the continuum description.

As a conclusion, a joint experimental and theoretical
study gives a quantitative description of the self-assembly
of strained SiGe pyramids. We find that, in the low-strain
regime after the onset of the ATG-like instability, the long-
time dynamics leads to nearly stationary states where the
island density depends on the mean film height. The ex-
perimental outcomes are described by a nonlinear analysis
of the diffusion equation describing self-organization on
large scales and including wetting, elastic relaxation, and
an anisotropic surface energy. The interrupted evolution
is ascribed by the vanishing of the coarsening driving
force when islands display similar shapes and low
chemical potential differences. We suggest that this self-
organization dynamics is generic and could describe other
systems, e.g., III–V low strained quantum dots with a
single island shape. These results call for further study of
the influence of wetting on the self-organization dynamics,
e.g., by using surfactant. The combination of the morpho-
logical evolution with additional effects such as alloying
would also be of practical and fundamental interest.
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