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Using the techniques of optical microscopy and particle tracking, we measure the pair correlation

function and Brownian diffusion in monolayers of strongly interacting colloidal particles suspended at or

near three different interfaces and test the universal scaling law of the normalized diffusion coefficient,
~D ’ e��S, as a function of the excess entropy �S for a wide range of particle concentrations. It is found

that the universal scaling law with � ¼ 1 holds well for highly charged polystyrene spheres suspended

at an air-water interface, where the strong electrostatic interactions play a dominant role. For monolayer

suspensions of hard-sphere-like particles, where hydrodynamic interactions become important, deviations

from the universal scaling law are observed. The experiment indicates that the hydrodynamic corrections

could be incorporated into the universal scaling law of diffusion with an exponent �< 1.
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Introduction.—Finding a relationship between structural
properties and transport coefficients in liquids and glassy
systems is an interesting but challenging problem in
condensed matter physics [1]. Such a relationship is of
fundamental importance because it affects our understand-
ing of a wide variety of disordered materials, including
dense fluids, liquid metals and alloys, polymer solutions
and melts, colloids, and grains [2]. With increasing con-
centration or decreasing temperature, the number of acces-
sible microstates (or ‘‘free volume’’) to the particles in the
solution is reduced and, thus, the motion of the particles
is hindered, resulting in a slowing down of dynamics in
the liquids and glassy systems. In 1996, Dzugutov [3]
proposed a universal scaling law for dense liquids, which
connects the normalized diffusion coefficient ~D with the
excess entropy �S per molecule relative to an ideal gas,
~D ¼ Ae�S, where A is a numerical constant and �S is
expressed in units of Boltzmann’s constant kB. This equa-
tion provides an intriguing example of structure-dynamics
relations, which connects a dynamic quantity ( ~D) to a
structural one (�S).

The proposed scaling law has stimulated considerable
numerical efforts aimed at testing it in simple fluids [4,5],
binary fluid mixtures [6,7], and liquid metals [8,9]. In
contrast to the large number of numerical studies, experi-
mental investigations of the universal scaling law are rare.
This is partially due to the fact that it is quite difficult to
obtain both the diffusion and pair correlation data in simple
liquids or in liquid metals.

In this Letter, we report a systematic investigation of the
scaling law via simultaneous measurements of the diffu-
sion coefficient and pair correlation function in monolayer
suspensions of strongly interacting colloidal particles. The
colloidal monolayers offer many advantages over atomic
or molecular fluids, because the dynamics of the particles
are slower and can be tracked at the single-particle level

with video microscopy [10]. They have served as a model
system to study a range of interesting problems in two-
dimensional (2D) soft matter physics [11]. Examples
include 2D crystallization [12,13] and grain-boundary fluc-
tuations [14], crystal sublimation [15] and colloidal glasses
[16,17], interactions between similarly charged particles
[18–21], and Brownian dynamics at liquid interfaces
[22–25]. Since the colloidal systems are 2D and clearly
visible, precise measurements of particle configurations
and motion can be carried out conveniently. Moreover,
our experiment explores both the long-ranged and short-
ranged thermodynamic interactions, whereas the numeri-
cal simulations only focused on idealized, short-ranged
atomic potentials, such as Lennard-Jones potentials, with
relatively small numbers of particles and molecular
configurations [3,5,26].
Experimental methods.—Three kinds of colloids are

used in the experiment, and their properties are given in
Table I. The first two are polystyrene (PS) latex spheres;
PS1 has carboxyl groups and PS2 has sulfate groups on
their surfaces. The third is silica spheres, which have SiO�
groups on the surface. The three types of colloidal spheres
are all negatively charged. In the experiment, we disperse
PS1 and PS2 at an air-water interface following the same
procedures as described in Ref. [21]. With the known
surface tensions, it was estimated that 2=3 of the PS
particle (by diameter) is immersed in water and 1=3 is in
air. The silica spheres are dispersed near two different
interfaces. SiO21 and SiO22 are sandwiched between
two glass slides, and they settle down near the bottom
water-glass interface by gravity. The spacing between the
two glass slides is 0.5 mm, which is much larger than
the particle diameter d ð2–3 �mÞ and the gap distance
ð0:2–0:7 �mÞ between the particle surface and the sub-
strate due to thermal fluctuations and electrostatic
repulsions.
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SiO23 is filled into a cylindrical cell of 2 mm in height
and 6 mm in diameter with its top sealed by a cover slip and
bottom kept open. The capillary force is large enough to
keep the solution suspended against gravity, and a water-air
interface is formed with the water on top of the air [27].
By adjusting the volume of the solution inside the cell, the
water-air interface can be kept flat. From direct observation
of a particle’s real-time motion, we find that the SiO23
spheres settle down toward the bottom water-air interface,
but their surface has not yet intersected with the liquid
interface. More experimental details are given in the
Supplemental Material [28].

The sample cell is viewed under an inverted microscope,
and the motion of the interfacial particles is recorded with
a digital camera. A particle tracking program is used to
determine the particle position rðtÞ at time t, and the
particle trajectories are constructed from the consecutive
images. From the particle trajectories, we obtain the single-
particle mean square displacement, h�r2ð�Þi¼ hjrðtþ�Þ�
rðtÞj2i, as a function of delay time �. Using the same image
data, we calculate the pair correlation function gðrÞ [21]
and the two-body excess entropy S2 per particle [29],

S2 ¼ � 4n

d2

Z 1

0
fgðrÞ ln½gðrÞ� � ½gðrÞ � 1�grdr; (1)

where n is the area fraction occupied by the interfacial
particles. In the original work of Dzugutov [3], S2 was used
to approximate the total excess entropy �S ’ S2. It was
shown that S2 contributes �90% of �S for the Lennard-
Jones system over a wide range of densities [29].

Results and discussion.—Figure 1 compares the mea-
sured gðrÞ of five different colloidal samples at the small n
limit. In the plot, the interparticle distance r is scaled by d.
All the PS spheres show a long-range soft-core repulsion
with gðrÞ rising gradually with increasing r=d. The inter-
action range increases with the surface charge density �.
PS1 has the largest � and longest repulsive range. The
measured gðrÞ’s for the PS samples with different� show a
similar shape. It has been shown [21] that the interaction
potentialUðrÞ for the PS spheres can be well described by a
1=r3 repulsion, resulting from the interaction between the
induced out-of-plane dipoles at the interface. By contrast,
the measured gðrÞ for the silica samples displays a sharp
rise at r=d ’ 1, suggesting that the interaction between the

silica spheres is short ranged and can be described by a
hard-sphere-like potential [30].
To further quantify the interaction range, we replot gðrÞ

using a new variable r=d� (inset of Fig. 1). Here we choose
d� so that gðrÞ ¼ 0:5 at r=d� ¼ 1. Once r is scaled by the
‘‘effective hard-sphere diameter’’ d�, the measured gðrÞ’s
for the PS and silica samples collapse, respectively, onto
two different master curves, indicating that the nature of
the repulsion for the two types of colloids remains differ-
ent. The obtained values of d� for different samples are
given in Table I with PS1 having the largest d� ¼ 11:7d,
which is 10.6 times larger than that for SiO21.
Figures 2(a) and 2(b) show, respectively, how the mea-

sured gðrÞ for PS1 and SiO21 changes with the area frac-
tion n. Because of the strong long-ranged repulsion, gðrÞ
for PS1 begins to oscillate at a much smaller n ’ 3:8�
10�3, whereas for the weakly charged SiO21, gðrÞ begins to
oscillate at n ’ 0:1. Figure 2(a) reveals an important fea-
ture of the strongly charged colloidal system, namely, the
development of a well-defined interparticle separation r0
corresponding to the first dominant peak in gðrÞ. As n
increases, r0 decreases and the spatial confinement by the
surrounding particles becomes more pronounced. We have
verified that r0 is proportional to the interparticle distance

l � d½�=ð4nÞ�1=2. In fact, one can directly observe this
characteristic length from the equilibrium particle configu-
rations, as shown in the inset of Fig. 2(a). By contrast, the
first dominant peak of gðrÞ for the silica spheres remains
unchanged, which is a feature of hard-sphere-like interac-
tions. The inset of Fig. 2(b) shows an equilibrium particle
configuration of SiO21.
Figure 3 shows a log-log plot of the measured h�r2ð�Þi as

a function of delay time � for SiO22 at two different area
fractions. At small n ¼ 0:01, h�r2ð�Þi is a linear function of
� over the entire range, which is a straight line in the log-log
plot with a slope of unity (upper solid line), indicating that
the particles are undergoing free diffusion. At large n > 0:5,

FIG. 1 (color online). Comparison of the measured gðrÞ as a
function of r=d for five colloidal samples: PS1 (black up-
triangles), PS2 (black diamonds), SiO21 (red squares), SiO22
(red circles), and SiO23 (red right-triangles). The measurements
are made at the area fractions n ¼ 1:6� 10�3 for PS1 and PS2
and n ’ 0:01 for SiO21, SiO22, and SiO23. Inset shows gðrÞ as a
function of the normalized variable r=d�.

TABLE I. Colloidal samples used in the experiment. The
particle diameter d and surface charge density � are provided
by the manufactures.

Sample dð�mÞ �ð�C=cm2Þ d�=d Interface

PS1 1:1� 0:02 �12:5 11.7 Air-water

PS2 1:0� 0:03 � 2:8 6.9 Air-water

SiO21 3:01� 0:03 � 0:01 1.1 Water-glass

SiO22 2:14� 0:02 � 0:01 1.2 Water-glass

SiO23 2:14� 0:02 � 0:01 1.1 Water-air
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however, h�r2ð�Þi curves down in the linear plot, showing a
‘‘cage hindering’’ to a particle due to the repulsion from the
neighboring particles. In colloidal self-diffusion, one con-
siders the motion of a tagged particle in the suspension. For
short time intervals, the particle diffuses within the cage,
giving rise to a short-time self-diffusion. For large time
intervals, the particle can hop among different cages, giving
rise to a long-time self-diffusion [1]. The lower solid and
(red) dashed lines in Fig. 3 show, respectively, the long- and
short-time self-diffusion of SiO22. From the intercept of the

lower solid line, we obtain the long-time self-diffusion
coefficient DL

S . A similar effect is also observed for other

PS and silica samples. Because of the strong repulsion, the
hindering effect for the PS samples begins at a much smaller
n > 5� 10�3 compared with the silica samples.
Figure 4 shows how the measuredDL

S changes with n for

the five colloidal samples. In the plot, DL
S is scaled by the

diffusion coefficientD0 obtained at the low n limit for each
sample. The behavior of D0 for different colloid-interface
systems has been carefully studied in recent experiments
[22–25,30]. All the measured DL

S=D0 follow the same

trend, that it decreases with n. The measured DL
S=D0 for

the PS samples decays significantly faster than that for the
silica samples. The inset shows a magnified plot indicating
the difference between PS1 and PS2. The measuredDL

S=D0

for the silica samples also shows different dependence on n
with DL

S=D0 for SiO21 decaying the fastest.

Figure 5 is a replot of DL
S=D0 as a function of �S2.

Using Eq. (1) and the measured gðrÞ, we calculate S2 at
various area fractions for each sample. While as a function
of n they have different functional forms, the measured
DL

S=D0’s for different colloidal samples can all be well

described by a simple scaling law,

~D � DL
S=D0 ¼ e�S2 ; (2)

where the value of � varies among the colloidal samples.
All the PS samples at the air-water interface (PS1 and PS2)
collapse onto a single master curve with� ¼ 1 (lower solid
line). This result agrees with the universal scaling law
originally proposed by Dzugutov [3] for simple liquids.
The data from the silica samples near the glass wall (SiO21
and SiO22) can be described by Eq. (2) with � ¼ 0:7
(middle dashed line), and those for SiO23 (near the
water-air interface) can be described with � ¼ 0:5 (upper
dashed line).
Previous simulation tests of the universal scaling law

have considered the effect of direct thermodynamic inter-
actions on dense fluids [4,5,8,9]. For the PS spheres at the
air-water interface, their electrostatic interactions are long

FIG. 3 (color online). Log-log plot of the measured h�r2ð�Þi
as a function of � for SiO22 at n ¼ 0:01 (circles) and 0.71
(triangles). The solid lines show the power-law fits of slope 1
to the data points at large � and the (red) dashed line is the fit of
slope 1 to the data points at small �.

FIG. 4 (color online). Measured DL
S=D0 as a function of n for

PS1 (black up triangles), PS2 (black squares), SiO21 (red circles),
SiO22 (red diamonds), and SiO23 (green down triangles). Inset
shows a magnified plot for PS1 and PS2.

FIG. 2. (a) Measured gðrÞ as a function of r=d for PS1 at
n¼1:6�10�3 (circles), 3:8� 10�3 (triangles), and 6:0� 10�3

(diamonds). Inset shows the equilibrium configuration of PS1
at n ¼ 2:4� 10�2. (b) Measured gðrÞ for SiO21 at n ¼ 0:17
(circles), 0.34 (triangles), and 0.52 (diamonds). Inset shows an
equilibrium configuration of SiO21 at n ¼ 4:1� 10�2.
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ranged (unscreened) and play a dominant role in hindering
the colloidal diffusion at the interface. Figure 5 thus dem-
onstrates that for the colloidal samples (PS1 and PS2), in
which the direct thermodynamic interactions are dominant,
the universal scaling law as defined in Eq. (2) with � ¼ 1
works. In fact, the new variable, S2’�S�ln½�ðn;pÞ=�0�,
can be thought of as an entropy of distinct and thermally
accessible colloidal configurations �ðn; pÞ relative to
those of an ideal gas �0 [31]. Here �ðn; pÞ is a function
of both n and pressure p. For colloidal systems having
the same n but with different interaction potentials, their
pressure p is different. Figure 5, therefore, represents a
comparison of the measured DL

S=D0 for different colloidal

samples against a normalized configurational entropy,
and Eq. (2) seems to indicate that DL

S=D0 ’ �ðn; pÞ=�0,

when � ¼ 1.
There are additional hydrodynamic interactions (HIs)

between the colloidal particles, which are mediated
through the solvent and affect the colloidal diffusion [1].
For the silica samples, because their direct thermodynamic
interactions (TIs) are short ranged (hard-sphere-like), the
HIs begin to play an increasingly important role at higher
area fractions, where the near-field HIs (lubrication)
become more pronounced [32]. In this case, the plot of
DL

S=D0 vs n, as shown in Fig. 4, contains a mixed infor-

mation of both the TIs and HIs. Figure 5 indicates that the
combined hindering effect of the TIs and HIs can be
described by the exponent � in Eq. (2). For SiO23 the
many-body HIs are long ranged (the single-body effect has
been divided out by D0) and the slip boundary condition
at the liquid interface imposes a less hindering effect on
DL

S=D0 (� ¼ 0:5). For SiO21 and SiO22, which are dis-

persed near a glass substrate, the nonslip boundary condi-
tion truncates the range of HIs and imposes a stronger
hindering effect on DL

S=D0 (� ¼ 0:7). As mentioned

above, the strong electrostatic repulsion between the PS

spheres gives rise to the strongest hindering effect (� ¼ 1).
Clearly, a detailed modeling of HIs near the interface is
needed in order to calculate �.
In summary, our experiment demonstrates that the uni-

versal scaling law as defined in Eq. (2) with � ¼ 1 holds
well for highly charged PS spheres at an air-water inter-
face, where the unscreened electrostatic interactions
play a dominant role. Deviations from the universal scaling
law are observed for monolayer suspensions of hard-
sphere-like particles, where hydrodynamic interactions
become important. The experiment indicates that the
hydrodynamic corrections could be incorporated into the
universal scaling law with �< 1.
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