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Knotted chains are a promising class of polymers with many applications for materials science and drug

delivery. Here we introduce an experimentally realizable model for the design of chains with controllable

topological properties. Recently, we have developed a systematic methodology to construct self-

assembling chains of simple particles, with final structures fully controlled by the sequence of particles

along the chain. The individual particles forming the chain are colloids decorated with mutually

interacting patches, which can be manufactured in the laboratory with current technology. Our method-

ology is applied to the design of sequences folding into self-knotting chains, in which the end monomers

are by construction always close together in space. The knotted structure can then be externally locked

simply by controlling the interaction between the end monomers, paving the way to applications in the

design and synthesis of active materials and novel carriers for drugs delivery.
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Molecular knots are found in nature mainly in DNA and
protein molecules [1–4]. The function and the evolutionary
advantage behind the origin of natural knots in biological
systems is still controversial; however, they receive increas-
ing interest from the scientific community for their peculiar
structural and enzymatic properties [5–10]. In materials
science the synthesis of knotted molecules has seen a sig-
nificant effort of chemists who aim for the production of
complex knots or interconnected molecules that would
assemble into larger intertwined macromolecules [11,12].
In polymer science the study of knots is of high interest,
especially for the synthesis of molecules to be used for drug
delivery [13–17] as polymer architecture is an essential
parameter to control the diffusion of drugs into the body
[18–21]. In particular, the cyclization of a protein based
pain killer, normally administered intravenously, resulted in
a highly stable variant that could resist the gastrointestinal
digestion process [22]. However, to this date the synthesis
of knotted molecules is a challenging task, especially if a
specific internal structure of the knot is required.

Recently, we introduced [23] a methodology to design
patchy colloidal chains capable of folding into given target
structures. The strength of our methodology is in the ability
to design a large variety of folded chain structures bymerely
selecting the sequence of a simple, experimentally realiz-
able, small set of particle types in a string, reminiscent of
how the amino acid sequence uniquely determines protein
structures [24]. Here we further demonstrate the robustness
of this theoretical framework and apply it to the design of
experimentally realizable self-knotting patchy chains. The
knots are generated by the spontaneous folding of chains of
particles designed to collapse into target conformations
with the two end segments in close proximity. The foldable
chains are based on a small set of anisotropically interacting
modular subunits that can be realized as patchy colloids

(see Fig. S1 in the Supplemental Material [25]). In contrast
to our previouswork [23], the patchy particles are decorated
with a single patch. We demonstrate that single-patch par-
ticles, which have the advantage of easier experimental
implementation, retain the designable folding of the more
complex, amino acid–like, two-patch particles in our pre-
vious work [23]; however, the reduction to a single patch
dramatically changes the typical chain secondary structure
and topology [26]. Single-patch chains tend to form helical
secondary structures and this in turn seems to drive the
spontaneous formation of knotted conformations (see
Fig. S2 in the Supplemental Material [25]). We further
demonstrate the design and folding of a knotted chain, for
which the structure can be locked or released by switching
the cross-linking between the endmonomers of the chain. It
is shown how locking the knot renders the folded structure
more stable to, e.g., heat induced unfolding.
For our model we considered chains of particles that are

connected at their poles and decorated on their surface with
a single patch placed on the equator along which it is free
to rotate. The patches give rise to a directional, attractive
interaction between the spheres in the string. In addition,
the colloidal particles interact pairwise via a hard core and
an attractive or repulsive finite range potential with a
strength that depends on the types of the interacting parti-
cles (see the Supplemental Material [25]). Each particle is
assigned a particular type (letter), which denotes its inter-
actions with the other particles of the chain. We show that
both with a highly reductionist and experimentally realiz-
able two letter alphabet distinguishing only between neu-
tral (N) and attractive particles (A), and a larger alphabet
made of 20 different letters (see the Supplemental Material
[25]), it is possible to design sequences of particle types for
which the ground state configuration of the patchy polymer
is unique.

PRL 110, 075501 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

15 FEBRUARY 2013

0031-9007=13=110(7)=075501(5) 075501-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.110.075501


Experimentally, a sufficient control over the surface
properties of patchy particles to correspond to our model
can be obtained by existing synthetic protocols [27,28].
Altogether, many techniques for the production of colloidal
particles with anisotropic interactions are presently avail-
able [29–33]. Particle strings have been assembled from
both nanoparticles [34–36] and microparticles [37–45].

The first step we need to perform, in order to construct
patchy colloids that fold into knots, is to identify a set of
structures that can be used as targets for the design. It is
expected that not all structures are equally easy to design
[23]. Thus, possible target structures are first identified with
a Monte Carlo simulation that we called SEEK (see the
Supplemental Material [25] and Ref. [23]). For a selected
number of typical target structures we then design the opti-
mal sequence to fold into that structure. These simulations
we called DESIGN (see the Supplemental Material [25] and
Ref. [23]). Finally, we study the folding behavior of these
example chains by looking at their specific configurational
free energy landscape with an algorithm that we named
FOLDING (see the SupplementalMaterial [25] and Ref. [23]).

We use this procedure to design a self-knotting sequence
both of a relatively simple patchy polymer of length
N ¼ 20 and an alphabet of M ¼ 2 different patchy parti-
cles as well as of a longer patchy polymer of length
N ¼ 50 and M ¼ 20, i.e., with an alphabet of 20 letters.

In Fig. 1, we show the free energy, generated using the
SEEK scheme, as a function of the number QS of sphere-

sphere contacts and the numberQP of patch-patch contacts
obtained for the short and long chains respectively. Both
free energy surfaces in Fig. 1 show a large basin that
dominates over the rest of theQS-QP space. Although these
free energy minima are not necessarily global minima,
several simulations started from different initial conditions
yielded identical results indicating that these minima are
accessible from a large portion of configuration space. A
remarkable property of all observed configurations was the
propensity of the chain to wrap on itself creating knotted-
like structures (see insets of Fig. 2). Such a preference for
knotted structures we believe originates from the tendency
of single-patch chains to create helical secondary structures
[26] (see Fig. S2 in the Supplemental Material [25]) that
under the pressure of the isotropic interactions spontane-
ously form bundles where knotted topologies have a high
probability of forming. If the ends of the chain are suffi-
ciently close to each other, the chain could be externally
locked together by a stable bond, such that the overall chain
topology would be maintained independently of the intra-
chain interaction strength, effectively locking the knot.
Such string configurations will be of particular importance
for applications because they will retain a large portion of
their native structure also at conditions far away from the
ones at which the original folding occurred [22]. On each of
the calculated free energy surfaces we selected a configu-
ration from the global minimum for N ¼ 20 (Min20T ¼
0:4) and N ¼ 50 (Min50T ¼ 0:4). In addition, for longer

chains [see Fig. 1(b)] we chose four additional types of
target: namely one configuration with the free energy mini-
mum at a higher temperature (MinT ¼ 0:8), one configu-
ration with a large number QP of patch bonds (Many P
bonds), one configuration that is more compact (large value
ofQS, Compact), and one knotted structure (Knot) selected
as Min50T ¼ 0:4 to be close to the global minimum but
with the additional constraint that the end monomers are
designed to be closer than 3 particle radii (no other spheres
can place itself in between). The structure Knot was iden-
tified to consist of two concatenated 3 foil knots (the
simplest possible knot) using the tools developed by
Tubiana et al. [4,46].
As we have shown in Ref. [23], SEEK is reliable to find

viable targets, but the sequences generated during the simu-
lations are not necessarily good folders. Hence, we deter-
mined the optimal sequence that folds into the 20 particle
chain target structure, marked with the blue cross in Fig. 1,
by applying the DESIGN procedure. The folding properties

FIG. 1 (color online). Color-coded free energy surfaces
FðQS;QPÞ=kBTRef for (a) (N ¼ 20, M ¼ 2) and (b) (N ¼ 50,
M ¼ 20) plotted as a function of the number of contacts QS

among the spheres and the number of contacts QP between the
patches at temperature T ¼ 0:4. The simulations were performed
by altering the structure of the chain as well as by mutating the
identities of the particles; structures near the free energy mini-
mum are expected to be the most designable ones, because they
are observed most frequently. Both plots show a broad free
energy minimum indicated by the blue cross. On (b) we selected
4 additional locations of interest that correspond to the compact
configuration Compact (diamond), highly connected structure
Many P Bonds (square), the position of the free energy mini-
mum at T ¼ 0:8 MinT ¼ 0:8 (triangle), and the knotted struc-
ture Knot (inverted triangle).
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of the optimal sequence were then analyzed with the
FOLDING algorithm. In Fig. 2 we plot the folding free energy

profile FðDRMSDÞ=kBTRef as a function of the distance
root mean square displacement of the interparticle distance
(DRMSD) (see definition in the Supplemental Material
[25]) between the target structure and each sampled con-
figuration. The plot shows that at low temperatures there is a
funneled profile with a global minimum very close to the
target structure (DRSMD ¼ 0:2RHC).We then designed the

Min50T ¼ 0:4 structure as well, and in Fig. 2 we plot the
folding free energy FðDRMSDÞ=kBTRef of the resulting
sequence. The computed free energy again converged to a
profile with a clear global minimum at small values of
DRMSD � 0:3RHC, indicating that the equilibrium con-
figurations of the system were mainly concentrated close
to the target structure. As the FOLDING simulations were
performed at various temperatures we could estimate the
folding temperature (TF � 0:9 for Min20T ¼ 0:4 and
TF � 1 forMin50T ¼ 0:4) to be the temperature for which
the folded states and unfolded states preferred at higher
temperatures have approximatively the same free energy
value. Because of the definition of DRMSD (see the
Supplemental Material [25]), the smaller the value the
fewer are the possible structures that can have this value
of DRMSD. Ultimately, it is expected that at finite tempera-
tures the free energy minimum is located near but not
exactly at DRSMD ¼ 0 due to thermal fluctuations.
The local minima (DRMSD � 0:9RHC for N ¼ 20, and
DRMSD � 1:5RHC for N ¼ 50) indicate that, due to the
intricate topology, the chain remains trapped for relatively
short times in non-native configurations, and the barrier
reflects the partial unfolding necessary to unravel the mis-
folded structure. Hence, the funneled landscape with single
minimum implies that both an ensemble of arrested struc-
tures and misfolded structures are less stable compared to
the desired configuration. We can therefore conclude that
the SEEKprocedure is able to identify a suitable target for the
design, and DESIGN is capable of selecting at least one
sequence with good folding properties.
An important characteristic of the structures Min20T ¼

0:4 and Min50T ¼ 0:4 is that they are neither representa-
tive of the most compact structures (large values of QS in
Fig. 1) nor of the configurations with the largest amount of
patch bonds (large values of QP). Hence, we compared the
refolding properties of sequences optimized to fold into
compact structures (Compact), structures with many patch
bonds (Many P Bonds) and the minimum free energy
structure at the higher temperature T¼0:8 ðMinT¼0:8Þ.
The results confirm what was already observed for two-
patch polymers [23], namely that highly compact struc-
tures will tend to produce so-called golf-hole landscapes,
where the global energy minimum is so sensitive to fluc-
tuations that it is rarely observed (see the Supplemental
Material [25]). Our results therefore indicate that for a
structure to be designable it should have many patch-patch
interactions, while a more compact structure not only
disfavors refolding but also disrupts the designability.
The knotted Knot structure was chosen among the com-

pact structures observed with the SEEK algorithm for the
long chain scenario with N ¼ 50 and M ¼ 20. The condi-
tion imposed on Knot that the chain ends are in close
proximity resulted in a more compact structure than
Min50T ¼ 0:4. However, the large number of patch-patch
bonds should guarantee designability (see Fig. S2 [25] and
Ref. [23]). As above, we used the DESIGN procedure to
determine a sequence that folds into the target structure
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FIG. 2 (color online). Folding free energy landscape
FðDRMSDÞ=kBTRef of the designed patchy polymer
(a) Min20T ¼ 0:4 and (b) Min50T ¼ 0:4 as a function of the
distance root mean square displacement DRMSD from the target
structure. The target structures are shown in the right insets and
the structures corresponding to the free energy minima are
shown in the top left insets. We have painted each segment
type with a different color to highlight the sequence along the
chains (for M ¼ 2 neutral particles are colored in gray while the
attractive ones are colored in green). In (a) we plot the free
energy for the short N ¼ 20 chain scenario at T ¼ 0:4 below the
folding temperature TF (red continuous curve), at T ¼ 0:9 close
to TF (blue dot-dashed line), and at T ¼ 1:0 above TF (black
dashed line). The plot in (b) shows the folding of the long chain
with N ¼ 50 at T ¼ 0:6 below the folding temperature TF (red
continuous curve), at T ¼ 0:9 close to TF (blue dot-dashed line),
and at T ¼ 2:0 above TF (black dashed line).
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Knot. After that, we tested the folding properties of this
string by using the FOLDING procedure. In Fig. 3 we plot
the free energy FðDRMSDÞ=kBTRef for the chain with free
ends (named Free in the legend). This free energy profile
indicates that the chain at lower temperatures is indeed
capable of folding to the target structure with a remarkable
precision (DRMSD � 0:2RHC). There are no major bar-
riers in this free energy profile which indicates that the
folding is not hampered by dynamical arrest. It is important
to stress that in Knot the end monomers are very close
together (� 2:4RHC), a feature that is observed in the vast
majority of the configurations sampled for this design
below the folding temperature.

Next we considered the scenario in which the two end
monomers are joined by a standard particle-particle bond
(see the Supplemental Material [25]) after the target struc-
ture has been reached. Experimentally this can easily be
implemented by functionalizing the end segments with
reactive groups (e.g., by coating patchy particles) for direct
chemical cross-linking or cross-linking through a short
flexible polymer segment. The effect of this bond is to
lock the topology of the chain into the knotted configura-
tion regardless of the strength of the interactions between
the monomers. Hence, the chain cannot change its

topology or completely unfold even at higher temperatures
(or disruptive ambient conditions, similarly to synthetic
cyclization of proteins as in Refs. [22,47]). We will refer
to the closed chain as KnotClosed. The stabilization effect of
the locking is proven by the free energy calculations done
with a modified version of the FOLDING algorithm where
we did not allow for the chain to change its topological
state (such a noncrossing condition was not necessary
when the ends of the chain were free). In Fig. 3 we plot
the free energy FðDRMSDÞ=kBTRef profiles above and
below the folding temperature for the closed chain (named
Closed in the legend). The profiles not only show that at
low temperature (below the folding temperature TF � 1
measured for the free end chain) the folded state of the
locked chain is much more stable than the unlocked chain,
but also that the native structure is in large portion retained
even significantly above the folding temperature of the free
end chain (see right inset of Fig. 3).
In summary, we introduced a strategy for the design of

knotted chains of patchy particles and used it to create a
lockable knotted polymer model in which the structure of
the knots and the distance between the end monomers are
controlled by the designed sequence. The stabilizing effect
of the locked ends has many implications for the possible
application of the designed chains. One can, e.g., imagine
the design of chains where the colloidal particles contain or
are coated with a drug that, in either case, is then protected
by the knotted structure [22], and before the release of the
lock the chain will maintain the globular shape making it
more difficult for the body to expel it [20]. Similarly,
building blocks for supramolecular materials with complex
geometry and topology can be synthesized and then stabi-
lized both for nanoscale and microscale colloids, where the
supramolecular assembly or application takes place under
demanding conditions that would otherwise denature the
functional structure.
It is important to stress that the procedure presented here

does not depend on the particular choice of the interactions
among the spheres or among the patches. The conforma-
tional space is accessed simply by controlling the sequence
of a small set of universally usable subunits in a patchy
colloidal polymer. Different choices of patch distribution
and of the interaction potentials are possible and are cur-
rently being explored. Inspired by our previous work [26]
and Tubiana’s method [46], we are also currently imple-
menting a new version of the SEEK algorithm capable of
screening the designability of a large number of knot top-
ologies as a function of chain length and alphabet sizes,
with the long term goal of isolating arbitrary knotted
structures for further design.
Altogether, our results on patchy polymers provide strong

evidence that previous insights obtained for proteins are of a
very general nature, namely that the constraints arising from
the chain topology and directional interactions are sufficient
conditions for sequence design [48]. In the case of proteins,
the particular geometry induced by the peptide bonds and
the network of hydrogen bonds are responsible for the
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FIG. 3 (color online). Free energy FðDRMSDÞ=kBTRef as a
function of the DRMSD for the designed patchy polymer Knot
and KnotClosed obtained for T ¼ 0:8 and T ¼ 2:0, respectively,
below and above the folding temperature TF � 1:0 of the Knot
protein. We have painted each sphere type with a different color
to highlight the sequence along the chains. The little padlocks
positioned next to end monomers indicate either that ends are
linked with a chain backbone bond (locked) or free (open).
Below TF both chains have a minimum of the free energy around
DRMSD ¼ 0:2RHC so close to the target structure (DRMSD ¼
0RHC) that the typical snapshots representative of the structure
in the free energy minimum (left and right in the top insets)
are virtually identical to the target structure (represented in the
bottom inset). Above the folding temperature TF � 1 of the Knot
chain, the closed chain KnotClosed still folds near the native
structure (DRMSD ¼ 0:75RHC) and maintains the same knotted
topology of the native structure (see rightmost inset).

PRL 110, 075501 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

15 FEBRUARY 2013

075501-4



typical protein motifs observed in nature. The similarity of
our system to proteins gives an idea of the diversity of
possible self-assembling materials that could be fabricated.
In the artificial particle chains studied here, these monomer
interactions are generalized to those provided by the patches
placed on the colloidal particle. However, generalized to
colloidal particles, the number, the interaction strength, and
the position of the patches can be controlled experimentally
over a broad range of parameters. This allows for great
freedom to develop self-assembling systems with designed
properties in tailor-made conformations. Finally, in this
Letter we have shown that the analogy of patchy polymers
with proteins extends to the greater stability against unfold-
ing reported for cyclic polypeptides [22].
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